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ABSTRACT. We prove optimal second order convergence of a modified BDM;
mixed finite element scheme for advection-diffusion problems in divergence
form. If advection is present, it is known that the total flux is approximated
only with first order accuracy by the classical BDM; mixed method, which
is suboptimal since the same order of convergence is obtained if the computa-
tionally less expensive RTy element is used. The modification that was first
proposed in [7] is based on the hybrid problem formulation and consists in us-
ing the Lagrange multipliers for the discretization of the advective term instead
of the cellwise constant approximation of the scalar unknown.

1. INTRODUCTION

In the present work, we are concerned with mixed finite element approximations
of the advection-diffusion problem

(1a) Opu =div(aVu —ub) + f  in Q x (0,7,
(1b) u = ug on Q x {0},
(1c) u=0 on 002 x (0,T),

where Q denotes a bounded domain in R, d € {2,3}, and T' > 0 is the final time.
This equation describes the evolution of a conserved quantity u subject to diffusion
and advection. Throughout this work, we assume the diffusion coefficient a to be
essentially bounded and uniformly elliptic on © x [0, T]. The advection velocity field
b is required to belong to L*°([0,7]; W2°°(2)), and the source term f is required
to belong to L?(2 x [0,T]). Further regularity assumptions on a, b and f are only
introduced implicitly by the definition of our numerical scheme requiring that they
are well-defined at each discrete time t,, and through the regularity assumptions
on the exact solution u and the total flux q.

Mixed finite element methods for the equation (1) are based on the mixed refor-
mulation of the problem: In this reformulation, the total flux q is introduced as an
additional explicit variable and the equation (1la) translates into the system

(2a) Ou=—divg+ f inQx(0,7),
(2b) q=—-aVu+ub inQx(0,7).

A mized finite element method consists in approximating the quantities q and u si-

multaneously in appropriate function spaces by discretizing the system (2). Mixed

methods are well suited for solving elliptic and parabolic problems which arise in

many fields of applications. In particular, they are locally conservative, provide
1
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continuous fluxes across element boundaries and can handle distorted and unstruc-
tured grids well. For a general overview on mixed finite element methods and their
applications, we refer the reader to the books [3, 4, 6], the review articles [13, 15],
and the references therein.

Mixed methods for advection-diffusion problems based on the Raviart-Thomas
elements have been analyzed in [11] and [12]. Using these finite element spaces, the
flux variable and the scalar variable are approximated with the same order of con-
vergence. For problems where the main interest lies in the flux variable, the BDM
spaces were introduced [5], which are able to approximate the flux to one order
higher than the scalar variable. For example, if the BDM; element is employed for
the discretization of an elliptic pure diffusion equation, the approximation of the
flux variable is of second order accuracy in the mesh size h, while the approxima-
tion of the scalar variable is of first order accuracy. Error estimates in L? and L
for general second order elliptic problems with nonvanishing advection using the
BDM family of elements were derived in [9] and [10], respectively. It was shown
that in case of additional advective transport — more precisely, when an advective
term in divergence form is present and the flux variable of the mixed method is
defined to be the total flux consisting of advective and diffusive transport — , the
order of convergence in the flux variable in the L? norm drops to one. The order
of convergence is then limited by the first order accuracy of the approximation for
the transported quantity itself. This phenomenon of suboptimal convergence may
occur whenever the mixed finite element spaces employed use polynomials of higher
degree for the approximation of the flux variable than for the approximation of the
scalar variable.

In the paper [7], a scheme for advection-diffusion-reaction equations has been
introduced which represents a modification of the classical BDM; scheme based
on the hybrid problem formulation. More precisely, in the usual system of linear
equations for the mixed hybrid BDM; scheme, the cellwise constant approximation
of u in the definition of the advective flux is replaced by a reconstruction based on
the interelement Lagrange multipliers (which are introduced during hybridization
to relax the continuity constraint of the flux across the element boundaries). The
original purpose of this modification was to improve stability properties of the
scheme for moderate Péclet numbers. However, it turns out that this modification
additionally improves the order of convergence of the scheme and restores optimal
second-order convergence for the fluxes even in the presence of a nonvanishing
advective transport term.

It is a classical result dating back to the original works of Arnold and Brezzi
[1] and Brezzi, Douglas, and Marini [5] that the Lagrange multipliers from the
hybridization process carry higher order information about the scalar variable u:
The Lagrange multipliers may be used to reconstruct a higher order nonconforming
approximation of u in the space of Crouzeix-Raviart elements. The precise modifi-
cation in [7] provides a higher order approximation of the advective flux ub using
the Lagrange multipliers.

In the present work, we give an interpretation of the modification to the mixed
hybrid BDM; scheme introduced in [7] on the finite element level. Based on this
interpretation, we establish optimal order error estimates for the modified BD M,
scheme from [7]. Furthermore, we present an extension of the modification —
which has been introduced in [7] in the framework of planar problems — to the
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case of three space dimensions. Although our presentation is restricted to simplicial
meshes consisting of triangles or tetrahedra, the same ideas can be easily transferred
to quadrilateral (respectively hexahedral) mesh elements.

For the RTy element, the modification from [7] has been analyzed in [8] along
with other upwind-mixed hybrid schemes. In [14], the idea of using the Lagrange
multiplier in the advective term was employed to derive a posteriori error estimates
for lowest order mixed finite element approximations of advection-diffusion-reaction
equations.

This article is organized as follows. In the next section, we recall the classi-
cal BDM; method and the modified method of [7]; we furthermore introduce a
reconstruction operator which provides a description of the modification of [7] on
the finite element level. Moreover, we recall the analytical properties of the finite
element spaces. Section 3 contains the statement of our main results, the proofs
of which are given in Sections 4 and 5. Finally, in Section 6, numerical results are
presented to illustrate the analytical results.

Notation. Throughout the paper, we use standard notation from numerical
analysis. By V and div we denote the distributional gradient and divergence,
respectively. The expression D? refers to the second (distributional) derivative.
For a quantity defined only on a face, we denote its distributional derivative (with
the face considered as a manifold) nevertheless by V. By W*?(Q) we denote the
space of functions in LP(€) whose kth distributional derivative also belongs to
LP(2). The space W*2(Q) will also be denoted as H*(2). By H} () we denote
the closure in H*(£2) of the set of compactly supported smooth functions in 2. The
space H1Y(Q) consists of the vector fields in L?(2) whose distributional divergence
also belongs to L?(€2).

By Pk(K ) we denote the space of polynomials up to degree k on some set K C
R?. By 75, we denote the set of simplices of some triangulation of our domain
Q c RY the symbol Fj, refers to the set of all faces of the simplices K € Tj.
By L?(F) for some F € F; we denote the L?-space with respect to the surface
measure on F. The notation L?(F}) refers to the L?-space with respect to the
surface measure on the union of all faces.

When evaluating the trace of some vector field v, on a face F' across which vy,
may have a jump, we shall write v |k to make clear from which side the trace is
to be understood. In case no ambiguity may arise, we shall omit the |g.

2. THE MODIFIED BDM; MIXED HYBRID FINITE ELEMENT SCHEME

Discretizing equation (2) in space and time, we obtain a fully discrete mixed finite
element scheme for the advection-diffusion problem (1). We use an implicit Euler
scheme for time discretization and denote the time elapsed at the n-th timestep by
tn, 0 <n < N. For the space discretization with the BDM; mixed finite element,
let (7n)n>0 denote a family of regular triangulations of €} consisting of closed d-
simplices K € Tj. In this work, all elements are assumed to have flat faces, and
the set of all faces associated with 7 is denoted by Fj. The case of boundary
elements having curved faces could be handled with minor modifications, cf. [5].
For the discretization using the BDM; mixed finite element method, we define the



4 FABIAN BRUNNER, JULIAN FISCHER, AND PETER KNABNER

function spaces

(3) Vi, = {vy e HY(Q) : vu|x € [PL(K)]? VK €T},
(4) Wi = {wn, € L*(Q) : wp|x € Po(K) VK € Tp}.
Then, for given initial data u% € Wp, for each time step n € {1,..., N} we seek

(qy,up) € Vi, x W), satisfying

o, n—1
(5a) /Mwh dacz—/dlvqh wp, dx—i—/f n)Wp dz,
Q

tn —tn—1
(5b) / a (- t))qy vy, doe = / up div vy, dx +/ ufa (-, ty)b( ) - vy, da
Q Q Q

for all (vh,wh) € Vy x Wy.

In the mixed hybrid formulation of the problem, additionally the continuity
constraint of the normal component of the fluxes at the faces of the triangulation
is relaxed: We introduce the spaces

(6) Vi = {vi € [L2Q)]: vilx € [PL(K)]" VK € Ta),

(7) Ano :={pn € L*(Fn) : pnlp € PL(F) VF € Fn, pnloa =0},
and look for solutions (qf, uj, A}) € Vi, x W, x Ap o satisfying

(8a)

U
/ch Uy whda:— Z/dlvqhwhdx+/f n)wp, dr,

~tn KeTy,
(8b)

/afl( )y - vy do = Z / up div vy, d$+/Uhafl(',tn)b(ytnfvh dx
Q Q

KeTy,

— Z/ )\hvh|K 117778 dS

KeTh
(8¢)
Z/ pndp |k - mox dS =0
KeTh

for all (vp,wn,pr) € Vh x Wy, x Apo. Here, ngk is the outer unit normal to
OK and the A} denote the Lagrange multipliers introduced to relax the continuity
constraint on the flux g} at the faces of the triangulation (which is no longer
incorporated in the new ansatz space V), for qp, but instead explicitly enforced
by equation (8c)). Note that the solution to the hybrid system coincides with the
solution from the non-hybridized system. Moreover, the flux g} and the scalar
unknown uj can be eliminated at the level of the linear system — a process called
static condensation — , and a system for the Lagrange multipliers remains to be
solved after this elimination process. This linear system consists of fewer variables
than the linear system resulting from the nonhybrid formulation and it does no
longer have the structure of a saddle point problem; therefore, standard iterative
linear solvers can be employed to solve it numerically. The quantities of interest
qj and uy may subsequently be reconstructed on every simplex from the Lagrange
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multipliers on the faces of the simplex, which is computationally cheap as it is a
local procedure.

We shall use the standard basis for hybridized BDMj finite elements. The space
W)}, being the space of functions which are constant on every K € Ty, a basis of W,
is given by the characteristic functions of the elements K € Tj,.

The space Ap, o for the Lagrange multipliers consists of functions which are de-
fined on the faces of the triangulation and which are linear on every face (e.g. in two
spatial dimensions d = 2, the functions in Ay, o are defined to be linear polynomials
on every edge of our triangulation and may be discontinuous at the vertices). In two
space dimensions, a basis of this space is given by functions vanishing everywhere
except for one interior edge and taking the value 0 at one endpoint and the value
1 at the other endpoint of this edge. More precisely, for an interior edge F' with
endpoints r}, and 2%, we denote by p. the function in Ay, o which takes the value
1 at 2% and the value 0 at the other endpoint of F' and vanishes on all other edges.

For V;L, in the case d = 2 we define our basis functions to be the vector fields
that vanish on every triangle except for one triangle K, on which the normal flux is
prescribed to be zero at every edge except for one edge F'; on this edge, we require
the (outward) normal flux to be 2/|F| at the point £(2z}, + %) and to be 0 at the
point (2} +22%) (or the other way around). The corresponding basis function is
denoted by vi . (respectively v ).

In three space dimensions, there are three basis functions of Ay, ¢ associated with
each interior face, and we denote by p% the basis function vanishing on all faces but
F and taking the value 1 in the midpoint m?, of the i-th edge of F and the value 0
in the midpoints of the other edges. Accordingly, we define the basis function vi
of V, associated with the face F of K to have zero normal flux on all faces but
F, where it is required to take the value 3/|F| in m% and the value 0 in the other
midpoints; outside of K, the function v% . is prescribed to be zero.

Note that our basis functions satisfy the following properties (both in the case
d =2 and in the case d = 3):

(9a)

/divvaFdle VFeF,, FCOK,i=1,...,d,
(9b)K

/v}mh{ ‘nor dS = dpp VF.F' e F,, F,FF COK, i=1,....d,
(9C)F

/M%V%F,h(‘na[( dSZ(spp/(sij VF,FIth, F,F’C@K, ,7=1,...,d.
F

We then may define numbers ¢} ;, u%, Ag; € R by expanding qj, uj, and A} as

d
(10a) ay = Z Z Z I FiVEEs

KeTn, FEF, ,FCOK i=1

(10b) up = Y ufxx,
KeTn
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d
(10c) h= Z ZA%#%

FeFp i=1

We introduce the abbreviations

(11a) BEiFin / (0 tn) " Vigp) - V1. - d,

(11b) Fr= [ £

and expand the advection velocity field (with II}. as introduced below) as
(12)
d
b(-t,) =b(-t,) + by = Z Z Zb?(FzVKF + b, =: b, + b
KTy, FEF, FCOK i=1
The property (20b) below entails
(13) b7 ]2 (@) < CR2[b(:, tn)[lw2. ()

Using the properties (9) of the basis functions, we may approximate the standard
mixed hybrid BDM; scheme by the system of linear equations (the approximation
just consisting of replacing b(-,¢,) by b})

(14a)
n n— d
|K|LUK1+ Z Zn =F" YK ecT,
t—t 4 9kFri = 'k h
n n- FeF,,FCOK i=1
(14b)

d d
FiFjn n n n FiFjn _ n
E E By 9k Fi — UKk — E E b piti Bk = =A%,

FeF),,FCIOK i=1 FeF,,FCIOK i=1
VK € Th,F € Fp, with F C 0K,1 < j < d,
(14c)

> qkp=0 VFEF, 1<i<d
KeTy,, FCOK

In their modification, the authors of [7] replace the (only first-order accurate) term
u} in the advective flux term by an — as it will turn out higher order — reconstruction
making use of the Lagrange multipliers. Their modification was limited to the two-
dimensional case. The resulting system of linear equations reads

(15a)
e =

2
t —t, 1 + Z ZQ%MZF}} VK € Th,

FEF,, FCOK i=1
(15b)

2
BFiFin n n br Ay + Mg + ARy REiFin
K dgpi — Uk — KFi 3 K
FeF, FCOK i=1 FeF, FCOK i=1

=5 VK € Tp, F € Fj, with F C 9K, 1< j <2,
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(15¢)

> qkp=0 VFeF, 1<i<2
KeTh, FCOK

As a first step towards the numerical analysis of this scheme, let us provide an
interpretation of the modification at the finite element level. For this purpose,
introduce an operator B : Ay o — V}, which — given a piecewise affine approximation
for the solution u on the faces of the triangulation — reconstructs an H4V-conforming
approximation for the advective flux in the space Vj,. The operator B is defined to
act on Ay as

2
(16&) B[)\Z] = Z Z Z Fi + gl + £2 b’r[L(FZV,}(F in case d = 27
KeT, FeF,, FCOK i=1

i.e. the normal advective flux ng - B[A}] is prescribed at the two points of an edge
F' dividing the edge into three segments of equal size to match the product of the
normal component of b} and the Lagrange multiplier A} at these points. As we
shall see below, this precise structure of the operator B is crucial for its higher order
approximation property.

In the present work, we shall also propose a natural extension of the modified
BDM; scheme of [7] to the case of three spatial dimensions. To this aim, let us
define

3
(16b) B[A\L] = Z Z Z AL Ve in case d = 3,

KeTn, FeF, ,FCOK i=1
which leads to the linear system

(17a)
u™ 7un—1 3
K = Y. D dikri=Fi VKET,
nT el peF, FCOK i=1
(17b)
3 5 3 )
FiFjmn n n n n FiFjn n
Yo B dkmi ik~ Y Y bkp BT = - 7
FeF,,FCOK i=1 FeF,, FCOK i=1
VK € Tp, F € Fj, with F Cc 9K,1 < j <3,
(17¢)

> qkp=0 VFeF, 1<i<3.
KeTn, FCOK

Thus, in the case of three space dimensions, B[A}!] is defined by prescribing the
normal advective flux at the midpoints of the edges of the faces (to match again the
product of the normal component of b} and the Lagrange multiplier A} at these
points). As we shall show below, this definition entails the desired higher order
approximation property.
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Using the operator B, the modified mixed hybrid scheme is equivalent to requir-
ing

n __ n—1
(18a) / Mwh de = — Z / divqy wp dx—i—/ f( tn)wy, dx,
Q tp —tn—1 KeT, K Q
(18b) /ail(.,tn)qz.vh dz = Z / up div vy, da:Jr/ a (- t,)BIAY] - vy, do
Q2 KeT, 7K Q
- Z / ALVl i -ngk dS,
KeT;, 9K

(18c¢)
> / Ly |k - nok dS =0
oK

KeTn
for any (vp,wp, pp) € Vi, x Wy, x Apo.

2.1. Interpolation operators. In this section, we recall the projection operators
that are used in our error analysis. For some fixed s > 2, let V := HYV(Q)N[L*(Q)]¢
and let II} : V. — V) denote the usual BDM; projection operator (which is
defined by the condition that the normal component of H,llv on F' must match
the L?(F)-orthogonal projection of the normal component of v to the space of
linear polynomials on F for every face F' € Fy); cf. [3, 5]. Moreover, we define
PP L?(Q) — W), to be the L?(Q2)-orthogonal projection onto Wj. Assuming that
(Th)n>o0 is a regular family of triangulations, i.e. that the ratios

(19) OK = hx

PK
with pg denoting the diameter of the largest inscribed ball in K and hx denoting
the diameter of the element K are uniformly bounded by a constant o,y inde-
pendent of h, the following approximation properties are known to hold for the

projectors:

(20a) lw = Pwll o) < ChlIVulla,  Yw e H(9),

(20b) v — 0| o) < CR2||D*v|| oy Yo € WHP(Q),

where p € [1,00] and where the constants C' depend only on opax and (in the
second formula) the exponent p. Since the projectors are defined locally, the same

estimates hold on each element K &€ T} of the triangulation with h replaced by hx-.
We will also make use of the commuting diagram property

(20c) div(IT}) = P (div),
which implies that for any v € V and w € L?(Q)
(20d) / div(v — M}v)wy, de =0 Ywy, € Wy,
Q
(20e) / div(vp)(w — Plw) do =0 Yoy, € Vy,.
Q

Finally, we denote by QF the orthogonal projection in L?(F},) onto the space of
piecewise polynomials of degree smaller than or equal to k defined on the faces of
our mesh.
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3. MAIN RESULTS

The main result of our present work, the higher order convergence property of
the modified mixed hybrid BDM; scheme for our problem (1), reads as follows.

Theorem 1. Let a € L>(Q x [0, T]; R4*9) be uniformly elliptic with ellipticity con-
stant X > 0 and upper bound A > 0, let f € L*(Q2x[0,T]), b € L>=([0,T]; W2°°(Q)),
and let Q be a bounded Lipschitz domain. Moreover, let u € L*([0,T]; Hi(Q))
denote a weak solution to the problem (1) and let q be defined by (2b). Let
(a, ull, \p) € Vi, x Wi, x Ao be a solution to the numerical scheme (18) for

a giwen sequence of discrete times 0 = tg < t1 < ... < ty =T and let opax be
defined as in (19). Set

7:= max (t, —tp_1).
1<n<N
Then there exists some hmax = hmax (€, Omax, A A, ||| Loo (j0,77,w1.5 ())) and some
mazimal time step size Tmax = Tmax (S Omax, M A, ||B|| Lo (x(o,77)) such that the
following holds: Provided that the smaliness conditions T < Tmax and h < hyax are
satisfied, the a priori error estimate

N
sup || PRulstn) = uitl[F2a) + D (tn = ta-1)lla( ta) = a@il72(q)
1<n<N ot

< O(T, 0max; A\, A, Q, ||b||L°°([o,T];W2=oc(Q)))(||P;?U0 —up|F2(q)

+ ||3ttu||2Loo(Qx[o,T])72 + ||q||%°°([0,T];H2(Q))h4 + |\U||%oc([o,T];H2(Q))h4)
holds.

As in the usual case for BDM; finite elements, one may obtain a higher order
reconstruction of the solution w itself by postprocessing applied to the Lagrange
multipliers A}. This is the statement of the next corollary.

Corollary 2. Let a € L=(Qx [0, T]; R*?) be uniformly elliptic with ellipticity con-
stant X > 0 and upper bound A > 0, let f € L*(Q2x[0,T]), b € L>=([0,T]; W2>°(Q)),
and let Q be a bounded Lipschitz domain. Moreover, let u € L?([0,T]; HE())
denote a weak solution to the problem (1) and let q be defined by (2b). Let
(A, ul, \p) € Vi, x Wi, x Ao be a solution to the numerical scheme (18) for
a given sequence of discrete times 0 = tg < t1 < ... <ty =T and let opmax be
defined as in (19). Set

= tn —th_1)-
T 1£2XN(71 n-1)

Let the postprocessed variable iy be defined locally on each K € Ty, by

uy |k € Pi(K),

/amK—/\ZdS:O VF € Fp, F C 0K,
F

i.e. in particular i) belongs to the space of lowest order Crouzeiz-Raviart elements.
Then there exists some hmax = hmax (€2, Omax, A A, ||| Loo (j0,77,w1.00 (02))) and some
mazimal time step size Tmax = Tmax (£ Omax, A A, |[b|[ Lo (x[0,77)) such that the
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following holds: Provided that the smallness conditions T < Tmax and h < hpyax are
satisfied, the a priori error estimate

N

Z(tn — tn-1)|Jul- ) — @71 72(q)

n=1

< C(T, 0max; A\ A, 9, ||b||L°°([O,T];W2=°°(Q)))(pr?u() —up|F2(q)

+ HattuH%“’(Qx[O,T])T2 + ||Q\|%oo([o,T];H2(Q))h4 + Hu||%°°([0,T];H2(Q))h4>

holds.

4. DERIVATION OF THE ERROR ESTIMATES

4.1. Error estimation is equivalent to proving approximation properties
for the operator B. Let us now proceed to the proof of our main result. We first
reduce our main theorem to an improved estimate for the approximation quality
of the advective flux reconstruction obtained by the operator B; this improved
estimate will then be the content of Lemma 3 below.

Proof of Theorem 1. In the following, we use the abbreviations u™ := u(-,¢,), b"™ :=
b(-,tn), f7:= f(-,tn), and a™ := a(-, t,). We then have by (1)

n_ ,n—1 n_ ,n—1
(21a) A" e — Bl 1),

f,n — tn—l tn - tn—l
(21b) q" =—a"Vu" +u"b"
for q" defined by the second equation, which implies

n_ ,n—1
(22a) / LY wdr=— divq"w dz + | f"wdx
Q tn—tn1 Q Q

n_ ,n—1
+/ <uu - atu(atn)> w diL’,
QO tn _tn—l

22b /a” _lq"~vdx: /u"divvdm— / u"V|Kk -ngg dS
(220) Q( ) Z K Z oK I K

KeTn KeTn
+/ u(a™) b v da
Q

for any w € L*(2) and any v € @y HY(K).
Arguing analogously to [5] and setting

(23a) d} :=q" — q},
(23b) 20 = Plu" — up,
(23¢) e : =11, q" — q,

it follows from (18) (with (18c) implying that g} € Vj, i.e. we may replace the
broken integral 3, [, in (18a) by the integral over the full domain [,), (22), and
the definition of P (which implies that [,,(u™ — Pfu™)wy, dz = 0 for any w;, € W},
and any 0 < n < N; due to divvy, € Wy, for vy € Vh, this in particular entails
JoW™ —up)divvy, de = [, 2 div vy, dz) that
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(24a)

2 — 7t
/ Zh  Ch oy, dx = —/ divdy wy, dz
Q Q

tn - tn—l
n_ ,n—1
[ (o - auta)) o dn,
[9) tn - tnfl

(24Db)
/ (@) 7'aAp - vy, da = Z / zp div vy, der/ (a™) " (Wb — B\Y]) - v, dz
2 KeTy, K Q
-y / (u"™ = \P)Va| i - npx dS,
KeT;, VK

(24c)

Z / prdylx - ok dS =0

KeT;, ' 9K

for any (v, wn, pup) € Vi x W), % Ap 0.

Testing the error equation (24b) with €} € V), (to see the latter inclusion, note
that g} € V), holds by (24c); due to e € V;, we may in particular replace the
broken integral ), [} in (24b) by [;) and taking into account dj = e} + q" —
H}Lq”, we infer (note that the integrals over the faces cancel due to v, := e} having
continuous normal component across the faces and due to the ngx having opposite
signs for the two simplices K adjacent to an interior face)

/ (™) ‘el -ef dr = / divey zp dx f/ (@) Mg —T.q") - e} da
Q Q Q
+/ (a™) " (u"b" — B[AY]) - e} du.
Q
Taking into account the fact that

/ divep wp dr = / divdy wy, dx
Q Q

sn anl u — u”_l
= _/ hihwh d:c—i—/ ( — Opu(-yty) | wy dx
[9) tn - tn—l Q tn - tn—l

holds for any w;, € Wy by (20d) and (24a) (i.e. in particular for wy, := 27), we
deduce

/(z}} — 23 )zp da + (tn — tn1) / (a™)"tel - e} d
Q Q
= / (U’n - un71 - (tn - t7z—1)8tu('7tn))2;z dx
Q
— (tn — tn-1) / (") (q" — TIhq") - & da
Q

= o) [ (@)@ = B o do.
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~12, it follows by Young’s

Noting that (2 — 2~ ")zt = 3|20 2— L) 2+ 5|2 — 2}
inequality that

||Z;LL|‘%2(Q) + ||zn — 1||L2 @t (tn — tn— 1)C||eh”L2(Q)
<lzp HF2 () + (tn —tn-1)Clla" = T,q"[72 ()

+ (tn — ta—1)Cl[u"b" — B[)‘n]H%Q(Q

+2Hu”—u”_1—(t — tp—1)0:u(-, HL2 Q)||zhHL2(Q
<z M2 ) + (tn — ta1)Clla" = T1,q"|[72(q)

+ (tn = tn—1)C||u"b" = BIA|[72(0)

+ (tn = tn-1)*Cl10sul| oo (ax o, |20 |1 20
<z i) + (tn — ta1)Clla" = T1,q"|[72q)

+ (tn — tn—1)ClJu"b" — BP‘Z]H%Q(Q)

+ (tn — tn-)l120 |72 ()

+ (tn = tn—1)’Cl1Ouul| 7 (x0.17) -

Furthermore, we have
di | r20) < lleqllz) + 19" — ILa" || L2(q)-

Summing up, the estimate (25) below then implies in connection with the two
previous estimates in case h < hyax (recall (23a) and (23b))

||Z;LL||%,2(Q) +lzh — 2, 1||L2(Q) + (tn — ta—1)(c — ChZ‘|bn||%/Vlv°°(Q))||dm|%2(Q)
< ||2271H%2(Q)
+ (tn — ta—1)Cllq" — TLq"([72(q)
+ (tn — tn1)C(L+ D" |7 ()20 122 (0
+ (tn — tn1)CRYD"[[f2.00 () 10" || 32
+(

tn = tn_1)>Cll0uul |7~ x[0.17)-

Possibly decreasing hpax, we see that for the prefactor of the third term on the
left-hand side, we may assume that (¢ — Ch2||b"\|%,vl,x(9)) >c

Set = [[h_,(1—=C-(1+ HbH%OO(Qx[O,T]))(tk — tk—1)), with C' denoting the
constant in the third line of the right-hand side in the previous estimate. We then
get by multiplying the previous inequality by 7,1 and taking the sum with respect
to n (recall that 7 = maxi<n<n(tn — tn-1))

v [Pt —up(|7 m+2nn 12k = 20 220

n=1

+ Z Nn—1(tn —tn—1)c||q" — QZH%z(Q)

n=1
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<P’ = up|[72 0

N
+ Z Nn—1(tn — tn—1)Cllq" — H%LCI"H%?(Q)
n=1
N
+ Z nn—l(tn - tn—l)0h4||bn||%/[/2x(Q)”unH%IZ(Q)
n=1

N
+ D o1t = ta-1)CT? |00} e (0,17
n=1

which gives the desired error estimate after an application of (20b) (note that 7,
is bounded from below by exp(—C(1 + ||b||%°°(QX[O,T}))T>7 provided that 7 < Tyax;
note also that 1, <1 under the same condition). O

4.2. Approximation properties of the reconstruction operator B. It re-
mains to establish the following lemma, which quantifies the approximation prop-
erties of our operator B as defined in (16).

Lemma 3. Let (q},uf,A\}) € Vi, x Wj, X Ao be a solution to the numerical
scheme (18) for a given n € N. There exists a constant ¢ = ¢(§2, Omax, A) > 0 such
that the following holds: Provided that the smallness condition h2|\b"||2Loo(Q) +

h4||Vb”H%oo(Q) < c is satisfied, the operator B admits the estimate

(25) [[u"b™ — BAM|[Z2 () SCR?(ID"|[f10eolld” — R l[Z2(q)
+ C||bn\|2Loo(Q)HPf?Un - Um\iz(g)
+ CRH ™[0 (o [0 | Fr2 -
Proof. First, we observe that it is enough to establish the estimate
(26) [lu"b™ = B2
< CR2 ("2 () + B2 IIVD" |2 (o) 1" — dillZ2(q)
+ C|b"|[Zo0 (o [ PRU" — bl Z2(q)
+ Ch2(|[b™ Lo 0 + B2 |IVD" |7 ) ) [|BIAR] = u™b"[[Z2(q)
+ Ch4||Van%°O(Q)||vun”2L2(Q)
+ ChGHVan%oo(Q)HD2U“H%2(Q)
+Ch4||D2bn||2L<><>(Q)HUHHQL?(Q)
+ C’h6||D2b"||2LOO(Q)|\VU”H%2(Q)
+ChY|ID*(b™u")|| 22 (q)-
Indeed, by an absorption argument applied to the third term on the right-hand
side, the bound (26) entails our lemma.
To prove (26), we first show that the Lagrange multipliers represent a better
approximation for the scalar unknown on the edges. Following along the lines of

the proof of Theorem 4.3 in [5], we first test (18b) with a test function v, € Vy,
supported in some K € Tj, and satisfying vi, -ngx = A\l —Qju" on F and vy, -ngg =
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0 on OK \ F (where F € F, F C 0K); note that we have

1
Valle2 gy + i l[Valla () < Chil|N, — Q}lzunHL?(F)-
This yields

/ (an)_1QZ vy dx —/ up divvy, dx —/ (a”)_lg[)\m vy, dx
K K K

+/ (A — Qpu™) dS = 0.
F
On the other hand, from (22b), we have
/ (an)ilqn - vy dx —/ u" div vy, dx —/ (a")flu"b" vy, dz
K K X

+/ u" (A} — Qiu™) dS = 0.
P

Subtracting the last two equations from each other and using that div v, € Py(K),
we obtain

/ (an)_l(QZ —q") vy dr — / (u} — Pou™)div vy, do
K K

- / (@)L (BIAY] — u"b™) - v, da +/ AL — QLu” |2 dS = 0.
K F
This gives
27)  |IN = QpullL2(r) <ChE R —d"||L2x) + Chy® [Juhy — PRu®|| L2 (k)
1
+ Chi||BA,] — u"b"™|[12(k)-
Therefore, A} is a better approximation for «™ on the edges, provided that we can
bound the right-hand side of this estimate appropriately.

By Proposition 4 below, this estimate entails an improved bound for the approx-
imation quality of n - B[A}] for the advective normal flux n - ub on the edges. More
precisely, from the previous formula, we deduce the estimate

In- BIX;] = n-b"Quu"|| 22
< C|n-Tb™ A —n - T Qpu™| |72y
+Cln - Tb"Qpu™ — n - b Qpu™|[72
+Cln- BAR] = n - IGb AR [72 5y
< Chie|[b™[ 7 oy llal — @[ 725y + Chic D17 (o 1y = PR |72 1)
+ ChKanHQL‘X’(Q)HB[/\Z] - unan%?(K) + Ch%(|‘DanHim(Q)HunH%?(F)
4 n n
(28) + Chi||VIT;b ||2Loo(uKeThK)|\V/\h||2L2(F)v
where the estimate for the term in the fourth line is a consequence of the rescaled
version of Proposition 4 below and the definition (16) of the operator B: By (16),
the quantity n - B[A}] (which by definition is a linear polynomial on any face F'
of the triangulation) is prescribed to match the product of the normal component
of D" = 3 per Sper reok o1 VikpiVicr and A} at the two points which

divide F into three segments of equal size (case d = 2) respectively at the midpoints
of the edges of the face (case d = 3). For this approximation of the product of the
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linear polynomials n - II;b™ and A} on the face F', Proposition 4 after a change of
variables precisely provides the higher-order approximation property.

To obtain a bound on the derivative of the Lagrange multiplier A}, we test
equation (24b) with a suitable test function v, € V), satisfying suppvy, C K,
[ divvy dz = 0, ngx - v, = AF — Q)X on F and ngk - v, = 0 on 0K \ F
(note that we have [, u™(A} — QAR) dS = [L(u™ — Qpu™)(A) — QUAT) dS and
e AR — QUAE) dS = [, A} — QUAT|? dS by the properties of the projection
operator @QY). This yields

XL = QORI < /K (@)} vy de /K (a") (u"b" — B}]) - v de
+ ||u™ — Qau” |2 [ AF — QA L2 (),

which gives using the estimate |[vy||z2(x) < C’h%zﬂ)\z — Q) ARl L2(F) (this estimate
holds on the reference simplex and for a general simplex K € Ty, by transformation)

VA2 () < O IAR — QAR L2 ()
—1/2\, n n —1/2 nypn n n
(20) < Chi Il — || eqae) + Chig | |u"b™ = BT 2qac) + ClIVU™ 2y
Finally, using the definition of the interpolation operator II} and its approximation
properties as well as the fact that B takes values in V, (note that elements vj, € V,
satisfy the bound ||Vh\|%2(K) < Chi||lngx-vh| \%2(31{)), we obtain from (28) (applied
to the different faces of K) and the previous estimate

IBIAR] — w"b"[[72 )

2B — T (60 B ) + Ch D2 (00 [

< Chg|nox - (BAR] — Qh(bn n))”L?(aK +Ch HDZ(bn n)”L?(K)

< Chi|nox - (BIAR] = b"Qpu")[|7205) + Chic||Qp, (0" ™) — b "Qpu™|[72 55
+ Chi||D*(b™u™)|[72 1)

(28’30) B2 n|2 n n|2 n|2 n 0, n|2
< Chilb"|[T@llar — a"[[22(x) + ClIP" [0 (0 [luh — Pru"{|72 (k)

+Chi an||L°°(Q ||B[AR] —Unbn”Lz +Ch HDanHLw(mHU ||L2 (9K)
+ Ch| VO™ |7 e (oI VAR 22010 +Ch K IVD™[[ 2o () VU™ 72 0x0)
+ Chic[|D*D" (|7 ) [[u" |72 01) + Chic [ D*(b" ") |22 1)

M (073 ey + 97 ) — 7
+0an||L°°(Q |lupy — Ppu” ||L2(K)
+ Ch (|Ib™ |7 () + M VD"[[Foc (o)) [IBIAR] = w""D"[[ 2 g
+ Chi HVanLOO(Q)HVU' ||L2 OK)
+ Chi|| D™ (g [0 [ 2 10y
+ Chig||D*D"|[ o () [ VU™ |72 1)
+ Chi||D*(b"u™)|[72 (k).
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from which (26) follows using the trace estimate
Va2 ox) < Chig VU™ 7250y + Chic|[[D*u" || i)

and taking the sum over all K € 7;. Note that in the last inequality of the previous
estimate we have used a trace estimate for ™ on K; furthermore, in the penultimate
inequality we have used the fact that

Qi(b"u™) —b" Qpu" = QL((b" — QEb™)u") — (b™ — QRb™)Qpu"
= Qu((b" = Q)b (u" — Qhu™)) — (b" — QRb")(QRu" — Qpu™)
— (b" — Q;b™)Qpu"
holds, which implies for F' € F}, the estimate
(30) [|Q1(b™u™) — b Qpu"|12(ry <Ch%||VD™|| Lo ()| VU™ || L2(F)
+ Chi || D*b™ || oo (o) [0 | L2 () -
U

The estimate of Corollary 2 can be derived by following along the lines of the
proof of Lemma 4.1 in [5], using (27), (25) and Theorem 1.

5. AUXILIARY RESULTS

5.1. Approximation of products of linear polynomials on the reference
face by linear polynomials. The following result is essential for our proof of
higher-order convergence of the modified BDM; scheme, as it provides a justifica-
tion for the improved formula for the advective flux.

Proposition 4. Let m,Q € ’Pl(ﬁ‘) be two first-order polynomials defined on the
reference face

~ ) conv{(0,0), (1,0), (0,1)} ifd =3,

where conv denotes the convex hull. .
Let further A denote the first-order polynomial on F obtained by setting

£ {[0,1] ifd=2,

ve{3,2 ifd =2,

A(z) == m(z)Q(z) for {x €{(0.5,0),(0.5,0.5),(0,0.5)} if d=3.

Then it holds that
(31) ImQ — All 2y < ClIVM| oo () [IVQII 12y
where the constant C' > 0 is independent of m,Q and A.

Recall that the modification of the scheme introduced in [7] corresponds to re-
placing the direct (first-order) approximation u}} of our transported quantity u by
a reconstruction of the transported quantity obtained by using the Lagrange mul-
tiplier A}'. In the proof of Theorem 1 above, we have applied Proposition 4 to show
that the reconstruction B[A}] approximates the advective flux with second-order
accuracy, provided that the Lagrange multipliers A} are a second-order accurate
approximation of the projected concentration Q}lu” on the edges.
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Proof. We define an interpolation operator Z' : H2(F) — Py (F) by requiring
Trw(z) = w(x)

for x € {3,2} if d = 2 and = € {(0.5,0),(0.5,0.5), (0,0.5)} if d = 3. By standard
techniques, we obtain

(32) 17w = wl| 2 gy < ClID*w| 1 5)-

Since A = Z'(mQ), estimate (31) follows from (32) and the fact that m and Q
are linear polynomials on F (the latter fact implying that D?(mQ) = Vm ® VQ +
VQ ® Vm).

(Il

6. COMPUTATIONAL RESULTS

In this section we illustrate our theoretical results and compare the classical
and the modified BDM; scheme with the help of computational experiments. Our
numerical results show that the error bounds derived above are sharp. Further
numerical tests, in which the modified scheme was applied to nonlinear reactive
transport problems, are contained in [2, 7].

6.1. Numerical results for a 2D test problem. In the first numerical test,
problem (1) is solved on the unit square Q = (0,1)%> C R? on the time interval
[0,1]. For the diffusion coefficient and the velocity field, we choose a = 15 and b =
(0,—1)T, respectively. Moreover, homogeneous Dirichlet conditions are imposed on
the boundary 92. The source term f is prescribed so that the analytical solution
of the problem reads
u(@,y,t) = a(1 —z)y(l —y)e "

In each refinement step, the mesh (which for the first test consists only of two

triangles) is uniformly refined and the errors

N 1/2
1 n
E}(LZ = 71/2 <Z la(,tn) — %”%2(9) ) ,
n=1

(2) _
Eh,-r = 1£I}la<XN lu(-tn) — UZHP(Q)a

3 n
Byl = max [ PRu(tn) = uf 22y

are computed. All computations are run for a constant time step size 7 = 0.001,
which is chosen sufficiently small to ensure that the time discretization error is
negligible compared to the space discretization error. The experimental orders of
convergence are determined by

(@)

EOC}) = log, (%’f) . ie{1,2,3).

h,T
The results of the computations are listed in Tables 1 and 2. As expected, we
obtain optimal second order convergence for the flux variable if the advective fluxes
are approximated using the Lagrange multipliers, whereas only suboptimal first
order convergence is observed when the classical scheme is used. Moreover, the
scalar unknowns are approximated with first order accuracy for both schemes, the
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magnitude of the errors being of almost equal size. For the approximation of the
projection P}?u of the scalar variable into the space of piecewise constants by our
numerical solution uj, we observe the usual (second-order) superconvergence result
both in the case of the classical scheme and in the case of the modified scheme.

6.2. Numerical results for a 3D test problem. Finally, we present a numer-
ical example to demonstrate that the modified scheme works also in three space
dimensions. More precisely, we solve problem (1) on the unit cube Q = (0,1)% c R?
on the time interval [0,1] for constant diffusion a = 13, a constant velocity field
b = (0,—1,0)" and homogeneous Dirichlet boundary conditions. Similarly to the
previous section, the right hand side f is prescribed so that

u(z,y, z,t) = 2(1 — 2)y(1 — y)z(1 — 2)e "

represents the analytical solution. The computations are carried out for a con-
stant time step size 7 = 0.05 and the mesh that initially consists of five simplices
is uniformly refined in each refinement step. The results of the computations are
listed in Tables 3 and 4 and clearly confirm our theoretical findings. As in the two-
dimensional case, the modified scheme provides optimal second order convergence
for the flux variable, whereas the standard scheme is only of first order. The mag-
nitude of the errors for the approximation of the scalar unknown and its projection
into the space of piecewise constant polynomials are almost equal for both schemes.

triangles | E\) [EOC| E® |EOC| E® |EOC
2.40 4.36e-02 2.91e-02 1.80e-02
41 2.01e-02 | 1.12 | 1.60e-02 | 0.86 | 6.37e-03 | 1.50
- 42 5.94e-03 | 1.76 | 8.57e-03 | 0.90 | 1.88e-03 | 1.76
1.56e-03 | 1.93 | 4.36e-03 | 0.97 | 4.94e-04 | 1.93
44 3.96e-04 | 1.98 | 2.19e-03 | 0.99 | 1.24e-04 | 1.99
45 9.88e-05 | 2.00 | 1.10e-03 | 1.00 | 3.07e-05 | 2.02
246 2.39e-05 | 2.04 | 5.48e-04 | 1.00 | 7.18e-06 | 2.10
TABLE 1. L?-errors and experimental orders of convergence (EOC)
for the modified scheme (2D example)

NN DN N
S
w0

triangles | E\) [EOC| E® |EOC| E® |EOC

240 4.13e-02 2.91e-02 1.79e-02

41 2.05e-02 | 1.01 | 1.60e-02 | 0.86 | 6.34e-03 | 1.50

- 42 6.91e-03 | 1.57 | 8.57e-03 | 0.90 | 1.87e-03 | 1.76

2.51e-03 | 1.46 | 4.36e-03 | 0.97 | 4.91e-04 | 1.93

4% 1 1.09¢-03 | 1.21 | 2.19e-03 | 0.99 | 1.23e-04 | 1.99

- 45 5.19e-04 | 1.07 | 1.10e-03 | 1.00 | 3.05e-05 | 2.02

2.46 2.56e-04 | 1.02 | 5.48e-04 | 1.00 | 7.12e-06 | 2.10

TABLE 2. L?-errors and experimental orders of convergence (EOC)
for the classical scheme (2D example)

NN DN DN
S
w0
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tetrahedra | E)) |EOC| EY |EOC| E” |EOC
5-8Y 1.26e-02 5.04e-03 4.21e-03
-8t 4.18e-03 | 1.60 | 2.48e-03 | 1.02 | 1.62¢-03 | 1.38
- 82 1.64e-03 | 1.35 | 1.60e-03 | 0.63 | 5.03e-04 | 1.69
4.46e-04 | 1.88 | 8.33e-04 | 0.94 | 1.34e-04 | 1.91
-8 1.14e-04 | 1.96 | 4.23e-04 | 0.98 | 3.39e-05 | 1.98
-85 2.83e-05 | 2.01 | 2.13e-04 | 0.99 | 8.22e-06 | 2.05
586 6.54e-06 | 2.11 | 1.07e-04 | 0.99 | 1.74e-06 | 2.24
TABLE 3. L?-errors and experimental orders of convergence (EOC)

for the modified scheme (3D example)

Ut Ot Ot Ot Ut
(0]
w

tetrahedra E }(Lll EOC E}(fl EOC E®) EOC

h,T

5-80 1.25e-02 5.04e-03 4.21e-03

-8t 4.14e-03 | 1.60 | 2.48e-03 | 1.02 | 1.63e-03 | 1.37

- 82 1.80e-03 | 1.20 | 1.60e-03 | 0.63 | 5.04e-04 | 1.69

- 83 6.19e-04 | 1.54 | 8.33e-04 | 0.94 | 1.34e-04 | 1.91

-84 2.51e-04 | 1.30 | 4.23e-04 | 0.98 | 3.40e-05 | 1.99

-85 1.17e-04 | 1.10 | 2.13e-04 | 0.99 | 8.22e-06 | 2.05
5- 86 5.74e-05 | 1.02 | 1.07e-04 | 0.99 | 1.74e-06 | 2.24

TABLE 4. L?-errors and experimental orders of convergence (EOC)

for the classical scheme (3D example)

(2 B2 B2 B |

7. CONCLUSION

In this work, we analyzed a modified BDM; mixed hybrid finite element scheme
for advection-diffusion problems in two and three spatial dimensions. By using the
Lagrange multipliers — which are introduced during hybridization — for the dis-
cretization of the advective flux, second order convergence of the total flux variable
can be restored. The classical scheme BDM; scheme, which makes use of the cell-
wise constant approximations of the scalar unknown in the discretization of the
advective term, fails to display this optimal-order convergence behavior if an ad-
vective term in divergence form is present: In the case of the classical scheme, the
accuracy of the approximation for the flux is limited by the (first-order) accuracy of
the approximation for the scalar unknown, while the Lagrange multipliers represent
a second-order approximation of the scalar unknown on the faces.
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