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ABSTRACT. We derive optimal-order homogenization rates for random nonlin-
ear elliptic PDEs with monotone nonlinearity in the uniformly elliptic case.
More precisely, for a random monotone operator on R? with stationary law
(i. e. spatially homogeneous statistics) and fast decay of correlations on scales
larger than the microscale € > 0, we establish homogenization error estimates
of the order ¢ in case d > 3, respectively of the order ¢|log a|1/2 in case d = 2.
Previous results in nonlinear stochastic homogenization have been limited to
a small algebraic rate of convergence €®. We also establish error estimates
for the approximation of the homogenized operator by the method of repre-
sentative volumes of the order (L/a)’d/2 for a representative volume of size
L. Our results also hold in the case of systems for which a (small-scale) C
regularity theory is available.
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1. INTRODUCTION

In the present work, we establish quantitative homogenization results with opti-
mal rates for nonlinear elliptic PDEs of the form

(1) —V - (Ac(z,Vue)) = f in RY,

where A, is a random monotone operator whose correlations decay quickly on scales
larger than a microscopic scale €. For scalar problems and also certain systems, we
obtain the optimal convergence rate O(e) of the solutions u. towards the solution
Uhom Of the homogenized problem

(2) -V (Ahom(vuhom)) = f in Rd

in three or more spatial dimensions d > 3. In two spatial dimensions d = 2, we
obtain the optimal convergence rate O(e|loge|'/?) upon including a lower-order
term in the PDEs (1) and (2).

Our results may be seen as the optimal quantitative counterpart in the case
of 2-growth to the qualitative stochastic homogenization theory for monotone sys-
tems developed by Dal Maso and Modica [17, 18], respectively as the nonlinear
counterpart of the optimal-order stochastic homogenization theory for linear el-
liptic equations developed by Gloria and Otto [32, 33] and Gloria, Otto, and the
second author [29, 31]. Just like for [17, 18], a key motivation for our work is the
homogenization of nonlinear materials.

In the context of random materials, the first — and to date also the only —
homogenization rates for elliptic PDEs with monotone nonlinearity were obtained
by Armstrong and Smart [9], Armstrong and Mourrat [7], and Armstrong, Ferguson,
and Kuusi [2] in the form of a small algebraic convergence rate % for some § > 0.
The optimal convergence rates derived in the present work improve substantially
upon their rate. However, in contrast to the works of Armstrong et al. we make no
attempt to reach optimal stochastic integrability: While we derive an error estimate
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of the form

Crelloge|'/?  for d =2,

3 ™ Uhom|lr(re) S
(3) [ue = thom|| Lo (re) < {Cfg for d > 3

with a random constant C; whose stretched exponential moments are estimated by
Elexp(|C;/C(f)|")] < 2 for some constant v > 0 and some constant C(f) > 0, the
homogenization error estimates for linear elliptic PDEs with optimal rate in [4, 34]
establish (essentially) Gaussian stochastic moments E[exp(|Cy/C(f, pn)|?>~#)] < 2 for
any p > 0. Likewise, the homogenization error estimates for monotone operators
with non-optimal rate £° of [2, 7, 9] include optimal stochastic moment bounds.

Before providing a more detailed summary of our results, let us give a brief
overview of the previous quantitative results in nonlinear stochastic homogeniza-
tion. The first — logarithmic — rates of convergence in the stochastic homogenization
of a nonlinear second-order elliptic PDE were obtained by Caffarelli and Sougani-
dis [15] in the setting of non-divergence form equations. Subsequently, a rate of
convergence £° has been derived both for equations in divergence form and non-
divergence form by Armstrong and Smart [9, 8] and Armstrong and Mourrat [7].
In the homogenization of Hamilton-Jacobi equations, a rate of convergence of the
order £'/8 has been obtained by Armstrong, Cardaliaguet, and Souganidis [6]. For
forced mean curvature flow, Armstrong and Cardaliaguet [1] have derived a con-
vergence rate of order £'/%0. These rates of convergence are all expected to be
non-optimal (compare, for instance, the result for Hamilton-Jacobi equations to
the rate of convergence ¢ known in the periodic homogenization setting [37]).

To the best of our knowledge, the present work constitutes the first optimal-order
convergence results for any nonlinear stochastic homogenization problem. However,
we are aware of an independent work in preparation by Armstrong, Ferguson, and
Kuusi [3], which aims to address the same question. In contrast to our work — which
is inspired by the approach to quantitative stochastic homogenization via spectral
gap inequalities of [32, 33, 29, 31] — the upcoming work [3] relies on the approach of
sub- and superadditive quantities of [9, 4, 2]. Nevertheless, both our present work
and the approach of [3, 2] use the concept of correctors for the linearized PDE, see
Section 3 for details.

Before turning to a more detailed description of our results, let us briefly com-
ment on the theory of periodic homogenization of nonlinear elliptic equations. A
quantitative theory for the periodic homogenization of nonlinear monotone opera-
tors has recently been derived by Wang, Xu, and Zhao [42]. A corresponding result
for degenerate elliptic equations of p-Laplacian type may be found in [43]. In the
periodic homogenization of polyconvex integral functionals, the single-cell formula
for the effective material law (which determines the effective material law by a
variational problem on a single periodicity cell) may fail [12, 26], a phenomenon
associated with possible “buckling” of the microstructure. A related phenomenon
of loss of ellipticity may occur in the periodic homogenization of linear elasticity
[14, 24, 35, 36]. Note that polyconvex integral functionals occur naturally in the
framework of nonlinear elasticity [11]; however, their Euler-Lagrange equations in
general lack a monotone structure. However, in periodic homogenization of non-
linear elasticity the single-cell formula is valid for small deformations [39, 40], and
rates of convergence may be derived.
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1.1. Summary of results. To summarize our results in a continuum mechanical
language, we consider the effective macroscopic behavior of a nonlinear and micro-
scopically heterogeneous material. We assume that the behavior of the nonlinear
material is described by the solution u. : R — R™ of a second-order nonlinear
elliptic system of the form

-V (AE(:L'7V’LLE)) =f

for some random monotone operator A, : R? x R™*4 — R™*? with correlation
length £ and some right-hand side f € Ld%(]Rd;]Rm). We further assume that
the random monotone operator A, is of the form A.(x,&) := A(w(x), &), where
we is a random field representing the random heterogeneities in the material; for
each realization of the random material (i.e. each realization of the probability
distribution), w. selects at each point z € R? a local material law A(we(z),-) :
R™xd 5 R™*d from a family A of potential material laws. Under some suitable
additional conditions, the theory of stochastic homogenization shows that for small
correlation lengths € < 1 the above nonlinear elliptic system is well-approximated
by a homogenized effective equation. The effective equation again takes the form
of a nonlinear elliptic system, however now with a spatially homogeneous effective
material law Apom : R™*¢ — R™X4 Tt is our goal to provide an optimal-order
estimate for the difference of the solution u, to the solution upom of the effective
equation

-V (Ahom(vuhom)) = f7

as well as to give an optimal-order error bound for the approximation of the effective
material law Apom by the method of representative volumes.

To be mathematically more precise, we consider a random field taking values in
the unit ball of a Hilbert space w, : Q2 x R — HN B; and a family of monotone
operators A : (HN By) x R™*4 — R™*4 indexed by the unit ball of this Hilbert
space. We then define a random monotone operator A.(z,-) := A(we(z),-) by
selecting a monotone operator from the family A at each point 2 € R? according
to the value of the random field w,(x). Note that the property of w. being Hilbert-
space valued is not an essential point and just included for generality: Even the
homogenization for a scalar-valued random field (and correspondingly a single-
parameter family of monotone operators A : (RN By) x R™M*4 — R™*4) would be
highly relevant and just as difficult, as it could describe e. g. composite materials.

The conditions on the random field w. and the family of monotone operators A
are as follows:

e We assume spatial statistical homogeneity of the material: The statistics of
the random material should not depend on the position in space. In terms
of a mathematical formulation, this assumption corresponds to stationarity
of the probability distribution of w. under spatial translations.

e We assume sufficiently fast decorrelation of the material properties on scales
larger than a correlation length €. In terms of a mathematical formulation,
we make this notion rigorous by assuming that a spectral gap inequality
holds. More precisely, we shall assume that w. itself is a Hilbert-space
valued random field on R? which satisfies a spectral gap inequality and on
which the random monotone operator A. depends in a pointwise way as
Ac(x,€) = A(we(w),€), where the map A : (HN By) x Rm*4d — Rm*d jg
Lipschitz in its first variable.
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o We assume uniform coercivity and boundedness of the monotone operator
in the sense that (A(w,&) — A(w(x),£1)) @ (& — &) > Mé — &)? and
|A(w, &) — A(w, &) < Al — &1] hold for all &1,& € R™*? and every
w € HN By for suitably chosen constants 0 < A < A < o0.

e For some of our results, we shall impose an additional condition, which es-
sentially entails a C*® regularity theory for the equation (1) on the micro-
scopic scale . Namely, we shall assume Lipschitz continuity of the random
field w. on the e-scale with suitable stochastic moment bounds on the local
Lipschitz norm and a uniform bound on the second derivative 8§A, along
with one of the following three conditions:

— Our problem consists of a single nonlinear monotone PDE, i.e. m = 1.

— We are in the two-dimensional case d = 2.

— Our system has Uhlenbeck structure, i.e. the nonlinearity has the
structure A(w,€) = p(w,|€|?)€ for some scalar function p, and the
same is true for the homogenized operator.

Under these assumptions, we establish the following quantitative stochastic homog-
enization results with optimal rates for the nonlinear elliptic PDE (1).

e The solution u. to the nonlinear PDE with fluctuating random material law
(1) can be approximated by the solution upem to a homogenized effective
PDE of the form (2). In case d = 2 or d = 1, we include a lower-order term
in the PDEs, see (6) and (7). The homogenized effective material law is
given by a monotone operator Apom : R™*% — R™*? which is independent
of the spatial variable x € R? and satisfies analogous uniform ellipticity and
boundedness properties. The error u — upom is estimated by

C(f)e for d > 3,
[t — thom|| r(ray < { C(f)e|loge|*/? for d =2,
C(f)e'/? ford =1,

where p = (f—_dQ in case d > 2 and p = 2 in case d € {1,2}. Here, C(f)

denotes a random constant with bounded stretched exponential moments

in the sense )
fom (0]

for some universal constant > 0 (which is in particular independent of
the right-hand side f) and for some constant C(f) = C(||f||p1, || f||La+1)-
Without the additional small-scale regularity assumption, we still achieve
half of the rate of convergence £'/2 for d > 3 respectively £'/2|loge|'/* for
d = 2, a result that we also establish for the Dirichlet problem in bounded
domains.

e The homogenized effective operator An,m may be approximated by the
method of representative volumes, and this approximation is subject to
the following a priori error estimate: If a box of size L > ¢ is chosen as the
representative volume, the error estimate

—d/2
A — Aran(©)] < C(L. 1+ 16Dl (£ )
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holds true for every ¢ € R™*4 where ARVE denotes the approximation

of Apom by the method of representative volumes and where again C(L, )
denotes a random constant with bounded stretched exponential moments
(independently of L and ). The systematic error is of higher order

7, 14+2
log —
€

)

—d
ELARE(E)] - Aram(©)] < 1+ 16D (£ )

at least in case d < 4 (which includes the physically relevant cases d =
2 and d = 3). Without the additional small-scale regularity assump-
tion, we achieve almost the same overall estimate |ARVE(€) — Apom(€)] <

C(L,€)|E|(L/e)~%?(log L)€ but not the improved bound for the systematic
error.

Note that the rates of convergence ||uc — Uhom||f2a/(a-2 < Ce in case d > 3 re-
spectively ||ue — Unom||z2 < Celloge|'/? in case d = 2 coincide with the opti-
mal rate of convergence in the homogenization of linear elliptic PDEs, see e.g.
[4, 29, 31, 34]. Similarly, the rate of convergence for the representative volume
approximation | ARVE (&) — Apom (€)| < C(L/e)~%? coincides with the corresponding
optimal rate for linear elliptic PDEs, as does (essentially) the higher-order conver-
gence rate for the systematic error. As linear elliptic PDEs may be regarded as a

particular case of our nonlinear PDE (1), our rates of convergence are optimal.

1.2. Examples. To illustrate our results, let us mention two examples of random
nonlinear elliptic PDEs and systems to which our theorems apply, as well as an
important class of random fields w. which satisfy our assumptions.

We first give an example for the random field w.. Let § : R — R* N B; be
any Lipschitz map taking values only in the unit ball. Let Y. : R — R* be any
stationary Gaussian random field whose correlations decay sufficiently quickly in
the sense

|Cov [Ye(2), Y(y)]| < H_(l—ﬂ)fiJNS

£
for some § > 0. Set H := R*. Then the random field w. : R? — H defined by
we(z) := 0(Ye(x))

satisfies a spectral gap inequality with correlation length ¢ in the sense of Defini-
tion 11; for a proof see e. g. [20]. As stationarity is immediate, any such w, satisfies
our key assumptions on the random field (P1) and (P2) stated in Section 2.1 be-
low. Note in particular that the spectral gap assumption allows for the presence of
(sufficiently quickly decaying, namely integrable) long-range correlations. Typical
realizations for two such random fields are depicted in Figure 1.

To state the first example of a random monotone operator satisfying our assump-
tions, consider any two deterministic spatially homogeneous monotone operators
A R™*d 5 RmXd and Ay @ R™*4 — R™X4 gubject to the ellipticity and Lip-
schitz continuity assumptions (A1) and (A2). Furthermore, consider any random
field w. : R? — [0,1]. Then the operator

Ac(2,6) i= we(2)Ar(§) + (1 — we(x)) A1 ()
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FicUre 1. Typical realizations of random fields obtained by ap-
plying a nonlinear map pointwise to a stationary Gaussian random
field with only short-range correlations (left), respectively to a sta-
tionary Gaussian random field with barely integrable correlations
(right).

satisfies our assumptions (A1)-(A3). Note that this operator corresponds to the
PDE

V- <w5(13)A1(VU) . wg(:r))Ag(Vu)> -

The additional small-scale regularity assumption (R) is satisfied whenever the op-
erators A; and A, have uniformly bounded second derivatives, the random field w,
is regular enough, and one of the three following conditions holds: The equation is
scalar (m = 1), the spatial dimension is at most two (d < 2), or both 4; and A,
as well as the homogenized operator Apom are of Uhlenbeck structure.

As a second simple example of a monotone operator, for any random field w; :
R¢ — [0, 1] the operator

1+[¢°

Ac(@,8) =77 (1+ cus(ﬂv))lﬂ25

satisfies our assumptions, possibly with the exception of the additional regularity
condition (R). Note that this operator corresponds to the PDE

1+ |Vul? B
\Y (1 +w€(a:)|Vu|2vu =f.

The additional small-scale regularity assumption — stated in (R) below — is satisfied
in the scalar case m = 1 as well as in the low-dimensional case d < 2, provided that
the random field w; is sufficiently smooth on the microscopic scale €.

1.3. Notation. The number of spatial dimensions will be denoted by d € N. For
a measurable function u, we denote by Vu its (weak) spatial derivative. For a
function of two variables A(w, £), we denote its partial derivatives by 0, A and 0: A.
For a function f : R — R, we denote by 0;f its partial derivative with respect
to the coordinate i. For a matrix-valued function M : R¢ — R™*¢ we denote by
V - M its divergence with respect to the second index, i.e. (V- M); = Z?zl 0; M;;.

Throughout the paper, we use standard notation for Sobolev spaces. In par-
ticular, we denote by H!(R?) the space of all measurable functions u : R — R
whose weak spatial derivative Vu exists and which satisfy [[u|lg = ([ga [ul® +
|Vu|? dz)'/? < oco. Similarly, we denote by H'(R?; R™) the space of R™-valued
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vector fields with the analogous properties and the analogous norm. For d > 3,
we denote by H'(R?; R™) the space of all measurable functions u with |Jul ;. =
(Jga IVul? d2)'/2 + [|u|| f20/a-2 < oo. By H (R?) we denote the space of all
measurable functions u : R — R for which all restrictions u|p, to finite balls
(0 < 7 < o0) belong to H'(B,). For a box [0,L]?, we denote by H}..(R?) the
closure in the H([0, L]?) norm of the smooth L-periodic functions. By H},_ _(R?),
we denote the space of measurable functions u whose weak derivative Vu exists
and which satisfy the bound |[ullg2, = sup,cpa([p, (4 |Vu|? + |u)? dz)'/? < co.

In order not to overburden notation, we shall frequently suppress the dependence
on the spatial variable = in many expressions, for instance we will write A(we, &) or
A(we, Vu) instead of A(we(z),§) respectively A(we(x), Vu(x)). By an expression
like O¢ A(w, §)=, we denote the derivative of A with respect to the second variable at
the point (w, &) evaluated in direction E. Similarly, by 0,0 A(w, {)dwE we denote
the second mixed derivative of A with respect to its two variables at the point
(w, &) evaluated in directions dw and Z. We use notation like §F' or dw, to indicate
infinitesimal changes (i. e. differentials) of various quantities and functions.

For two numbers a,b € R, we denote by a A b the minimum of a and b. We
write a ~ b to indicate that two constants a,b € (0,00) are of a similar order of

magnitude. For a matrix M € R™*?, we denote by [M| := Y=, . [M;;|? its Frobenius

norm. By Rglégv we denote the set of skew-symmetric matrices of dimension d X d.

By B,(x) we denote the ball of radius r centered at x. By B, we will denote
the ball of radius r around the origin. For two sets 4, B C R? and a point = € R?,
we denote by A+ B:={a+0b: A€ A b€ B} their Minkowski sum, respectively
by = + A the translation of A by z. By H we will denote a Hilbert space; we will
denote its unit ball by HN Bj.

By C and ¢ we will denote — typically large respectively typically small — non-
negative constants, whose precise value may change from occurrence to occurrence
but which only depend on a certain set of parameters. For a set M, we denote by
gM the number of its elements.

We write w. ~ P to indicate that a random field w, is distributed according to
the probability distribution P. For two random variables or random fields X and
Y, we write X ~ Y to indicate that their laws coincide.

Whenever we use the terms “coefficient field” or “monotone operator”, we shall
implicitly assume measurability.

2. MAIN RESULTS

Before stating our main results and the precise setting, let us introduce the
key objects in the homogenization of nonlinear elliptic PDEs and systems with
monotone nonlinearity. To fix a physical setting, we will here give an outline of
the meaning of the objects in the context of electric fields and associated currents.
However, a major motivation for the present work — and in particular for the choice
to include the case of nonlinear elliptic systems — stems from the homogenization
of nonlinear elastic materials. While in this context the monotone structure is lost
[11], it may be retained for small deformations [16, 25, 39, 40, 44]. A corresponding
result in the context of stochastic homogenization will be established in [21]. The
homogenization of monotone operators may also be viewed as a simple but necessary
first step towards a possible quantitative homogenization theory for nonlinear elastic
materials for larger deformations.
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In the context of electric fields and currents, we are concerned with a scalar
equation (i.e. m = 1); the functions u and upem in (1) and (2) correspond (up to
a sign) to the electric potential in the heterogeneous material respectively in the
homogenized picture. Their gradients Vu respectively Vunom are the associated
electric fields. The monotone functions A(we(x),&) respectively Anom(€) are the
material law and describe the electric current created by a given electric field &.
Note that in contrast to existing optimal results in stochastic homogenization, the
material law may be nonlinear in £. Finally, the PDEs (1) and (2) correspond to
prescribing the sources and sinks of the electric current.

The central object in the quantitative homogenization of elliptic PDEs is the ho-
mogenization corrector ¢¢, which in our context is an R"”-valued random field on R4,
It provides a bridge between the microscopic (heterogeneous) and the macroscopic
(homogenized) picture: For a given constant macroscopic field gradient & € R™*4,
the corrector ¢¢ provides the correction yielding the associated microscopic field
gradient £ + V¢e. The corrector ¢¢ is defined as the unique (up to a constant)
sublinearly growing distributional solution to the PDE

(4) =V (A(we, £+ Vo)) =0,
see Definition 1 for the precise definition. Note that a priori, similarly to the linear
elliptic case, the existence and uniqueness of such a solution is unclear.

The effective (homogenized) material law Apom (see Definition 1 for the precise
definition) may be determined in terms of the homogenization corrector: In princi-
ple, at each point € R? the microscopic material law A(w.(z),-) : R™*4 — Rm*d
associates a current A(we(x),&:) to a given electric field &; likewise, the effective
macroscopic material law Apom(-) : R™X4 — R™*4 associates a current Apom (&) to
a given macroscopic electric field €. As the macroscopic current corresponds to an
“averaged” microscopic current, the macroscopic material law should be obtained
by averaging the microscopic flux. More precisely, the homogenization corrector
¢¢ associates a microscopic electric field £ + V¢ to a given macroscopic electric
field &; therefore the macroscopic current Apom(€) should be given by the “average”
of the microscopic current A(w,,& + Ve¢). In our setting, due to stationarity and
ergodicity “averaging” corresponds to taking the expected value at an arbitrary
point z € R? (and we will suppress the point z € R? in the notation). In other
words, we have

Avon(€) = E[A(w=, €+ V60)] " lim f Alwe(a), € + V() dr

Our main results on the quantitative approximation of the solution u. to the

nonlinear elliptic PDE with randomly fluctuating material law

-V - (A(we, Vue)) = f
by the solution upom to the homogenized equation
-V (Ahom(vuhom)) = f

are stated in Theorem 2 and Theorem 3 in the case of the full space R?. The case
of a bounded domain — however with a lower rate of convergence — is considered in
Theorem 4.

Our second main result — the error estimates for the approximation of the ef-
fective material law Apom by the method of representative volumes — is stated in
Theorem 9 and Corollary 10.
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2.1. Assumptions and setting. We denote by d € N the spatial dimension and
by m € N the system size; in particular, the case m = 1 corresponds to a scalar
PDE. Let A and A, 0 < A < A < 00, denote ellipticity and boundedness constants.
Let H and HN By denote a Hilbert space and the open unit ball in H, respectively.
We denote by

A:Hx R™ — R™x4

a family of operators, indexed by a parameter in H. We require A to satisfy the
following conditions:

(Al) Each operator A(w,-) in the family is monotone in the second variable in
the sense

(A(w, &) — A(w, &) - (&2 — &) > MN& — &

for every parameter w € H and all &, &, € R™*4,
(A2) Each operator A(w,-) is continuously differentiable in the second variable
and Lipschitz in the sense

|A(w, &2) — A(w, &)| < Al& — &

for every parameter w € H and all &,& € R™*?. Furthermore, we have
A(w,0) = 0 for every parameter w € H.

(A3) The operator A(w,&) and its derivative 0:A(w, ) are differentiable in the
parameter w with bounded derivative in the sense

0. AW, O < AlE], 00 A(w, &) < A,

for every w € H and all £ € R™*?. Here, 9, and 9; denote the Fréchet
derivative with respect to the first variable and the partial derivative with
respect to the second variable, respectively. Furthermore, |- | denotes the
operator norm on H — R™*? and H x R™*?¢ — R™*?_ respectively.

Throughout our paper, we will reserve the term parameter field for a measurable
function @ : R? — H N By. With help of the operator family A, we may associate
to each parameter field & a space-dependent monotone material law R? 3 z —
A(w(x),-). We denote the space of all parameter fields by Q and equip © with
the L}OC(Rd;H) topology. We then equip the space of parameter fields 2 with a
probability measure P and write w, : R* — HN B; to denote a random parameter
field sampled with P.

It will be our second key assumption that the probability measure P describes
a stationary random field with correlation length ¢ (which is also the reason why
we include the index “c” in our notation). To be precise, we impose the following
conditions on P:

(P1) P is stationary in the sense that the probability distribution of we(- + y)
coincides with the probability distribution of w,(-) for all y € R%. From a
physical viewpoint this corresponds to the assumption of statistical spatial
homogeneity of the random material: While each sample of the random
material is spatially heterogeneous, the underlying probability distribution
is spatially homogeneous.

(P2) P features fast decorrelation on scales > e in the sense of the spectral
gap assumption of Definition 11 below. Here, and throughout the paper
0 < ¢ < 1 is fixed and denotes the correlation length of the material.
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Note that this corresponds to a quantitative assumption of ergodicity by
assuming a decorrelation in the coefficient field w. on scales > ¢.

Under the previous conditions homogenization occurs (in fact (P2) can be weakend
to qualitative assumption of ergodicity). In particular, we may introduce the cor-
rector of stochastic homogenization and define a homogenized monotone operator
(i.e. a homogenized material law) Ay, as follows.

Definition 1 (Corrector and homogenized operator). Let the assumptions (A1)-
(A3) and (P1)-(P2) be in place. Then for all & € R™*4 there exists a unique
random field ¢¢ : ) X R? — R™, called the corrector associated with &, with the
following properties:

(a) For P-almost every realization of the random field w. the corrector ¢¢(we, -) has
the regularity ¢¢(we, ) € HE (R4 R™), satisfies fBl d¢(we, -) dz =0, and solves
the corrector equation (4) in the sense of distributions.

(b) The gradient of the corrector V¢ is stationary in the sense that
Voe(we,  +y) = Voe(w(- +9),-) ae inR?

holds for P-a.e. w. and all y € RY.
(c) The gradient of the corrector V¢ has finite second moments and vanishing
expectation, that is

E[Veoe] =0,  E[|[Vee|?] < <.

(d) The corrector P-almost surely grows sublinearly at infinity in the sense

R—o0 R2

1
lim —][ |pe (we, )|* dz = 0.
Br

Moreover, for each & € R™*% we may define

(5) Ahom(g) = E[A(wsv §+ v¢£)]7

where the right-hand side in this definition is independent of the spatial coordinate
x. The map Anom : R™*% — R™%? 45 called the the effective operator or the
effective material law.

We shall see that the homogenized material law Apom : R™*¢ — R™*4 defined by
(5) inherits the monotone structure from the heterogeneous material law A(w,, ),
see Theorem 6 below.

For some of our results we will assume that the following microscopic regularity
condition is satisfied. Note that the condition essentially implies a small-scale C'1:*
regularity theory (i.e. a C1'® theory on the € scale) for the heterogeneous equation
and a global C1'® regularity theory for the homogenized (effective) equation.

(R) Suppose that at least one of the following three conditions is satisfied:
— The equation is scalar (i.e. m = 1).
— The number of spatial dimension is at most two (i.e. d < 2).
— The system is of Uhlenbeck structure in the sense that there exists
a function p : HN By x Ry — R{ with A(w, &) = p(w, |£]?)€ for all
w € HNB; and all ¢ € R™*4; furthermore, the effective operator given
by (5) is also of Uhlenbeck structure.
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Suppose in addition that the second derivative of A with respect to the
second variable exists and satisfies the bound |0:0:A(w,§)| < A for all
weHNB; and all € € Rmxd,

Suppose furthermore that the random field w, is Lipschitz regular on
small scales in the following sense: There exists a random field C with
uniformly bounded stretched exponential moments Efexp(|C(x)]")] < 2 for
all z € R? for some v > 0 such that

sup |Vewe(y)| < C(a)e™
y€Be ()

holds for all 2 € R4,

2.2. Optimal-order homogenization error estimates. Our first main result
is an optimal-order estimate on the homogenization error in the stochastic ho-
mogenization of nonlinear uniformly elliptic PDEs (and systems) with monotone
nonlinearity. Note that our rate of convergence coincides with the optimal rate of
convergence for linear elliptic PDEs and systems [4, 29, 31, 32, 34], which form a
subclass of the class of elliptic PDEs with monotone nonlinearity.

Theorem 2 (Optimal-order estimates for the homogenization error for d > 3).
Let d > 3. Let the assumptions (A1)—-(A83) and (P1)-(P2) be in place. Suppose
furthermore that the small-scale regularity condition (R) holds. Let the effective
(homogenized) monotone operator Apom : R™X4 — R™X4 be given by the defining
formula (5) and let p > d. Then for any f € L*(R%;R™) N LP(RY;R™) the unique
weak solution u. € H' (R4 R™) to the nonlinear elliptic PDE with heterogeneous
coefficients

-V - (A(we, Vue)) = f

may be approximated by the solution unom € Hl(Rd;Rm) to the homogenized effec-
tive equation

V. (Ahom<vuhom)> = f
up to an error of the order
||us - uhom”L%(Rd) < C(wsy f)€
Here, C(we, f) is a random constant whose values may depend on w. and f, but
whose (stretched exponential) stochastic moments are uniformly estimated by

o (8577 =

for some 0 > 0 depending only on d, m, \, A, p, p, and on v from assumption (R),
as well as some C > 0 depending only on upper bounds for ||f||pr and ||f||Lr as
well as on p.

Since by Theorem 6 the effective material law Apom inherits the monotone struc-
ture from the heterogeneous material law A(w, -), the solvability of the homogenized
equation is guaranteed for any f € L%(Rd; R™) provided that d > 3.

In the case of low dimension d < 2 the rate of convergence becomes limited by
the central limit theorem scaling. In particular, as for linear elliptic equations, the
case d = 2 is critical, leading to a logarithmic correction. Furthermore, even for the
Poisson equation — which may be regarded as a very particular case of our PDEs
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(1) or (2) — the gradient of solutions of the whole-space problem may fail to be
square-integrable. For this reason we include a lower order term in our PDEs.

Theorem 3 (Optimal-order estimates for the homogenization error for d = 2 and
d=1). Let d =2 or d =1 and let otherwise the assumptions of Theorem 2 be
in place. Suppose furthermore ¢ < 1 and (1 + |z|)*f € L?*(R%) for some x > 0.
Then the unique weak solution u. € H*(R% R™) to the nonlinear elliptic PDE with
heterogeneous coefficients

(6) -V (A(we, Vue)) +ue = f

may be approzimated by the solution upom € H' (R R™) to the homogenized effec-
tive equation

(7) =V - (Ahom(Vthom)) + Uhom = f

up to an error of the order

Cel/? ford=1,

Ue — Uhom S
I ho ||L2(Rd) {C6|log51/2 for d = 2.

Here, C is a random constant which satisfies stretched exponential stochastic mo-
ment bounds in the sense Elexp(C”/C)] < 2 for some v > 0 as in Theorem 2 and
some C > 0 depending only on upper bounds for || f||rr, ||(1+]|z))* fllL2, and || f||Le
as well as on p and k.

In the absence of the small-scale regularity condition (R), we still obtain half
of the optimal rate of convergence. However, we also directly obtain this result in
bounded domains. Note that in order to recover the optimal rates of convergence
from Theorem 2 and Theorem 3 also for the Dirichlet problem on bounded domains,
one would need to construct boundary correctors, as done for linear elliptic PDEs
for instance in [10] in the setting of periodic homogenization or in [5, 23] in the
setting of stochastic homogenization.

Theorem 4 (Estimates for the homogenization error on bounded domains). Let
d> 2, let O C R? be a bounded domain of class CYY, and let the assumptions
(A1)-(A3) and (P1)-(P2) be in place. Define Anom as in formula (5). Let up; €
H2(O;R™) and f € L*(R%R™). Then the unique weak solution u. € up;. +
H}(O;R™) to the nonlinear elliptic PDE with heterogeneous coefficients

-V (Awe,Vue))=f O
may be approrimated by the solution unom to the homogenized effective equation
-V (Ahom(vuhom)) = f mn O

(with the same Dirichlet boundary conditions tunom € Upir + HE(O;R™)) up to an
error of the order

||u5 - uhom”Lz(O)

_ JCwe, N(IIfllz2(0) + llupirllzz(0)) e/ ?|loge /4 for d =2,
=\ Clwe, NI 112(0) + llupirll52(0)) ™2 for d > 3.
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Here, C(we, f) is a random constant whose values may depend on we, O, up;, and
f, but whose (stretched exponential) stochastic moments are uniformly estimated by

o (S5 =

for some v > 0 depending only on d, m, \, A, and p, and some C(O) > 0 depending
only on O.

Remark 5. An error estimate analogous to Theorem 4 also holds on the full space
R?, provided that in case d > 3 we measure the error ue — Unom i the L2d4/(d=2)
norm as in Theorem 2 and assume f € L' OL%/, and provided that in case d = 2
we include a massive term in the equation as in Theorem 3.

We next establish several structural properties of the homogenized operator
Apom, including in particular the statement that the homogenized operator Apom
inherits the monotone structure from A.. Note that these properties are actually
true even in the context of qualitative stochastic homogenization, and their proof is
fairly elementary. The monotonicity of the effective operator Apom has (essentially)
already been established by Dal Maso and Modica [18, 17], at least in the setting
of convex integral functionals. We also give sufficient criteria for frame-indifference
and isotropy of the homogenized operator Apom.

Theorem 6 (Structure properties of the homogenized equation). Let the assump-
tions (A1)-(A3) and (P1)-(P2) be in place. Define the effective (homogenized)
material law Apom : R™*? — R™*? by (5). Then Anom has the following proper-
lies:

a) The map Anom s monotone and Lipschitz continuous in the sense that

(Ahom(£2) = Ahom (1)) - (&2 — &) = Al — &1

and
A2
| Ahom (§2) — Anom (§1)] < C(d, m)7|§2 — &

hold for all £1, &5 € R™*4. Purthermore, Anom is continuously differentiable
and satisfies Anom(0) = 0.

b) If the operator A is frame-indifferent in the sense A(w,0¢) = O~ 1A(w,€)
for all O € SO(m), all ¢ € R™¥4 and all w € H, the operator Apom
inherits the frame-indifference in the sense Apom(O&) = O™ Apom(€) for all
O € SO(m) and all £ € R™*4,

c) If the law of the operator A.(x,&) := A(w:(x),&) is isotropic in the sense
that the law of the rotated operator A9 (z,¢) := A.(z,£0)O coincides with
the law of Ac for all O € SO(d), the operator Anom inherits the isotropy in
the sense Apom(£0) = Apom(£)O~1 for all O € SO(d) and all £ € R™*4,

2.3. Optimal-order error estimates for the approximation of the homog-
enized operator by periodic RVEs. To perform numerical simulations based
on the homogenized PDE (2), the effective material law Apom must be determined.
The theoretical expression (5) for the effective material law Apom is essentially
an average over all possible realizations of the random material; it is therefore a
quantity that is not directly computable. To numerically determine the effective
(homogenized) material law Apom in practice, the method of representative volumes
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is typically employed: A finite sample of the random medium is chosen, say, a cube
[0, L]¢ of side length L > ¢, and the cell formula from homogenization theory is
evaluated on this sample.

In most cases, a representative volume of mesoscopic size ¢ < L < 1 is sufficient
to approximate the effective material law Apom well. For this reason, at least in
the case of a clear separation of scales ¢ < 1 numerical simulations based on
the homogenized equation (2) and the RVE method are several to many orders of
magnitude faster than numerical simulations based on the original PDE (1).

In our next theorem, we establish a priori error estimates for the approximation
of the effective material law Apom by the method of representative volumes. Our
a priori error estimates are of optimal order in the physically relevant cases d < 4,
at least if the issue of boundary layers on the RVE is addressed appropriately. More
precisely, we show that the homogenized coefficients Anom may be approximated by
the representative volume element method on an RVE of size L up to an error of
the order of the natural fluctuations (%)_d/ 2. This rate of convergence coincides
with the optimal rate in the case of linear elliptic PDEs and systems, see [32, 33].

There exist various options to define the RVE approximation, see e.g. [22, Sec-
tion 1.4] for a discussion in the linear elliptic setting. In the present work, we shall
consider the case of periodic RVEs: One considers an L-periodic approrimation
Py, of the probability distribution P of the random field w,, that is an L-periodic
variant w, j, of the random field w. (see below for a precise definition), and imposes
periodic boundary conditions on the RVE boundary 90, L]%.

Before rigorously defining the notion of periodization, we first note that to any
periodic parameter field Wy, one can unambiguously (and deterministically) asso-
ciate a homogenized coefficient via the classical periodic homogenization formula.

Definition 7 (Periodic RVE approximation). Let A : H x R™*4 — R™*d pe g
family of monotone operators satisfying (A1)-(A3). To any L-periodic parameter
field &y, and any € € R™*% we associate the RVE approzimation ARVEL (@, €) for
the effective coefficient Anom(§) given by

AVELGy €)= £ AGLE+ Vo0
[0,L]¢

where the (periodic) corrector ¢¢ = ¢e(wr,-) is defined as the unique solution in

HL, ([0, L)% R™) with vanishing mean f[o L] ¢edx =0 to the corrector equation

per
—V - (A(@r(7), &+ Ve)) =0 in RY.

We next define our notion of L-periodic approximation of the coefficient field w..
The main condition will be that the statistics of w. and w. ; must coincide on balls
of the form Bz (x0) around any xo € R?.

Definition 8 (L-periodic approximation of P). Let P satisfy the assumptions (P1)
and (P2). Let L > e. We say that Pr, is an L-periodic approzimation to P, if
Py, is stationary in the sense of (P1), concentrates on L-periodic parameter fields,
satisfies the periodic spectral gap of Definition 11b, and the following property holds:
For P-a.e. random field w. and Pr-a.e. random field w. 1 we have

we ~ P and we p ~ Py, = wg'BLNWa,L Bp >
4 4

i.e., if we is distributed with P, and we 1 is distributed with Pr, then the restricted
random fields ws|p, and we |, have the same distribution.
4 1
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For such an L-periodic approximation Py, we abbreviate the representative vol-
ume approzimation as introduced in Definition 7 by ARVEL(¢) := ARVEL (o 1 €).

Note, however, that the existence of such an L-periodic approximation Py, of P
has to be proven on a case-by-case basis, depending on the probability distribution.
To give one example, for a random field w. of the form w.(z) := £(Yz(x)), where Y
is a stationary Gaussian random field arising as the convolution Y. (z) := (8.*W)(x)
of white noise W with a kernel g, with supp 8. C B., one may construct an L-
periodic approximation simply by replacing the white noise W by L-periodic white
noise Wy, i.e. by defining we 1(x) := &((B: * WL)(x)).

For the approximation of the effective material law Aoy by such an L-periodic
representative volume, we establish the following a priori error estimate. Again,
our rates of convergence coincide with the optimal rates of convergence for linear
elliptic PDEs and systems [29, 31, 32].

Theorem 9 (Error estimate for periodic RVEs). Let A : H x Rm*d — Rmxd
satisfy the assumptions (A1) — (A3) and let P satisfy the assumptions (P1)-(P2).
Let L > 2¢, let Py, be an L-periodic approzimation of P in the sense of Definition 8,
and denote by ARVE-L(€) the corresponding representative volume approzimation for
the homogenized material law Anom(€).

(a) (Estimate on random fluctuations). For all £ € R™*¢ we have the estimate on
random fluctuations

—d
2

AR -y [APH] [ <clel (7).

where C denotes a random variable that satisfies a stretched exponential moment
bound uniformly in L, i. e. there exists C = C(d, m, \, A, p) such that

Er [exp(Cl/C)} <2

(b) (Estimate for the systematic error). Suppose that P and P, additionally satisfy
the small-scale regularity condition (R). Then for any & € R™*4 the systematic
error of the representative volume method is of higher order in the sense

0 A4 0)] (@] < 5 0% (2) [ (£)

3

Qq

Here, ag is given by

2 forde{2,4},

=dAN4
d +{0 ford=3,d=1, andd>5

for some C = C(d,m,\,A,v,p). In dimension d < 4 the estimate is optimal
(up to the logarithmic factor). Without the small-scale regularity condition (R),

the suboptimal estimate
L
log ()
€
_dnd {; for d € {2,4},
1

2 ford=3, d=1, and d > 5.

Qd

L [AE)] — duan(@)] < el (£)

holds, where

Qg
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In particular, we derive the following overall a priori error estimate for the
method of representative volumes.

Corollary 10 (Total L2-error for periodic RVEs). Let assumptions (A1) — (AS8)

and (P1) — (P2) be in place. Let L > e. Let Py, be a L-periodic approzimation to

P in the sense of Definition 8.

(a) If the small-scale regularity condition (R) is satisfied, then for 2 < d < T we
obtain the optimal estimate

Nl

B [A™4(6) ~ Aon @] <001+ 16)°%el (£)

Moreover, for d > 7 we obtain the suboptimal estimate

1 L\ L\ [C(@)
B (4™ — (@) < 1+ 6% (£) o (2|77
(b) If (R) is not satisfied, then for any d > 2 we obtain the subotimal estimate

dand
1 L\ L\ (¢
B ™) — (@) <lel(£) s () [
For d < 4 this estimate is optimal except for the logarithmic factor.
In the above estimates, we have C = C(d,m, A, A, p).

2.4. The decorrelation assumption: spectral gap inequality. We finally
state and discuss the quantitative assumption on the decorrelation of the random
field w.. The majority of results in the present work require the correlations of the
random parameter field w. to decay on scales larger than ¢ in a quantified way. This
quantified decay is enforced by assuming that the probability distribution P satisfies
the following spectral gap inequality. As already mentioned previously, this spectral
gap inequality holds for example for random fields of the form w.(x) = B(&(x)),
where § : R — (—1,1) is a 1-Lipschitz function and where &, is a stationary
Gaussian random field subject to a covariance estimate of the form

d+k
€
Cov |W W <C|——
| Cov [2(0).50)] | = € (5=
for all z,y € R? for some x > 0 and some C' < oco. The derivation is standard and
may be found e.g. in [20].

Definition 11 (Spectral gap inequality encoding fast decorrelation on scales > €).
(a) We say that the probability distribution P of random fields w. satisfies a
spectral gap inequality with correlation length € and constant p > 0 if any
random variable F = F(w.) satisfies the estimate
2
d:i’) dx].

d F
2L
re \ JB_(a) | O
Here, fBE(w) ’g—i(wsﬂ dz stands short for

F(we + téwe) — F(we
sup lim sup | F(we + towe) (w )|,
dwe t—0 t

(8) E[|F -E[F]"] <

|

We

where the sup runs over all random fields dw. : R — H supported in B.(x)
with ||6w€||Loo(Rd) S 1.
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(b) Let L > ¢ and let Py, be a probability distribution of L-periodic random
fields wr, .. We say that Py, satisfies a periodic spectral gap inequality with
correlation length € and constant p > 0 if any random variable F = F(we 1)
satisfies the estimate

2
di‘) dx|.

9) EL[|F —E.[F]["] < ;ZEMOM (]ég(x)

Here, @) ’%(W&L)’ dZ stands short for

oF
aw&L

F - F
sup lim sup |F(we, L + towe, 1) (we,r)]

)
Swe,, t—0 t

where the sup runs over all L-periodic random fields dwe , : R¢ — H with
16w, || Lo ([0,0)2) < 1 and support in Be(x) 4+ LZ*.

For a reader not familiar with the concept of spectral gap inequalities, it may be
instructive to inserting the spatial average F(we) : fB we dx into the deﬁnltlon
(8). For this particular choice, the Fréchet derivative is given by 3 OF _ = B BIXB:
and the expression on the right-hand blde in (8) 15 of the order (f)ﬁ Thus, the
fluctuations of the spatial average F'(w;) fB we(x) dz are (at most) of the order
(T)d/ 2, just as expected when averaging (£ )4 mdependent random variables of sim-
ilar variance. However, the importance of spectral gap inequalities in stochastic
homogenization [30, 38, 29] stems from the fact that they also entail fluctuation
bounds for appropriate nonlinear functionals of the random field w,, as the homog-
enization corrector ¢, is a nonlinear function of the random field w, (even in the
setting of linear elliptic PDEs). To give a simple example for fluctuation bounds
for a nonlinear functional of w., the reader will easily verify that the spectral gap
inequality (8) also implies a fluctuation bound of the order (£)%2 for a quantity
like f ( fB )dac) with two 1-Lipschitz functions f,¢g: R — R.

3. STRATEGY AND INTERMEDIATE RESULTS

3.1. Key objects: Localized correctors, the two-scale expansion, and lin-
earized correctors. Before turning to the description of our strategy, we intro-
duce the central objects for our approach. Besides the homogenization corrector
¢¢ defined in Definition 1, these key objects include the flux corrector o¢, localized
versions d)g and ag of the corrector and the flux corrector, as well as the homoge-
nization correctors ¢£E and flux correctors O’EE for an associated linearized PDE.
At the end of the section we also state optimal stochastic moment bounds for these
correctors, which will play a central role in the derivation of our main results.

The fluxz corrector o¢ is an important quantity in the quantitative homogeniza-
tion theory of elliptic PDEs, see [29] for a first reference in the context of quantita-
tive stochastic homogenization. Recall that the corrector ¢, provides the connection
between a given macroscopic constant field gradient £ and the corresponding mi-
croscopic field gradient & + V. Similarly, the flux corrector o¢ : R? — R™ x R‘Sikxe‘jv
provides a “vector potential” for the difference between the “microscopic” and the
“macroscopic” flux in the sense

(10) V-O’E :A(ws,f—i-Vrj)g) —Ahom(f).
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The central importance of the flux corrector o¢ is that it allows for an elementary
representation of the error of the two-scale expansion, see below.

The flux corrector o¢ is a d—1-form, i. e. it satisfies the skew-symmetry condition
oe(z) € R™ x R for each © € RY. As o is a “vector potential” (a d — 1-form),
the equation (10) only defines ¢ up to gauge invariance. It is standard to fix the

gauge by requiring o¢ to satisfy
(11) —Aog ji = 0j(A(we, €+ V) - e) — Op(A(w:, £+ V) - €5).

Localized correctors. It is cumbersome to work directly with the corrector ¢¢ and
flux corrector o¢ in a rigorous manner; in particular, since we need to consider
derivatives of (¢¢,0¢) with respect to compactly supported perturbations of the
parameter field w.. For this reason, we shall frequently work with the localized
correctors qﬁg and ag, which for 7> 0 and any parameter field @ : R — HN B
can be defined unambiguously on a purely deterministic level.

Lemma 12 (Existence of localized correctors). Let assumptions (A1)-(A3) be in
place. Let @ : RY — HN By be a parameter field, T > 1, and & € R™*%. There
exist unique tensor fields ¢f = ¢f (@,-) and of = {of ;,(@, )} with

¢§T € H&loc(Rd; Rm)? Jg GH&IOC(Rd; R™ x ngxegv)’
which solve the PDEs

- 1

(122) ~V(A@.E+ VL)) + o = 0,

(12b) @ = A@E+ V),
1

(12(3) *Ao'g:jk + ng:jk = 8]Q§k - 6ng:j7

in a distributional sense in R%. Furthermore, the map @ — (gbgT, O’?) 18 continuous
as a map L>=(H) — H}

uloc*

Note that the additional term %quT introduces an exponential localization effect.
As a consequence, existence and uniqueness of ¢g follow by standard arguments.
For example, existence follows by considering the sequence of solutions to the PDEs
=V (A@, X B, (20)€ + Vwy)) + #w, = 0 (which admit a unique solution w, € H'
by standard monotone operator theory) and passing to the limit r — oo; the
exponential localization of Lemma 36 below then yields the convergence and the
independence of the limit from the choice of xy. The argument for O'g is similar.
For a detailed proof see [21].

Note also that for a stationary random field w,., by uniqueness the associated
localized homogenization corrector ¢§T and the localized flux corrector 0§T inherit
the property of stationarity.

The localized correctors approximate the original correctors (¢¢, o¢) in the sense
that

(13) (Voi ,Vol) = (Voe,Voe)  in L*(Q x By) for any r >0

in the limit T — oo; for d > 3, we even have the convergence of qﬁg and Jg
itself to stationary limits ¢¢ and o¢ (which however may differ from the ¢¢ and o
from Definition 1 by an additive constant). A proof of these facts is provided in
Lemma 26.
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Two-scale expansion. The correctors (¢¢, o¢) provide a link between the gradient of
the homogenized solution Vupom and the gradient of the original solution Vu. via
the two-scale expansion: Indeed, the two-scale expansion

(14) a(I) = Uhom(m) + d)Vuhom(a:) (x)

is a (formal) approximate solution to the equation with microscopically varying
material law in the sense

(15) V- (A(w., Vi) = f~ VR
with the residual R given by
(16) R = (8§A(w5,§ + qu)g)@g(ﬁg — 8505)|5:Vuh0m(z) : V2Uhom-

If £ is much smaller than the scale on which Vupey, changes, the residual R will
be small (as we will typically have d¢¢¢ ~ e and J¢o ~ ¢, see Proposition 14 for
a more precise statement). In this case, taking the difference of (1) and (15) one
obtains

-V (A(we, Vue) — A(we, Va)) = V- R,

which by virtue of the monotonicity of the material law A (see (A1)-(A2)) gives
rise to an estimate on Vu, — V4. From this estimate, one may then derive a
bound on w. — Upom. For a derivation of the error expression in the two-scale
expansion in the form (15), which leads to some subleties regarding measurability,
we refer to the forthcoming paper [21]. In our result, we will replace the term
OcPe|e=Vu,, I the two-scale expansion by a piecewise constant approximation for
Uhom (With interpolation); for this variant of the two-scale expansion, essentially
finite differences of the form ¢¢, — ¢¢, appear in the error expression. Details may
be found in Proposition 27 respectively in its proof.

Linearized correctors. In the error expression (16) for the residual of the two-scale
expansion the derivatives d¢¢¢ and J¢o¢ of the corrector and the flux corrector
with respect to the field £ appear. For this reason, we need optimal-order estimates
on these derivatives in order to derive an optimal-order error bound for u. — Upom-
More precisely, in our variant of the two-scale expansion we need improved estimates
for finite differences ¢¢, — ¢¢, which reflect both the magnitude of the difference
|€1—¢&5] and the decorrelation in order to derive optimal-order error estimates. Note,
however, that this is basically an equivalent problem to estimating the derivatives
Ocde. 1t is interesting to observe that the derivatives ¢ ¢¢ and Ogo¢ are at the same
time the homogenization corrector and the flux corrector for the PDE linearized
around the field £ + V¢¢: With the coefficient field

ag(z) = ag(we, ) := g A(we(), € + Ve (we, 7)),

we deduce by differentiating (4) and (11) that the equalities O¢pe= = ¢¢ = and
0c0¢E = 0¢ = hold, where ¢¢ = and o¢ = are defined as the solution to the PDEs

(17a) =V - (ag(z)(E+ Ve =) =0,
(17b) gz =ae(E+ Ve =),
(17¢) —Aoe =k =05qe,=6 — OkGe 2,5,

i.e. ¢¢.= and o¢ = are the homogenization correctors for the linear elliptic PDE with
random coeflicient field ag.
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In our analysis we will first estimate the differences ¢f, — ¢f, of the localized
correctors and obtain the estimate on the differences ¢¢, — ¢¢, by passing to the
limit T'— oo. For this reason, we introduce the linearized localized correctors qﬁgE

and UZE as the unique solutions in H} . to the PDEs
1
18 —V . T = V T’: T T: :O,
(18a) (ag (E+ Ve z)) + T¢g,_
(18b) 4= =a¢ (E+Vo;z),
1
(18c) *Aaga,ﬂg + *Ugajk :aqua,k - akqgja,j,

T
where we have abbreviated

agT(sc) = ag(w@m) = O A(we (), & + V(/)gT(wE,:E)).

By differentiating (12a) and (12c¢), we identify agqng = (;5?5 and (r“)gofTE = ag:E, a
fact made rigorous in Lemma 20.

Note that by our assumption of monotonicity and Lipschitz continuity of A (A1)-
(A2), the linearized coefficient fields a¢ and ag are uniformly elliptic and bounded
random coefficient fields with a stationary and ergodic distribution. Therefore, the
existence (and the notion) of solution to (17a) — (17c) and (18a) — (18¢) would
follow by the linear theory of stochastic homogenization (see e.g. [29, Lemma 1]),
a fact that we however do not need to use: Again, the existence of solutions to the
localized corrector problems (18a) and (18¢) is evident for any parameter field w;
see Lemma 20 for a proof.

The linearized corrector problem (17a) has also been central for the homoge-
nization result for the linearized equation by Armstrong, Ferguson, and Kuusi [2],
and some of our lemmas are analogues of results from [2]: For instance, our dif-
ferentiability result for the corrector ¢g in Lemma 20 is essentially analogous to
[2, Lemma 2.4]. Furthermore, in the proofs of [2] small-scale regularity estimates
similar to our estimate (42) have been employed. However, in contrast to [2] we es-
tablish optimal-order estimates on the linearized correctors ¢£E (see Proposition 14
below), a result that will be of key importance for our main theorems.

Corrector estimates. In view of the form of the formula for the residual (16) of
the two-scale expansion it is clear that a key ingredient in the quantification of
the homogenization error are estimates on the correctors. In this section we state
estimates on the localized correctors and its linearizations.

As the typical size of the correctors ¢g and gz%a will be at least of order £ due
to small-scale fluctuations, the corrector bounds alone cannot capture the decay of
fluctuations in d > 3 optimally. For d > 3, it is therefore useful to state estimates
also for associated vector potentials for the correctors d)g and qﬁga. In case d > 3,
we introduce a (vector) potential 9£T : R4 — R™*4 for the corrector ¢g as the (up
to an additive constant unique) sublinearly growing solution to the equation

(19a) AOL, = 0i0f
which entails
(19b) V08 = ¢,

as well as the corresponding quantity 955 defined by
(20a) Aggz,i = &-dfﬁa
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which yields

(20b) V-0l = ¢tz

Note that as the equations (19a) and (20a) feature a non-decaying right-hand side
but lack a massive term, their solvability is not guaranteed for arbitrary parameter
fields @. For random fields w. subject to (P1)—(P2), in d > 3 the existence of

solutions to (19a) and (20a) is a consequence of standard methods in qualitative
stochastic homogenization, see e.g. [29].

Proposition 13 (Estimates on the homogenization corrector for the nonlinear
monotone PDE). Let the assumptions (A1)-(A3) and (P1)-(P2) be in place. Then
the localized homogenization correctors (bg and the localized flux correctors O'g -

defined as the (unique) solution in HY, . to the PDEs (12a) respectively (12c) — are
subject to the estimate

2 1/2
r_ T(z)dz| d
(21) (7{97,@0) o ]fgrwqbg(x) P )

+ <][ ag—][ ag(i)di
B,«(!L’o) Br(mﬂ)

for any r > 2, any xo € R, any T > 22, and any € € R™*%. Furthermore, for
d > 3 we even have

) 1/2 ) 1/2
(22a) (][ | | dx) + (7[ lod | dac) < ClEle
B (zo) By (x0)

for any r > 2¢, any xo € R, any T > 22, and any & € R™*?, while for d =1 and

d =2 we have
1/2. fl/2 _
(22b) ’][ ¢f da| + ’][ Ugd;g‘ < JClele \/Tf e ford=1,
B, (z0) B, (z0) C|§\5| log TT| ford=2.
Here, C is a random constant whose values may depend on we, &, the localization

parameter T, xo, and r, but whose (stretched exponential) stochastic moments are
uniformly estimated by

2 1/2 C|f‘51/27”1/2 ford=1,
da:) < {clglelog 2| ford =2,
Cl¢le ford>3

E[exp (Cﬁ)] <2
for some U > 0 depending only on d, m, A, A, and p (in particular, independently
of T).
In the case of three and more spatial dimensions d > 3, the potential field 0§T
exists and satisfies the estimate

(23) ( ][ ¢ — ][ 0¢ (&) dz
By (z0) By (z0)

for any r > 2¢, any xo € R?, any T > 22, and any & € R™*4,

Furthermore, the estimates (21), (22a), and (23) also hold for the LP norm with
2<p< ﬁ and p < oo in place of the L? norm, up to the following modifica-
tions: The constant U may now also depend on p, and the factor |log(r/e)|*/? in
(21) and (23) is replaced by |log(r/e)| in the cases d = 2 respectively d = 4.

9 1/2 C|€|e3/2r1/2 for d =3,
dCE) < C|§|€2|log§}1/2 for d = 4,
Cl¢|e? ford>5
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Under the additional small-scale regularity assumption (R), we establish the fol-
lowing estlmates on the homogenization corrector qbgH associated with the linearized
operator — (85A(w5, &+ V(/§5 \% ) Recall that this homogenization corrector
qﬁg = is equivalently given as the derivative of the homogenization corrector qﬁ,;- with
respect to £ in direction =, see Lemma 20.

Proposition 14 (Estimates on the homogenization corrector for the linearized
PDE). Let the assumptions (A1)-(A3) and (P1)-(P2) be in place. Suppose fur-
thermore that the small-scale regularity condition (R) holds. Then the homogeniza-
tion corrector for the linearized equation ¢§T: = 85(;5?: and the corresponding flux

corrector O'£T~ = 3505 = given as the solutions to the PDEs (18a) and (18c) are
subject to the estimates
2 1/2
dm)

(21) (f |ot=-f dlz@as
Bi(x0) Be(z0)
2 1/2
0’2:5—][ e ag,_( z)dx da:)

“(f
BT(IO)
C(1+ |€))C|5|et/2r1/2 ford =1,

0)
) /
- ,11/2
< {C(L+ €)Y Ee| log £ ford =2,
CAL+[EDCI=le ford >3,

for any r > 2, any xo € RY, any T > 2¢2, and any &,Z € R™*?. Furthermore, for
d > 3 we even have

- 1/p o 1/p .
(25) (ﬁm)“’jw' dx) *(émo)‘”w' dx) < (1 + )¢l

for any r > 2¢, any vo € R, any p € [2, ﬁ] N[2,00), any T > 2%, and any
£,2 € R™*4 while for d =1 and d = 2 we have
CO+IEN AT ford=1,
¢§~d$ 0’5’ C = \/— /2
Be(x0) Be(x0) C(1+ [€))C|Ele| log L ford=2.

Here, C is a random constant whose values may depend on we, &, =, r, xg, and the
localization parameter T, but whose (stretched exponential) stochastic moments are
uniformly estimated by

E[exp (Cﬁ)] <2
for some v > 0. The constants v and C' depend only on d, m, X\, A, v, and p (in
particular, they are independent of T).
In the case of three and more spatial dimensions d > 3, the potential field HTE
exists and satisfies the estimate
2 1/2
dx)

(26) (7[ Of = — ][ 0¢ =(%) di
Bi(z0) Br(z0)

C(1+ |€))C|5|e3/2r1/2 for d =3,
<+ E)CIEE2 og £ ? for d =4,
C(1+ [€])°|=|e? ford>5
for any r > 2¢, any o € R?, any T > 22, and any £,Z € R™*4,
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Furthermore, all of these estimates also hold for the correctors associated with
the adjoint coefficient field a?’*

Fz'nally, the estimates (24), (25), and (26) also hold for the LP norm with 2 <
p < (C=)m 2) and p < oo in place of the L? norm, up to the following modifications:

The constant 7 may now also depend on p, and the factor |log(r/e)|*/? in (24) and
(26) is replaced by |log(r/e)| in the cases d = 2 respectively d = 4.

A key consequence of our estimates on the linearized correctors ¢f = and o¢ 5 is
the following estimate on differences of the correctors ¢¢ and o¢ for different values
of &.

Corollary 15. Let the assumptions (A1)-(A3) and (P1)-(P2) be in place. Then
for T — oo the correctors d)g and ag (for d > 3) respectively the renormalized

correctors qzﬁg - fBE(O) (bg dx and crg - fBE(O) O'g dz (for d = 1,2) converge to limits
¢¢ and o¢. The limits ¢¢ and o¢ satisfy the corrector equations (4) and (10);
furthermore, in case d > 3 they are subject to the estimate

P P 1/p
(27) (][ el + || dx) < Clele
Br(fo)

for any r > 2¢, any vo € R, any p € [2, 2 = 2] and any £ € R™¥4 while in case
d = 1,2 they satisfy

V2 (elelet2(r + |wo) /2 ford =1
2 2 0 9

(28) (][ |¢|” + |o| dfﬂ) < rlwo] |1/2
By (w0) C|¢le| log =20l ford=2

for any r > 2¢, any xo € R, and any &€ € R™¥9. Here, C is a random constant
with stretched exponential moments in the sense

E[exp (C”)] <2

for some v > 0 depending only on d, m, \, A, and p.
Suppose furthermore that the small-scale regularity condition (R) holds. Then
the difference of homogenization correctors ¢¢, — ¢¢, and og, — ¢, is estimated by

(29)

2 2 1/2
(7[ |be, — bes|” + |oe, — 06, | dx)
Br(-'L'O)

C(L+ &% +1&]9)|&1 — &alet?(e + |zo|)/2 ford =1,
< QCA+ [&]C + [€2]9)1r — &2l¢] log |‘7‘/"]|+25|1/2 for d =2,
C(L+[&]9 +1&19)[61 — &le ford>3

for any &1,& € R™* any r > ¢, and any w9 € R, where the random constant C
satisfies

E[exp (Cﬁ)] <2

for some v > 0. Here, v and C depend only on d, m, X\, A, p, and v.
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3.2. The strategy of proof for corrector estimates. A key difficulty in quan-
titative stochastic homogenization is the derivation of appropriate estimates on the
(localized) homogenization correctors ¢g and the (localized) flux corrector Ug: As
previously mentioned, corrector bounds form the basis for homogenization error
estimates and the analysis of the representative volume approximation. For our
purposes, we for example need to show that the homogenization corrector qbg and
the flux corrector Jg are at most of order |£|e (at least in case d > 3).

In periodic homogenization, that is for e-periodic operators —V - A.(z, V+), such
corrector bounds are an easy consequence of the periodicity: By the defining equa-
tion (12a), the corrector (,25? is e-periodic, has vanishing average on each periodicity
cell [0,¢]?, and is subject to an energy estimate of the form Jf[o,a]d |V(;5£T|2 dz < Cl€2.
By the Poincaré inequality on the periodicity cell, this implies a bound of order |£|e
on the homogenization corrector qb?. The derivation of the corresponding estimate
for the flux corrector ag is analogous.

In contrast, in quantitative stochastic homogenization the derivation of such
estimates on the correctors is much more involved and presents one of the key chal-
lenges. Our strategy for the derivation of bounds on gb&T, which is strongly inspired
by [32, 33, 29, 31] but streamlined by minimizing the use of elliptic regularity,
proceeds as follows:

e As outlined in Proposition 13, it is our goal to prove a corrector estimate
of essentially the form

Ce ford>3

1/p
inf <][ \gbgT —blP dx) << Cellog(R/e)| for d =2,
ver Br(z0) Cel/2RY/? ford=1

for any R > ¢, where C is a random constant with stretched exponential
moments in the sense E[exp(C/¢)] < 2.

e In principle, the technical Lemma 25 (see below) reduces the derivation of
such estimates on the corrector ¢§T to (mostly) the derivation of bounds on
stochastic moments of integral functionals of the form

(30) Flwo)= [ a- el d.

where g basically takes a weighted average of Vd)g on a certain scale r with
e<r<R.

e The random variables F'(w.) as defined in (30) have vanishing expectation
E[F(w:)] = 0 due to the vanishing expectation of the corrector gradient
IE[V(;S?] = 0. The latter property is a consequence of stationarity of the
corrector ¢ : Since the probability distribution of the random monotone
operator A(w.(x),-) is invariant under spatial translations, the expectation
of the corrector E[(ﬁ?(x)] is the same for all points 2 € R%. This yields
E[Vqﬁ?(x)] = VE[gbgT(:zz)] = 0. As a consequence of the vanishing expec-
tation, it suffices to bound the centered moments of F'(w.), that is, the
stochastic moments of F(w.) — E[F(w.)].

e Concentration inequalities — like the spectral gap inequality — are one of
the most widespread probabilistic tools for establishing bounds on centered



26

JULIAN FISCHER AND STEFAN NEUKAMM

moments of random variables. In our context, that is for random fields w,
with correlations restricted to the length scale ¢, they will read for example

2
/ ][ OF | 4zl da
R | JB.(2)

Ow,
for all random variables F' = F(w.). Here, g—i denotes (essentially) the
Frechét derivative of F' with respect to the field w. and p > 0 denotes a
constant.

Note that in stochastic homogenization it is an assumption that a spec-
tral gap inequality like (31) holds for the random field w.. This assumption
on the probability distribution of the random field w. encodes the decorre-
lation properties of w.. For instance, the reader may convince oneself that
(31) implies an estimate of the order (¢/r)%/? on the fluctuations of the
average F(w.) := f wedx on a scale r > ¢, as one would expect for e.g.
the average of (r/e)? i.i.d. random variables; see also the discussion below
Definition 11.

A spectral gap inequality of the form (31) is valid for many classes of
random fields, see Figure 1 and the accompanying text. It also implies
estimates on higher centered moments, see Lemma 16 below.

8(1

EHF(@E) —E[F(w.)] m < B

dz

[V

In order to employ the spectral gap inequality (31) to estimate the stochas-
tic moments of random variables F(w.) = [g- V(b&T dx as defined in (31),
we need to estimate the right-hand side of (31), that is we need to estimate
the sensitivity of the functionals F(w.) with respect to changes in the co-
efficient field w.. By standard computations (see the proof of Lemma 17a
for details), one may show that the Frechét derivative of F' with respect to
we is given by

oF

Ow,

where h is the solution to the auxiliary linear elliptic PDE

= 0, A(we,§+ Vo) ®Vh

X 1
-V (aET’ (x)Vh) + Th =V.yg

(the uniformly elliptic and bounded coefficient field ag being given by
o (2) = B Alw(), € + VoT)).

By the (standard) growth assumptions for A(w.,-) in (A3), the repre-
sentation (32) implies that the sensitivity g—i may be estimated by C|¢ +
V¢£T\|Vh|. In conclusion, by the spectral gap inequality (31) respectively
its version for higher stochastic moments in Lemma 16 we see that we have

E[| |77 < qsd/2EH /
Rd'

Let us next discuss how to estimate the right-hand side of (34). Recall
that g basically takes a weighted average on a scale r (see (30)), i.e. g
is supported on a ball B, and satisfies an estimate like |g| < r~?¢. As a
consequence, we obtain the deterministic estimate [p, [VA[*dz <774 by a
simple energy estimate for the defining equation (33). If we knew that the
small-scale averages of the corrector gradient were bounded in the sense

2

q/291/q
dz }

f €+ Vol ||Vh| di
B.(z)
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fBE(x) |€+ V¢§T|2 dz < |€]2, by Hélder’s inequality we would directly obtain
the deterministic bound

J.

By (34) this would imply an estimate of fluctuation order on the functionals
(30) of the form E[|F|9)"/7 < ¢|¢|(e/r)%?. This would be precisely the
bound we seek to obtain.

However, in the context of stochastic homogenization we cannot ex-
pect a uniform bound on the locally averaged corrector gradient fBE(I) 1€+
V(;ﬁET\Z dz, as in general the random field w. may contain geometric configu-
rations which could cause the corrector gradient to be arbitrarily large. As
we are dealing with the case of systems, we also cannot expect more than
LP integrability of the gradient VA of the auxiliary function for a Meyers
exponent p slightly larger than 2. We therefore need (almost) an L bound
on the local averages fBe () € + V¢g|2 dz. It is here useful to introduce

2

][ £+ Vi ||Vhdi| do < \§|2/ |Vh|? dz < |€]2r .
Bs(x) Rd

an auxiliary quantity, namely the minimal radius r, 7 ¢(2) above which the
corrector qb&T satisfies a bound of the form

][ |¢§T|2 di < 1 for all R > 7, 7.¢(x)
Br(z)

(plus one additional technical condition). This allows us to bound using a
trivial estimate and the Caccioppoli inequality

d
][ € + VT |2 dz < (r“(‘”)> ][ € + VoL |? d .
Be(z) € By, e (@)

<C

This estimate is however again not sufficient for our purposes. It is here
that elliptic regularity theory in form of the hole-filling estimate enters and
provides a slight but crucial improvement

d—o
f e vetian <o L)
B. () €

for some ¢ > 0 (see Lemma 88 for details).

Together with a version of the spectral gap estimate — see Lemma 16
below — and the vanishing expectation IE[V(;S?] = 0, this estimation strategy
yields a bound of the form

2¢11/2q 3 d/2 Ts,T,¢
E[|F%] <C|£|q(r) E[(

(d=8)q/(1—=7)7(1-7)/2q
=)

for any 0 < 7 < 1 and any ¢ large enough (the latter of which is not a
problem).

One then observes that one may control the moments of r, ¢ on the right-
hand side of (35) in terms of moments of functionals FF = [g - VQS&T dx
(see the proof of Proposition 13). It is here that the slight gain ¢ in the



28 JULIAN FISCHER AND STEFAN NEUKAMM

exponent (from hole-filling) is crucial, as it causes the estimate to buckle,
yielding a bound of the form

rere\? 1/q
(G
€

The resulting moment bounds on 7, ¢ then allow to deduce the corrector
estimate in Proposition 13.

e The derivation of the estimates for the flux corrector O'g and the linearized
correctors QSEE, 025 follows a similar strategy. However, in the case of the
linearized correctors qbgg, O'g:E the derivation of the sensitivity estimates
involves an additional integrability issue on small scales, making it necessary
to use a C'1® regularity theory on the microscopic scale. It is here that our
additional regularity assumption (R) enters. For details, see the derivation
of Lemma 21.

Let us now state the lemmas used in the course of the proof of our main results.
An immediate consequence of the spectral gap inequality of Definition 11 is the
following version for the ¢-th centered moment; for a proof, we refer to e.g. [19,
Proposition 3.1].

Lemma 16. Suppose P satisfies (P1) and (P2). Then for any q > 1 we have

L]

A central step towards the proof of the corrector estimates of Proposition 13 are
the following estimates on stochastic moments of linear functionals of the localized
corrector and the localized flux corrector.

OF
Owe

2Qi| 1/q

IEHF(wE) —E[F(w.)] < Og?eE

Lemma 17 (Estimates for linear functionals of the corrector and the flux correc-
tor for the monotone system). Let the assumptions (A1)-(A8) and (P1)-(P2) be
satisfied. Let £ € R™*4 T > 262 K056 > C(d,m, N\, A), and let (bgT be the unique
nongrowing solution to the corrector equation (12a). Define for any xo € R?

(36)

1,6 (T0) 1= inf {r =2 ke Ny and for all R = 2% > r, £ € Ny, we have both

2

1 ][ T T 2
= A ot| <
R? Br(zo) ¢ Br(zo) ¢

1
and ’][ CbT dz| < Kmass|§| }
VI'| JBg(z0) :

Then the random field v, ¢ is stationary and allows for the following estimates.

a) Let 2 < p <2+ c (where ¢ = c¢(d,m,\,A) > 0 will be defined in the proof
below), let xg € R? and r > ¢, and let F be a functional of the form

F(w) = /Rdg-Vqﬁgd:zr



OPTIMAL ERROR ESTIMATES IN NONLINEAR STOCHASTIC HOMOGENIZATION 29

for some g € LP(R%; R™*4) with supp g C B,(xq) and

1/p
<][ lgl? da:) <r 4
B,-(wo)

Then there exists an exponent 6 = 6(d, m, A, A) > 0 (from hole-filling) such
that the stochastic moments of the functional F, may be estimated by
d/2 (d=8)q/(1=7)7 (1-7)/2q
1/2 € Ty
sl < iga( 2) () )

I3

for any 0 < 7 <1 and any q > C. Here, the constants C' may depend on
d, m, A\, A, p, Kpass, 0, and 7.

b) Let 2 <p<2+c, let zg € R? and r > ¢, and let F, be a functional of the
form

F,(w):= /Rd g- Vag:jk dx

for some g € LP(R;R™*4) with supp g C B,.(z¢) and

1/p
(][ lgl? dx) <y 4
B,«(Io)

Then there exists § = 6(d, m, A\, A) > 0 such that the stochastic moments of
the functional F, may be estimated by

/2
(17, [1) " < cila(£) B (722

(d=8)q/(1=7)7(1-7)/2q
=)

forany 0 <1 <1 and any ¢ > C(d,m, A\, A,p, 7).
c) Suppose that d > 3. Let 2 <p <2-+ec, let zg € RY and r > ¢, and let Fy
be a functional of the form

Fop(w) ::/ g- V@Zi dz
Rd

for some g € LP(R;R™*4) with supp g C B,.(z¢) and

1/p
<][ lgl? dx) <y 4
BT(CL'())

Then there exists § > 0 such that the stochastic moments of the functional
Fy may be estimated by

d/2
9 Ty
E[lFeF‘f]”qumlﬂq(r) E[( -

3

> (d5)f1/(17)] (1-7)/2q

forany 0 <7 <1 and any ¢ > C(d, m,\, A, p, 7).

In particular, all of our estimates are independent of T > 2¢2.

We also obtain the following estimates on averages of the correctors.
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Lemma 18. Given the assumptions of Lemma 17, for any 0 < 7 <1, any q > C,
any o € R, any r > ¢, and any R > r we have the estimate

IE{ ][ ¢¢ dw — ][ ¢¢ d
By(z0) Br(zo)

(37) —HE{ ][ O'gdl‘—][ O'gdl‘
B:-(20) Br(zo)

Pt (d—8)q/(1—7)7 (1-7)/2q /1082 Lo e dN 1/2
< i — .
ol ()" (B
1=0
Furthermore, for any R > /T we have the bound
q11/q q11/q
(38) ]EH][ ¢¢ dx } —HEH][ of dv }
Br(xo) Br(z0)
\ 42 - (d—8)q/(1=7)7 (1-7)/2q
<cq|g|ﬁ<R) ]EK - f) } :

We then establish the following moment bounds on the minimal radius 7. 7.,
which will enable us to deduce the corrector bounds in Proposition 13.

2? 1/2q

2q:| 1/2q

Lemma 19 (Moment bound on the minimimal radius). Given the assumptions of
Lemma 17, there exists Kpmass = Kmass(d,m, A, A) such that the minimal radius
T« 1,¢ has stretched exponential moments in the sense

E{exp ((Z“)UC)} <2

for some constant C = C(d, m, A\, A, p).

It will be central for our optimal-order homogenization error estimates to obtain
optimal-order estimates on differences of correctors for different macroscopic field
gradients &, like ¢p¢, — ¢, for &1,& € R™*?4. To estimate such differences, we will
rely on estimates for the derivative (/5?5 of the corrector (bg with respect to £ in
direction =. Formally differentiating the corrector equation (12a) with respect to
&, we obtain for qbgz = 8@1)?5 the PDE

V- (0 A(we, E+ V) (E+Veiz)) + %qﬁgg =0

(see also (18a) above). It is interesting that this PDE again takes the form of a
corrector equation, namely the corrector equation for the linear elliptic equation
with random coefficient field 0: A(we, & + Vqﬁg).

We next show that this differentiation can be justified rigorously.

Lemma 20 (Differentiability of the corrector with respect to £). Let T' > 0 and
assume (A1)-(A2). For any & € R™*? and any parameter field &, let ¢§T denote the
unique solution in HY (R%R™) to the localized corrector equation (12a). Denote
by (bgT,E the unique solution in HY_ (R4 R™) to the localized linearized corrector
equation (18a). Then the map & — ¢f — as a map R™ % — Hy  (RER™) — s
differentiable with respect to & in the Frechét sense with

65 ¢gTE = ¢5T,E
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for any = € R™*4,

Similarly, denoting by O'gT and O'g:E the unique solutions in H}, . to the PDEs
(12¢) and (18c), the map & — ag ~as a map R™*4 — HL (RER™ x REXDY) — s
differentiable with respect to £ in the Frechét sense with

agagE = Ugg
for any = € R™*4,

In order to establish appropriate estimates on the linearized corrector ¢£E, we
again start by deriving estimates for linear functionals of the corrector gradient.

Lemma 21 (Estimates for linear functionals of the corrector and the flux corrector
for the linearized equation). Let the assumptions (A1)-(A8) and (P1)-(P2) be
satisfied. Suppose in addition that the regularity condition (R) holds. Let {,E €
R"™¥4 K, 0ss > C(d,m, N\, A), T > 22, and let gbg: be the unique solution in H1

= uloc
to the corrector equation for the linearized problem (18a). Define for any xo € R?

(39)

Tv1.e,=2(20) := inf {r =2%: ke Ny and for all R = 2% > r, £ € Ny, we have both

1 f T T
N
R? (o) ¢ Br(zo) ¢

1
and ‘][ of = dz| < Kpass|Z| }
\/T Br(zo)

Then the random field r. 1¢ = is stationary and allows for the following estimates.

a) Let 2 < p < 2+ c (where c = ¢(d,m, A\, A) > 0 will be defined in the proof
below), let xg € R and r > ¢, and let F be a functional of the form

2
dx < |22

F(w) = / g- Vd)g:g dz
Rd

for some g € LP(R%; R™*%) with supp g C B,(x¢) and

1/p
<][ lgl? dm) <r 4
Bw‘(wo)

Then there exists an exponent 6 = 6(d, m, A, A) > 0 (from hole-filling) such
that the stochastic moments of the functional F may be estimated by

/2 _
B[l < s () B](Tes

(d-0)q/(1-r)] 1=7)/24
es)

for any 0 < 7 < ¢ = c(d,m,\,A) and any q > C. Here, the constant C
may depend on d, m, A\, A, p, v, Kpass, D, and 7.

b) Let2 <p<2-+c, let xg € R and r > ¢, and let F, be a functional of the
form

F,(w) = g- Vgga,jk dz
Rd



32 JULIAN FISCHER AND STEFAN NEUKAMM

for some g € LP(R%; R™*4) with suppg C B,(xq) and

1/p
(f lg|” da:) <74
BT(mo)

Then the stochastic moments of the functional F, may be estimated by

E d/2 - —n1-7)/2q
P 1/2 = € Poe= (d=0)a/(1—T)
(17 *] o< 1+ |§|C)|:|qc<r) E[(%) }

for any 0 < 17 < c(d,m,\,A) and any q > C.
c) Suppose that d > 3. Let 2 <p < 2-+c, let zg € R? and r > ¢, and let Fy
be a functional of the form

Fy(w) ::/ g- VGgEidx
e E,
for some g € LP(R%; R™*?) with suppg C B,(xq) and

1/p
(f lg|? dm) <74
BT(IO)

Then the stochastic moments of the functional Fy may be estimated by

d/2 _ _
1/2 _ € Tere,z (@-0)a/(1-7)
BllF] 7 < crl1+ 169 () B[(PE2)

for any 0 < 1 < c(d,m,\,A) and any q > C.

(1-7)/2q

We also derive estimates on the averages of the linearized correctors that are
analogous to the ones of Lemma 18.

Lemma 22. Given the assumptions of Lemma 21, for any 0 < 7 < ¢(d,m, A\, A),
any o € R, any r > ¢, and any R > r we have the estimate

(40)

IEH][ ¢§de—][ Gi = da
B, (z0) Br(xo)

][ aggdm—][ olzdx
Br(zo) Br(x0)

o o [(remes) P9 = 0=/ log, % VNN
< (C(1 SlgCE| [ 2= 9 '
< o1+ je) Il (282 I en(s))

Furthermore, for any R > VT we have the bound

oy
1=0
q71/q qq1/q
][ ¢f = dx ] +EH][ ol=dr }
Br(zo) Br(zo)

o . e\ %2 Ttz (d—=68)q/(1-7)7(1-7)/2q
<o+ V() B|(TLe) |

2q:| 1/2q

+E|

2q:| 1/2q

(41) E[

£

We then establish moment bounds on the minimal radius r. 7¢=.
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Lemma 23 (Moment bound on the minimimal radius of the linearized equation).
Given the assumptions of Lemma 21, the minimal radius r. 7¢= has stretched
exponential moments in the sense

T 165 ”Cﬂ
E e <2
[eXp <(<1 Tier) )]s
for some constant C = C(d, m,\, A, p,v).

Note that under a different decorrelation assumption — namely, finite range of
dependence as opposed to a spectral gap inequality — stochastic moment bounds for
(basically) the quantity 7. ¢ = have already been established in [2]. The estimates
in [2] even achieve optimal stochastic integrability.

A necessary ingredient for the sensitivity estimates for functionals of the lin-
earized corrector (1%5 — as derived in Lemma 21 — is the following regularity esti-
mate, which is a consequence of our corrector estimates for the nonlinear problem
and the small-scale regularity condition (R).

Lemma 24. Let the assumptions (A1)-(A3) and (P1)-(P2) be satisfied. Suppose
furthermore that the small-scale regularity condition (R) holds. Then there exist
0 = d(d,m,\,A,p,v) > 0 and a stationary nonnegative random field Creq e with
uniformly bounded stretched exponential moments E[exp(Creq¢(x)/ )] < 2 such
that the estimate

T« T ':‘({I?) (dié)/Q
(42 sup |s+w€5|<f><creg,g<x><1+|§|>f’|a(’ = )
FEB. 2 (x) €

holds for any x € RY.
Proof. We use the assumption of small-scale regularity (R) to yield by Proposi-
tion 41

1/2
sup |2+ Vlal(@) < Crepe(@)(1 + 5|>C( f )|E+V¢ZE|2df:)

Z€B. /2 ()

E(z

Using (89) to estimate the right-hand side in this equation, we obtain the desired
bound. 0

The following result converts estimates on linear functionals of the gradient of a
random field and estimates on the gradient of the random field into LP-estimates
for the random field.

Lemma 25 (Estimate on the L? norm by a multiscale decomposition). Let vy > 0,
e>0,m>2, and K > 0. Let u = u(we,z) be a random function subject to the
estimates

m/2 1/m
(43) E (f |Vul? d:v) <K  forall zop € R?
Bg(wo)

and

(44) EK Rqu-gdx>m]l/m§K(i>7
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for all r > 2¢, all g € R?, and all vector fields g : RY — RY supported in B,.(zo)

satisfying
1/(2+1/d)
(7[ |g\2+1/ddas) <
Br(mo)

Then estimates of the form

o\ M2V (CaKerrt fory <1,
E ][ U — ][ u| dz < C3Key/log(r/e) fory =1,
By (x0) B(w0) C3Ke Jory>1,

and

E ][ u— ][ U
B, (z0) B, (x0)

hold for all 7 > ¢ and all 2 < p < ﬁ (as long as p < o0), the constant Cs
depending on v and p, but being independent of m.

< § C3Kelog(r/e) forvy =1,

P m/p] /™ C3Kelrt=7 for vy <1,
d:c)
C3Ke forvy>1,

Proof. The L2-version of the statement is shown e.g. in [13, Lemma 12]. The L?
version is proven analogously. (]

Finally, note that our main results rely on estimates for the correctors ¢¢ and o¢
(and not the localized approximations (bg and ag). While all of our bounds on the
localized correctors ¢ET and 0’? are uniform with respect to the parameter T' > 2¢2,
it remains to justify the passage to the limit T — oc.

Lemma 26 (Convergence of the localized correctors in the limit T — o00). Let
(A1)-(A3) and (P1)-(P2) be satisfied. Let gbgT and og be the unique solutions to
the localized corrector equations (12a) and (12¢). For any r > 0, as T — oo the
stationary random fields V¢g and Vogjk converge strongly in L*(Q x B,.) to the
corrector gradients V¢ and Vog ji., with the correctors ¢¢ and o¢ as defined in
Definition 1.

3.3. Quantitative two-scale approximation. The estimate on the homogeniza-
tion error invokes a quantitative two-scale expansion of the homogenized equation.
As indicated earlier, for technical reasons, we do not work with the usual expansion
Uhom + VOvu,..,, but consider the (easier) case of a piecewise affine approximation'
of the form
Uhom + Z 77k'¢§k7
kegzd

where {1} denotes a partition of unity subordinate to a uniform cover of R% on a
scale § 2 ¢, and {{x} denotes the associated piecewise-constant approximation of
Vhom. Depending on our application, we will choose either § := ¢ or § := &'/2.

Proposition 27 (Error representation by the two-scale expansion). Let A, : R? x
R™*d 5 R™*4 pe q monotone operator subject to uniform ellipticity and bounded-
ness conditions as in (A1) and (A2). For any & € R™*?, denote by ¢¢ a solution

IThe authors are indebted to Gilles Francfort for this suggestion, which lead to a simplification
of the proof.
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to the corrector equation (4) on R in the sense of Definition 1 and denote by o¢ a
solution to the equation for the flux corrector (10) on R?.
Let 6 > 0. Suppose that either © = R? or that O C R? is a bounded domain

of class CY'; in the former case, set K := §Z%, and in the latter case set K :=

{k €62 : k+ ((1—1/2d)s,(1 —1/2d)5)* N O # B}. In the case O # R?, suppose
in addition that 6 < c¢(O) for some c(O) determined in the proof below. Let ny,
k € K, be a partition of unity on O subordinate to the cover

oc J (k+(-5,0%

keK

with0 < <Ly =1onON(k+ (=2, 2)), me > conOn(k+((1-
1/3d)6, (1 — 1/3d)56)?), and |Vni| < C5 1.

For any given i € H*>(O) and any k € K, introduce the weighted average & of
Vi near k as

£ = fo e (z)Vadz
' fo k() dx

Define the two-scale expansion for u with a piecewise constant approximation for
the gradient Vu as

ii=u+ Y b,

keK

Then the action of the operator —V - (Ac(x, V-)) on 4 is related to the action of the
operator =V - (Apom(V+)) on 1 via

—V - (Ae(z, Vi) = =V - (Apom(VT)) + V- R
with a residual R € L*(O;R™*4) subject to the estimate
(45) / R[2dz < 052/ V24 da
o o
c 2 2
ts D, L e S T
kkeK:|k—k|<ds Bsas (k)
with C = C(d,m, A\, A, O). Furthermore, the &, satisfy the estimates
(46a)
S - g,;|2/ Ldz < 0(0)52/ V242 dx,
Bas (k) o

kEEK:|k—k|<ds

(46b) > \5k|P/ ldx < C(O,p)/ |ValP da,
Bas (k) o

keK:|k—k|<ds

(46¢) |§k|2/ ldx < C(0) / |Va|? do
Z k+Bioas Z ) k+B10asNO

ke KN(OO+Bss) ke KN(OO+Bss

for any p > 2.
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3.4. The approximation of the homogenized operator by periodic repre-
sentative volumes. In this section we outline the general strategy for the proof
of the a priori estimates for the RVE approximation of the effective material law
Apom stated in Theorem 9. It is inspired by [30], where the first optimal result for
periodic RVEs in a linear discrete setting has been established. In the following we
focus on the situation where the small-scale regularity assumption (R) is satisfied,
since in that case we can obtain better rates. The argument features additional
subtleties (even compared to the linear case of [30]). We start with the observation
that the total approximation error decomposes into a random and a systematic part

ARVEL(E) — Anom ()
_ (ARVE,L(O _E, [ARVE,L(Q] ) n (EL [ARVE,L(O] _ Ahom(f))-

The random error (the first term on the RHS) is a random variable with vanishing
expectation and corresponds to the fluctuations of the periodic RVE approximation
around its expected value. Theorem 9a asserts that this error decays with the same
rate as the fluctuations of a linear average of the random parameter field on scale
L,i.e. like (%)’%. The second term on the RHS is the systematic error. It captures
the error coming from approximating the whole-space law P by the L-periodic law
Pr. As in [30] we decompose the systematic error into different contributions. In
particular, we introduce the following notion of localized RVE approximation.

Definition 28 (Localized RVE approximation). Let A satisfy (A1)-(AS8). Let
T > 2¢2, let n be a non-negative weight n : R? — R with fRdndJ; =1, and
let @ : R — HN B, be a parameter field. We then define the localized RVE
approximation of size L with localization parameter T € [22, L] for the effective
operator Anom by the expression

~ ~ 1 *
) AVETG 2 [ (4G vel) 2 - foforT ) ds

for any £,2 € R™*? where b = ¢¢ (@) and qbzg = ¢Z§(@) denote the localized
corrector and the localized linearized adjoint corrector, 1. e. (;Sg s the unique so-
lution in H}

uloc
HL (R R™) to the equation (18a) but with ag replaced by its transpose a?’*.

(R4, R™) to the equation (12a) and ¢¢ = is the unique solution in
loc

If we choose in the previous definition a random field w. with some probability
distribution P subject to (P1)—(P2), the localized RVE approximation ARVE:"T (¢)
converges almost surely for 7' — oo to the effective material law Apom(€). To see
this, one may e. g. use ergodicity and stationarity as well as the sublinear growth of
correctors. However, in contrast to the periodic RVE approximation ARVE:L to the
effective material law or the homogenized material law Ayqy, itself, the localized
RVE can be defined for all parameter fields w, since it only invokes the localized cor-
rectors. This allows to couple parameter fields sampled with P and Py, respectively.
More precisely, with the restriction map

~ w(x) ifx € Br,
(48) (rp@)(x) := (z) 1
0 else,
we note that if Py, is an L-periodic approximation of P in the sense of Definition 8
and if w. ;, and w. denote random fields distributed according to Py, respectively
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P, then the equality of laws
TLWe ~ TLWe L

holds. Hence, if the weight n of the localized RVE is supported in B L and Py, is a
L-periodic approximation of P, then

(49) Ep [ARVET (1w, €)] = E [AWVE T (npw,, €)] .

This identity couples localized approximations for the homogenized material law
associated with P and P;,. Motivated by this we decompose the systematic error as

EL, [AYEL(©)] — Apom(§) =Er, [ATVEL(Q)] —EL, [ATVEPT(¢)]
+Ep [AVEMT(6)] — By [AVEMT (1w, €)]
+ E [ARVE,n,T(,ﬂ_st’ 5)] —E [ARVEJI,T(g)]
+E [AEDT ()] — Apom (£).

(50)

The differences in the second and third row capture the error coming from replacing
we With mpw.. As our next lemma shows, this error becomes small upon choosing
the localization parameter T' suitably. At the heart of the proof of the lemma is
the exponential locality of the localized corrector equations (12a) and (18c), see
Lemma 36.

Lemma 29 (Estimate for the coupling error). Let A : R? x R™*d — Rm*d pe
a monotone operator subject to conditions (A1)-(A2) and subject to the Lipschitz
estimate for 0cA as in (R). Let L > VT > 2¢ and let ng, denote a non-negative
weight supported in By with |np| < C(d)L=¢ and |Vn| < C(d)L=%"1. Then there
exist ¢ = q(d,m,\,\), v = v(d,m,\,A), and C = C(d, m,\, A) such that for all

parameter fields @ and all £,Z € R™*¢ we have

‘ARVEJ]LaT(@,f) B ARVELT (1 56 E|

L
== ) (IElIE1 + (@ + gDIEIE + VoL zllo.er),

SCexp(—6l4~\/T

where

I+ Véizlgrr

1 —d = T o~ v |z — zo| q
T O#Xor Z (\/T /Rd ‘~+V¢€7E(w,x)\qexp(_§ JT )dm) ;

ro€XL, T

and where Xy C Bg denotes an arbitrary finite set with cardinality # X1 <

C(d)(F)* and Ugeex, o Byz(ro) C Be.

The differences in the first and last row of the right-hand side in (50) are the
systematic localization errors, which originate from the localization with parameter
T. The systematic localization error can be estimated as follows.

Proposition 30 (Systematic error of localized RVE). Let A : H x Rm*d — Rmxd
satisfy (A1)-(A3). Let P be stationary in the sense of assumption (P1). Then the
following holds for all £ € R™*4.;

(a) E [ARVEDT ()] as defined in (47) is independent of the weight 7).
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(b) Suppose that P satisfies a spectral gap estimate in the sense of assumption (P2).
Assume furthermore that the small-scale regularity condition (R) holds. Then
for all T > 22 and all £,Z € R™*¢ we have

| Apom(€) - Z — E [ARVERT(¢) . F] |
<c@+ IEI)CI£|E|<€>dA4 x {“Og(ﬁ/f)}? ford=2 and d =4,

(1]

VT 1 ford=3,d=1, andd>5

with a constant C = C(d, m, X\, A, p,v).
(¢) If P concentrates on L-periodic parameter fields and satisfies a periodic spectral

gap estimate in the sense of Definition 8b as well as the regularity condition
(R), then we have for all T € [2¢2, L?] and all £,Z € R™*4

[E [A™E2(6) - 2] — B [ATET () - 2]

€>d/\4>< |10g(\/T/5)‘2 ford=2 and d =4,
VT 1 ford=3, d=1, and d > 5.

In order to prove this result, we need to quantify the systematic error on the level
of the correctors. Note that this estimate is slightly pessimistic (by the logarithmic
factor) for d = 2 and d = 4. Moreover, note that for d > 5 the estimate saturates,
an effect that is also observed in the stochastic homogenization of linear elliptic
PDEs, see [30].

<o+ |€I)C|€IIE|(

Lemma 31 (Localization error in the corrector). Let A satisfy the assumptions
(A1)-(A83) and let P satisfy the assumptions (P1)-P(2). Then for all T > 2e* and
all 2o € RY we have

1
(0 (et vt s et )
vT(Zo

< =) [ Joa(VT/2)["* jord e (2,4,
a VT 1 ford=3, d=1, andd > 5.

Here C denotes a random constant as in Proposition 14.

2

With help of Meyers’ estimate we may upgrade the previous estimate to an LP
bound.

Corollary 32. Consider the setting of Lemma 31. Then there exists a Meyer’s
exponent p with p € (2,2 4 ¢(d, m, A\, A)] such that the estimate

E[IVeZ" - Vol []?

dnd
6) = [Nes(VT/e)| ford e {2.4},
VT 1 ford=3,d=1, andd>5

holds, where C = C(d, m, A\, A, p).

sCIfI(

We also require control of the localization error for the linearized corrector.

Lemma 33 (Localization error for linearized corrector). Consider the setting of
Lemma 31. Furthermore, assume that the small-scale regularity condition (R) holds.
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Then

1/2
1
B (Vo= - VoLP + 7lol= - 02P)

<Ca+EDCE| —=
= ( |§|) | <\/T 1 ford=3, d=1, andd > 5,

where C = C(d,m,\, A, p,v).

> ) y {|1og(ﬁ/e)y for d € {2,4},

4. PROOF OF THE MAIN RESULTS

4.1. Ingredients from regularity theory. Our estimates crucially rely on three
basic regularity estimates for elliptic PDEs, the first two being the Caccioppoli
inequality and the hole-filling estimate for nonlinear elliptic equations (and systems)
with monotone nonlinearity and the last one being a weighted Meyers’ estimate for
linear elliptic equations (and systems). We first state the Caccioppoli inequality
and the hole-filling estimates in the nonlinear setting. The (standard) proofs are
provided in Appendix A.

Lemma 34 (Caccioppoli inequality and hole-filling estimate for monotone sys-
tems). Let A(z,£) be a monotone operator subject to the assumptions (A1)—(A2).
Let 0 < T < 0o and let u be a solution to the system of PDEs

1 1
_V.(A Cu=V. -
V( (x,Vu))—i—Tu \Y% g+Tf
for some f € L*(R%R™). Then there exist constants C > 0 and § > 0 depending

only on d, m, \, and A with the following property: For any R,r > 0 with R > r
we have the Caccioppoli inequality

1
(51) ][ |Vul|? + —|u* dz
Brya(zo) T
C ][ C 1
< u—bf* dz + Z[b]* + C lg* + = If I do
R? Br(zo) T Br(zo) T
for any b € R™ and the hole-filling estimate
1
/ |Vu|? de + — lu|? dz
By (z0) T By (zo0)
r\° 1
(52) < C() (/ |Vu|? dz + = |ul? dm)
R Br(zo) T Br(zo)

)
r 1
+C _ 20 Zf12) da.
” (H'x_m) (lgf? + Z1712)

We next state a weighted Meyers-type estimate for linear uniformly elliptic equa-
tions and systems. Its proof (which is provided in Appendix C) relies on the usual
Meyers estimate, along with a duality argument and a hole-filling estimate for the
adjoint operator. The details are provided in [13] for the case T' = oo; however, the
proof applies verbatim to the case T' > 0, as the only ingredients are the Meyers’
estimate for the PDE and the hole-filling estimate for the adjoint PDE.



40 JULIAN FISCHER AND STEFAN NEUKAMM

Lemma 35 (A weighted Meyers estimate for linear elliptic systems). Let a : R —
(R™*2 be a uniformly elliptic and bounded coefficient field with ellipticity and
boundedness constants A\ and A. Let r > 0 be arbitrary. Let v € H*(R%; R™) and
g € LAR%GR™* ) f € L2(RYR™) be functions related through
1 1
-V-(@aVv)+ zv=V.g+—f.
(aVo) + g ﬁf

There exists a Meyers exponent p > 2 and a constant ¢ > 0, which both only depend
ond, m, A\, and A, such that for all2 <p <p, all ay < ¢, and all 0 < ag < a1 we
have

(53) </Rd (1vop + ‘%v‘p) <1+|‘:f|>ao dx)é
<o ([ o +imm(1+2)" dx);,

where the constant C' depends only on d, m, A\, A, p, ag, and a;.

The localization ansatz for the correctors relies crucially on the following ele-
mentary deterministic energy estimate with exponential localization. As the proof
is short and elementary, we directly provide it here.

Lemma 36 (Exponential localization). Suppose that A : R x R™*4 — Rmxd g
a monotone operator satisfying (A1) and (A2). Let T >0 and L > /T. Consider
ue€ HL (RGR™) and f € LE (RGR™), F e LE (RYGR™*4) related by

loc loc
V(A V) + mu=V-F 4 ~f
x,Vu TU= T

in a distributional sense in R?. Suppose that u, f, and F have at most polynomial
growth in the sense that

1
3
Jdk e N : lim sup R~* <][ (u|+|Vu|+|f|+|F|)2> =0.
Br

R—o0

Then for 0 <y < c(d, m, A\, A) we have
1
[ (196P + 1) exp(=11ol/2) de
- T

<ctdmAn) [ (IFF+ FIF) exp(=alal/ ) da.

Proof. Set n(z) := exp(—~v|x|/L). We test the equation with un (which can be
justified by approximation thanks to the polynomial growth assumption). By an
integration by parts, the ellipticity and Lipschitz continuity of A, and using |Vn| <
v/Ln < /VTh, we get

1
A / Yl + = / e
R4 T Jga

1 1 1
< AVu|— d F|(|V — d = d
<o [ A9ul=tulnda + [ FI(1Vul 3 lul)de+ 5 [\l

The claim now follows for v < ¢ by absorbing the terms with v and Vu on the
right-hand side into the left-hand side with help of Young’s inequality. [
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Remark 37. We frequently apply the exponential localization in the following form:
Suppose that A : R? x Rm>*d — R™*d 45 q monotone operator satisfying (A1)
and (A2). Let T > 0 and L > /T. Consider uy,us € H} (RGR™) and f €
L2 (RLR™), F e L2 (REGR™*D) ) all with polynomial growth and related by
1 1
-V - (A(z,Vuy) — A(z, Vug)) + f(ul —uy) =V -F+ Tf
in a distributional sense in RY. Then for 0 <y < c(d,m, \, A) we have
1
[ (190 = Vsl + s = s exp(—l/ L) do
Rd
1
<Cdmn) [ (PP + 2I7P) exp(-lal/L) da.
Rd T

Indeed, with a(zx) := fol OcA(x, &+ (1 — s)Vui(z) + sVug(z)) ds and du := uy — ua,
we have =V - (a(x)Véu) + 70u = V- F + & f. Since A is a monotone operator
satisfying (A1) and (A2), the derivative O¢A(z,§) is a uniformly elliptic matriz
field; hence, a(x) is a uniformly elliptic coefficient field and the claimed estimate
follows from Lemma 36.

4.2. The convergence rate of the solutions. We first provide the proof of the
error estimate for ||uec — Unhom||r2z. It is based on a two-scale expansion with a
piecewise constant approximation for the slope of the limiting solution upem, whose
approximation properties are stated in Proposition 27.

Proof of Proposition 27. Note that a simple application of the Poincaré inequality
implies an estimate on the local approximation error Vi — & and on the differences
& — &, between nearby lattice sites k € K and k € K N (k + [—4,6]¢) of the form

(54) S g +f Vi — &2 do
k+[—6,6]4NO

k€k+[-8,8]9NK

< 052][ |V2a|? dz
k+(—46,46)4Nn0O

for each k € K. From this estimate and a straightforward estimate, the bounds (46)
are immediate. Furthermore, this enables us to relate the action V - (A;(z, Va)) of
the monotone operator A, on the two-scale expansion @ to the action V - (Anom (%))
of the homogenized operator Apom on the (sufficiently smooth) function @. To see
this, we first compute by adding zero

V- (Ae(x, Vi)

V. (Aa (x,Vﬂ +Y nkv¢5k))

keK

4V. (AE (x,Vﬂ + Y Vg + Y ¢fkv”’“)

keK keK

— AL (:c Va+ Y. nkwgk)).

keK
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Adding zero several times and using the fact that the 7 form a decomposition of
unity (i.e. >, m = 1), we get

V- (Ac(z, Vi)

=V (Apom (V1))

+V- ( Z Nk (Ahom(é.k) - AhOm(vu))>

keK
+V- < Z Nk (AE (xagk + v¢§k) - Ahom (gk))>
keEK
4V ( S i (Ac (2, Va4 V) — Ac (6 +v¢>§k))>
keEK
+ V- (AE (2. Va+ 3 mVee ) = 3 meAe (e, Va+ ng))
keK keK
+ V- (AE <x,Va+ Z MV, + Z %cvnk)
keK keK
_ AL (m Va+ Y nkv%)).
keK

This yields using the equation for the flux corrector V - o¢, = A, (x, &k + nggk) —
Anom (€k) (see (10)) and the skew-symmetry of ¢, (which implies V- (nV - 0¢,) =
=V (06, Vn))

V- (Ae(z,Vir))
=V (Ahom(V)) +V -1+ V -1 +V -1
with
I:= Z Mk (Ahom(fk) - Ahom(v'H/))
keK
+ Z nk(AE(x’ Vau+ V¢§k) - Ae(x’gk + v¢§k>)
keK
and
11 :=— Z ngVnk
keK
+Ac(2, Vit Y mVee, + Y 66, Vi) — Ac(w, Va+ > mVoe, )
keK keK keK
as well as

IIT = A, (x Vit Y. nkv¢gk> =Y mAc(x, Vi + V).
ke K keK

We next show that this relation may be simplified to
V- (A(z, Vi) = V- (Apom (V) + V- R
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with an error term R estimated by
(55) / IR|? da
o

< 5 / V22 do
,;( k+(—26,26)4NO

C / 9 9
+ = |0e, = Pei|” + log, — og; |7 da.
5 D > AL & 0k

k€K kek+[-5,6]9NK

To see this, first observe that fo |T|? dz may be bounded by the first term on the
right-hand side of (55): Indeed, using (54), the assumption of Lipschitz continuity
of A. in & (see (A2)), the Lipschitz continuity of Anom (see Theorem 6a), the fact
that § < ¢(O) in case O # RY, and the support property suppn, C k + (—d,6)<,
one verifies that [, |7|* dz is of the desired order.

To see that the term fo |I1]? dz may be bounded by the second term on the right-
hand side of (55), one uses the fact that >~, Vi, = 0 (as the 7 are a partition of
unity) along with the estimate |Vn| < C§~! as well as the Lipschitz continuity of
Ae in € (see (A2)) to deduce |II(z)| < C5~* maxy je.y(—s5.5(0e. — Pl +log, —
¢, |)(x). This directly implies the estimate for the contribution of 17 in (55).

Finally, to estimate the third term III, we first need to bound the difference
of two corrector gradients V¢g, and Vg, for nearby grid points k and [ with
I € k+[—6,0]%. To this aim, we compute using the corrector equation (4)

-V (As(xvgk + V¢§k) - AE(Z‘,& + V¢£z)) =0
which yields with an energy estimate using the assumptions (Al) and (A2)

C
f o IVoq - VeaPdr<Cle -6l + 5 f 06, — b6, |” de.
T+ (—5,5)4 w+(—25,26)
In conjunction with the Lipschitz continuity of A. in & (see (A2)) and (54), this
entails that [, |I11|* dz may be bounded by the right-hand side of (55).
We then observe that (55) directly implies the desired bound (45). O

We now establish our main theorems on the estimate of the homogenization
erTor ||ue — Uhom||zr- As the proofs are highly similar, we combine the proofs of
Theorem 2, Theorem 3, and Theorem 4.

Proof of Theorem 2, Theorem 3, and Theorem 4. Step 1: Estimates on upom.
We intend to derive the estimates on the homogenization error by making use of
the error bound for the two-scale expansion from Proposition 27. For this reason,
we need an estimate on the second derivative of upom. We first treat the case d > 3.
Differentiating the effective equation —V - (Ahom(Vtthom)) = f with respect to the
spatial coordinate x;, we deduce by adding zero (using the convention up;, = 0 in
case of the full space O = R?)

(56) -V (afAhom(vuhom)vai (uhom - uDir))
= 0if + V- (9¢ Anom(Vthom) VOiupir)

in the full space R? respectively in the interior of the domain (. Note that the
coefficient field a(x) := 0z Anom(Vuhom(2)) is uniformly elliptic and bounded by the
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structure properties of Apom stated in Theorem 6a. An energy estimate for the
previous equation therefore yields for any 7 > 0

(57) IV itthoml |72 ({nc0-dist(2,00) 571)
< C(d,m, A A, 7, O)(||flIZ2(0) + [IV2unir| |72(0))-

Note that while this argument requires local H? regularity of unem, it can easily
be justified for upom € H' by the difference quotient method (yielding upom €
H? locally as a result). By the usual argument — a local change of coordinates,
differentiation at first only in tangential directions, and using the equation itself to
estimate the second derivative in normal direction — the estimate can also be easily
extended up to the boundary of O, with a domain-dependent constant. In total,
we obtain

(58) /O V2 ubom|* dz < C(d,m, X, A, O)([|f1[72(0) + IV*upir||Z2(0))-

Furthermore, testing the homogenized PDE (2) with tpom — upsr and using the
Sobolev embedding as well as Young’s inequality yields (at least for d > 3) the
bound

(59a) /o [Vtthom!|* dz < C(d,m, A, A)(||f|\izd/(d+2>(o) + HquirH%z(o))-

In the cases d = 2 and d = 1, the estimate (58) is also valid, the proof being
entirely analogous. Due to the massive term, for d = 2 and d = 1 a weighted
energy estimate yields the bound

(59b)
/O [Vthom|*(1 + |2])* dz < C(d, m, A, A)(||(1 + |2))" 11720y + [[Vupirl|72(0))-

Step 2: Proof of Theorem 4. In order to establish Theorem 4, we apply

Proposition 27 with 6 := €!/2 in case d > 3 and § := £'/2|loge|'/* in case d = 2 as
well as 4 := Upom to deduce
(60) V (Alwe, Vue) — A(we, Va)) =V - R

with R subject to the bound in (45). From Corollary 15 we deduce the estimate

1/2 1/2
(61) <][ |¢5|2—|—|052da:> < C|§|5‘log%| for d =2,
B, (z0) Cl¢le for d > 3,

for any r > ¢, any xo € O, and any ¢ € R™*%. Plugging in this bound as well as
(58) and (59a) into (45), we see that we have the bounds

(62) / IR|?dz < Cel 10g5|1/2(||f”%2(0) + HVQUDirHQLz(o)) for d =2,
: = eI o) + IV2upir 22 0) for d > 3,

with a random constant C with uniformly bounded stretched exponential moments
in the sense E[exp(CY/C(dmAMr /C(0))] < 2.

Testing the equation (60) with the difference (u. — @+ (1 —)(i —u)) € HE(O)
with some nonnegative cutoff ¢ with ¢ =1 in {z € O : dist(z,0) > u}, ¥ =0 on
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00, and |Vy| < Cu~t, we get by the monotonicity property (A1) and the Lipschitz
continuity (A2)

/ NVu, — Vi|* de < —/ R-V(u. —a)dx
O (@)
+A/ Ve — V|| V(1 — $) (i — )| dz
(00+B,)NO

—/ R-V((1 - v)(i — @) da.
(80+B,)NO
This entails the estimate

/ Ve — Vi — V(1 — )(@ — )2 da gc/ |R|2da:+0/ Vi — Vil da
o o 20+ B,

+C;r2/ i — a2 da.
80+B,

This implies by the definition of @
[ 190 = Vi (- v) @ ) ds
o

SC/|R|2dx+C/ D (Voel’ +u%0e ) dr.
o (00+B.)NO pe gzt [—6,5)4

We next observe that by the last estimate in (46), a trace-type inequality, and the
estimates (59a) respectively (59b) we have

Y el < c/ Vithom? di

keKNOO+Bags 00+ Bs5a5NO
< CA A, 0)8(I1f1172(0y + IV upirl|72(0y)-

Plugging in this estimate, the estimate on ¢ from (61), the Caccioppoli inequality
(51) for ¢¢, as well as the bound (62) into the previous estimate, we deduce upon
choosing p1 := £/? in case d > 3 and p := £'/?|loge|'/* in case d = 2

/ V. — Vi — V(1 - ¢)(a—a)| de
O

_ Jeeliog e 2111 oy + 19%upis Bao)) ford =2,
N Cg(”f”%ﬁ(@) + HvzuDir”%z(O)) for d Z 3.

Using the Poincaré inequality, we finally deduce

‘ Ue = Unom — ¢ D Mibe,
P

L2(0)

_ Ce' 2 logel" (|| £l 120y + |IV?upirl|r2(0))  for d =2,
= CeV2(Ifllz20) + [IVPupinl | 22(0) for d > 3.

Using again the estimate on ¢¢ from (61), the L? estimate for the & in (46), and
the energy estimate (59a), we obtain the statement of Theorem 4.

Step 3: Proof of Theorem 2 and Theorem 3. We will crucially use the
improved estimate on the difference of correctors ¢¢, — ¢¢; and o¢, — o¢, provided
by Corollary 15; however, as these estimates grow with a factor of (14 [&1|% +£2|¢),
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we first need an L™ estimate for the gradient Vupom. In the scalar case, this may
be obtained by using Moser iteration for the differentiated equation (56), while in
the vector-valued case we have to appeal to the Uhlenbeck structure of the limiting
equation (and hence, in essence, use the fact that |Vunem|? is a subsolution to
a suitable elliptic PDE, which allows one to apply Moser iteration again). In the
scalar setting m = 1, by applying [28, Theorem 8.15] to (56) we obtain the estimate

(63) |0ithom || Lo (k) < C(||f]]Le(ra) + ||Osthom || £2(ra))

for p > d and all 7. In the vector-valued case m > 2, we may use the assumption
(see (R)) that the effective operator Apom is of Uhlenbeck structure; hence, |Viunom|?
is the subsolution of an elliptic PDE (see [41]) and we obtain an analogous result.
Finally, in the case d < 2 we may apply Meyers’ estimate (Lemma 35) to obtain
an LP estimate for V2unom for some p > 2 > d and therefore a uniform bound on
Vunom of the form (63) by Morrey’s embedding.

Corollary 15 yields the estimate

1/2
(64) <][ lbe, — de | + loe, — o, |? d$>
Bsas(xo)

C(1 + supga | Vinom|) €& — &lt/? for d = 1,

2ol 11/2
< € C(1 + supga |Vhom| )€ |€x —§l|5|10g w| 2 for d=2,
C(1 + supga |Vnom|) €k — &6 ford >3

for a random constant C with uniformly bounded stretched exponential moments
in the sense E[exp(C'/¢(dmAApw))] < 2. Using Proposition 27 with § := ¢ in case
d >3 and § := ¢|loge|'/? in case d = 2, we deduce

(65) V- (A(we, Vue) — A(we, V) =V - R
for d > 3 respectively
(66) V- (A(we, Vue) = A(we, Vi) + (ue — ) = V- R— > nioe,

keK
for d = 2 or d = 1; here, R is estimated by the estimate in Proposition 27 as well
as (64), (58), (59b), and (63) by (using also the abbreviation p(s) := 1 for d > 3
and p(s) := |log(s + 2)|*/? for d = 2)

/ \R|2dx§052/ |V212|2dx+§% > Ck52u§62/ \V2a|? dx
Rd Rd keozd Bas (k)

(67)

C(f)e? in case d > 3,
C(f)e?|loge| in case d =2

for random constants C; with uniformly bounded stretched exponential moments
in the sense E[exp(C;/C(d’m’)"A’p’u))] < 2 and a random constant C with stretched
exponential moments E[exp(C1/C(dmAMev) /C(£))] < 2.

An energy estimate for the PDEs (65) and (66) followed by the Sobolev embed-

ding now yields in case d > 3

‘ Ug — Uhom — Z nk¢£k

keK

< Ol Vu. = V|2 (gay < Ce,

L2d/(d=2)(Rd)
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while for d = 2 we directly obtain from the energy estimate

— Uhom — Z Nk Pe,, L) < Ce.
keK
Using again the estimate on ¢¢ from Corollary 15, the bound for the & from (46),
and the energy estimate (59a), we obtain with p := % in case d > 3 and p := 2

for d <2

Z Nk Pe

keK

J.

dm < Z/ Ckepu§|§k|p dx

k+(—06,0
p, P p (58),(59p) p, P
< CePul , [Vupom|P dz < CePul
R

Combining the previous three estimates, we obtain the statements of Theorem 2
and Theorem 3. ([l

Proof of Lemma 26. By (12a), the difference (j)fT — (b? satisfies the equation
1 1
. (A 2T _ T Ao Ty LT
V- (aV(¢g be)) + oT (o¢ b¢ ) 5T b¢

with the — by (A1) and (A2) uniformly elliptic and bounded — coefficient field a
defined by

/ O A(we (), (1 — S)Vqﬁg () + SV¢>§T(LE)) ds.
By Lemma 36, we deduce

2T 7 .T)|2 |z |> Ly 272 (’YM)
/Rd|V¢£ V¢£|exp< T dx <C’/ g |” e T dx.

Taking the expected value and plugging in the estimates (21) and (22a), we deduce
by stationarity

C\§|51/2\/T_1/2 ford=1,
(68) E[|Véi" - V¢§FI2]1/2 < C\§|5\/T_1| log VT /e|'/?  for d = 2,
C’\ﬂsﬁ_l for d > 3.

Thus, qug converges in L?(2 x B,.) to a stationary gradient field © with finite
second moments and zero expectation. It may thus be represented in the form
© = Vy, where ¢ is potentially non-stationary, but satisfies [ B.(0) pdr = 0. By
passing to the limit in the localized corrector equation (12a), we see that ¢ is a
solution to (4) in the sense of Definition 1. By uniqueness, we conclude that ¢ = ¢,.

We next treat o.. Taking the difference of the PDE (12c) for T' and 2T, we
obtain

Aol —od ) + %(Ugik — ¢ 1)
1
T or
where by slight abuse of notation we have written V x G to abbreviate 9;(G - ej) —
Ox(G-e;). Testing this equation with o¢ j exp(—~|z|/V/T), taking the expectation,

Uf ik +V x ( (w57§ + Vd’gT) - A(w57§+ Vd’gT))
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and using stationarity as well as (A2) and (68), we obtain

clelet/2yT ? for d = 1,

-1
EHVU??;-;C — Vagjjk|2]1/2 < ClEleVT 1\ log VT /e|'/?  for d = 2,
ClélevVT for d > 3.

The conclusion now follows by an argument analogous to the argument for (bgT. We
finally note that for d > 3 the argument extends to q&? and O’? itself. O

4.3. Estimates on the random fluctuations of the RVE approximation for
the effective material law. We next establish the estimates on fluctuations of
the representative volume approximation for the effective material law stated in
Theorem 9a.

Proof of Theorem 9a. Consider the random variable
Flwe ) = AWEL(w, 1,6 E= ][ [ Alwe,L(2), €+ Ve (we r,2)) - Eda.
[0,L]

Let dw,, 1, denote a periodic infinitesimal perturbation in the sense of Definition 11b.
Then for all L-periodic parameter fields w, ; we have

SF(we p) = lim L& T 10wr) = Flw)
’ t—0 t

(69) :][ O A(we.1(2), & + Ve (we.p, 2))0we. 1 () - =
(0,14
+ ag(2)Vode(we 1, 7) - Eda,
where
ag () =0 A(we,1.(7),§ + Ve (w, x)),

and where d¢¢ = d¢¢(we 1, -) is the unique (L-periodic) solution with mean zero to

(70) —V - (aeVige) =V - (0 A(we,n(x),§ + Ve (we, 1, T))owe 1.(2)).
Introducing the unique L-periodic solution h with vanishing mean to the PDE
(71) =V (agVh) =V - (ag(z)2),

we deduce by testing (71) with ¢¢ and testing (70) with h

0F (we.r) :][ OwA(we (), £ + Voe(w, x))owe () - Edx
[0,L)¢

+ ][ OwA(we (), € + Ve (we 1, T))0we, 1 (x) - Vhdz.
[0,L]¢

This establishes by (A3)

\mw) < L + Voe|(|Z] + |Vh])

which yields by the ¢g-th moment version of the spectral gap inequality in Lemma 16

1/2q

1/2q a
By ||F — B [F]]* < CqL K K Voe|(|Z] + |Vh d~)}
[l mm ] s car e | ([ f e ozt i9a)as
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By Hoélder’s inequality, we infer for any p > 2

o [|F _ EL[FH%} 1/2q

< CqL™?E, K][ ][ € + Ve |? dz
0,2)¢ | J B.(x)

2q/p71/2q
><<f (|E|+|Vh|)”dm) } .
0,011

Bounding the last integral by C|Z| by Meyers’ estimate for (71) (see Lemma 35)
and using the estimate (88), we obtain

p/(p—2) q(p—2)/p
dx)

ELUF—EL[FH%T/M

_ _ -5 -
< CqL d/2|§|:|EL[(][ |7’*7L7£(x)|(d )/ (p—2) d;z:)
[0,L]4

s

q(p2)/p} 1/2¢q

Using stationarity of 7. 1, ¢ and the moment bound of Lemma 19 (which we prove
explicitly for the probability distribution P, but which may be established for Py,
analogously; furthermore, while the estimates of Lemma 19 are stated for finite
T < oo, they are uniform in 7' > &2 and therefore also hold in the limit 7" — o),
we deduce for ¢ large enough

1/2

Ep[|F - Eo[FII] < 0qCL-g g,

This is the assertion of Theorem 9a. O

4.4. Estimates for the error introduced by localization. We next establish
the estimates from Lemma 31, Corollary 32, and Lemma 33 for the error introduced
in the correctors by the exponential localization on scale /T via the massive term.
We then prove Proposition 30, which estimates the systematic error in the approxi-
mation for the effective coefficient E[ARVE"T] introduced by the finite localization
parameter T' < oo.

Proof of Lemma 31. We will use the exponential weight n(z) := exp(—y|z|/vT)
with 0 <y <« 1. Note that

o

VT

By the localized corrector equation (12a) we have

(72) V| <

V- (Al €+ VOFT) — Al &+ V6D)) + o (677 — 67) = 6l

Testing with ((bgT — ¢5T)77 and using the monotonicity and Lipschitz continuity of
A (see (A1)-(A2)) as well as (72), we get

2 1 2
[ (9" = Vol + gl = o s
1

1
< ﬁ/}Rd (Z)g((b?T _¢g)ndx+7/w A|V¢§T _v¢g|\/T

|0¢" — o [ da.
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Choosing v < ¢(d, m, A\, A), we may absorb the second term on the RHS into the
LHS to obtain

1 c
1) [ (1Vo2" = VoIl + o2 = of[ )nda < 5 | 6T (" — oD maa.

In the following, we treat dimensions d < 2 and d > 3 separately. In the case d < 2,
by Young’s inequality and absorption the previous inequality yields

1 C
L, (1968 =Vt P+ ot o PYnaa < 7 [ 162

Note that Proposition 13 (in connection with a dyadic decomposition of R? into
the ball B /7(0) and the annuli {2'v/T < |z| < 2771V/T}, i =0,1,2,...) we obtain

1 - C|£|25\/T_1 ford =1,
*/ |dg "0 do < 2.2 /72 VT
T Jge Cl¢|?eVT ‘logT‘ for d = 2.

Since 1 > exp(—1) on B, /7, the claimed estimate follows for d < 2.

In the case d > 3 we can use in (73) the representation QS? =V. (9? —b)

for any b € R™*? (see (19b)). We obtain by an integration by parts and by the
Cauchy-Schwarz inequality the estimate

1
7 [ @ = oDnda

1 T 2T T Y | er T
< _ _ _ _
<7 [ 16 =0(196" = Vol |+ 1ot — o) da

With Young’s inequality we may absorb the second factor into the LHS of (73).
We thus obtain

2 1 9 C
/Rd (IVo2" = Vol |+ glof" = 61 )nd < E/R 07 — bl da

By appealing to Proposition 13 (in connection with a dyadic decomposition of R?),
and the fact that n > exp(—1) on Bﬁ, the claimed estimate follows for d > 3. O

Proof of Corollary 32. Set u := ngT - ¢g and note that with a(¢) := fol Oc A(we, E+
(1—s)Vei +sV@E") ds we have by (12a)
1

. 1
-V - (aVu) + Tu= ﬁnggT.

Applying Lemma 44 to this PDE — upon rewriting the right-hand side using (19b)
in case d > 3 — we obtain

1/p
(f W -dra)
B 7 (z0)

, ‘ 1 ‘2 1/2
< C(d,m, )\,A,p)(][ [Vu|” + |—=u dx)
B2ﬁ(z0) \/T

p 1/p
T‘ daz) in case d < 2,

C(d,m,\, A, p) ( fBZﬁ(zo) ﬁ&

+
C(d7 m, )\7 A7p) ( fBZﬁ($O)

1 (p2T P v
(07" — b)‘ dx in case d > 3.
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This implies by Proposition 13 and Lemma 31

1/p
( f ng - ¢Z>|pda:)
B 7 (x0)

< Cle] |log(VT/e)| for d € {2,4},
ﬁ 1 ford=3, d=1, and d > 5.

Taking the p-th stochastic moment and using stationarity, we conclude. Il

Proof of Lemma 33. Again, we use the weight 7)(x) := exp(—v|z|/VT) for 0 < v <
1. We subtract the equations for ¢7’z and ¢/ = (see (18a)) to obtain

- - 1
V- (aF (24 VL) af (2 + Vola)) + 7 (67% — 6T2) = 5ol
By adding and subtracting a?(E + (;SETE) and by additionally appealing to the rep-

resentation V - (675 —b) = @7z for any b € R™*4 (see (20b)) in the case d > 3, we
get

~ V- (af (Voie — Voiz)) + (d)g,_ )

(74) L 2T for d < 2
=V-((a?-a +V 2T 76,2 ord= 2
(( ¢ —ac)E+ Vg )> {v.(;Tegg—b) for d > 3.

Testing the equation with ( (;SE =)n (with 0 < v <« 1) yields the exponentially

localized energy estimate
[ (N6 = Vol + 10 — ¢l e

d for d < 2,
<C/ az" — af |P|E+ VeiL|*ndz + C Tf]Rd|¢ naé or
T2 fRdIG —bl*ndx for d > 3.

By taking the expectation and exploiting stationarity of the LHS, we get

X _
E| VoL - Vol =l + 1o¥% - ¢§E|2_

Ugbg’J ] for d < 2,

< CE [lag" — af PIE+ V@2l + C .
E / 0:% — b]°—— dx| ford>3.
Rd VT

1
T2

The second term on the RHS can be estimated with help of Proposition 14.

We estimate the first term on the RHS: Since 0¢ A is Lipschitz by assumption
(R) and since af () = A(we(x),€ + V¢}), we have \aZT —af| < CIVe" - V¢€T|
Hence, with Holder’s inequality with exponents p and , the bound on =+ V¢£ =
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from (42), and Corollary 32, we get

B [Jaf" — o PIE + VOILPY
p—1

< CE[IVef" - Vol "] B |2+ VoL ] 7

dnd 2
_ € log(V/T /e for d € {2,4},
< CIEP(L+ £|>20|£|2(> « { L1080V T/2)] e
VT 1 ford=3, d=1, and d > 5.

O

Proof of Proposition 30. Step 1: Proof of (a). This is a direct consequence
of stationarity of P (see assumption (P1)) and stationarity of the random field
Awe, &+ V(bgT) SE— %(bgqb;’g, the latter of which is a consequence of the former.

Step 2: Proof of (b). First note that it suffices to prove for any T' > €2 the
estimate
(75)

‘E [ARVE,U,QT(é-) . E] —E [ARVE,U,T(é-) . E} ‘

< O+ () el[=] (6)“‘“‘) {IIOWT/E)} for d =2 and d = 4

- —\VT 1 ford=3, d=1, and d > 5.

Indeed, the claimed estimate then follows by rewriting the systematic localization
error as a telescopic sum,

Apom(€) - E — E[ARVENT (¢) . F]

- (E AT F] B[4 - )

i=0
which holds since

lim E[ARVEDT(6) . E] = Apom - E P-almost surely.
T—o00

We present the argument for (75). In view of (a), we may assume without loss of
generality that the weight n satisfies

—d
suppn C B 7, /dnd:vzl, In| + VT|Vn| <VT .
R

Let qﬁzg denote the localized, linearized, adjoint corrector (i.e. the T-localized
homogenization corrector associated with the linear elliptic PDE with coefficient
field (agT)*) The localized corrector equation (12a) yields

(76)

- / n(A(ws, E+ V) — Alwe, €+ Vd%)) Voiz do

— [ (Alwer + 962 = Awer €+ 90D)) - (659m) + (58" - 1F )6 L o
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Combined with the definition of the localized RVE approximation in Definition 28,
we get

(ARVE,n,ZT(g) _ ARVE,n,T(£)> =
1 x 1 *
= [ ((Am,g + VoI = Alwe, €+ Vol) ) - B = ot 6p 2 + ol %:é) de
— [ n(Alwer + VO~ Alwes + V6D - (2 4+ VorT) - ot op2T + §¢?¢E:§> da
(Ao 96 = Al VD) 0200 4 e — )i
_ / n(Awe, €+ VOET) - Alwe, €+ VoT) ) - (E+ VarL) - %Q’ETW?? - ¢§Z§)> du

4 [ (A + Vo) = Alwes €+ 0)) - (012 Va)

We subtract the linearized corrector equation (18a) in its form for the adjoint
coeflicient field and the corresponding corrector

* —_ * 1 *
o @+ erd) Vet — o) + 1 [ no L6 — o) de =,

where a? = 0cA(E + V(;SET). We get
()
(ARVE71772T(£) B ARVE7n7T(£)) .=

— [ (A + Vo)~ Alwns g+ VF) o (V6T - VD)) -+ Vo L) da

+ [ (A g+ V6T - A&+ VE) - 6290 - ol (24 V61 2)
(0" = ¢f ) Vnda
1 * * 1 *

- [ (oot @i - 0D) - g - o)) da.

We take the expectation of this identity and note that the expectation of the
second integral on the right-hand side vanishes: Indeed, since it is of the form
]E[ fRd BVn] where B is a stationary random field and 7 is compactly supported,
we have E[ [p. BVn| = E[B] [z, Vi = 0. Moreover, for the first term on the RHS
of (77) we appeal to the uniform bound on 8§A from assumption (R) in form of

(recall that ag = Je Awe, & + V(bg))

|Awe, € + VET) — A(we, € + Vo) — af (¢ + VoT)| < C|VgET — Vol |,
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We thus get

E (ARVE,n,ZT(g) _ ARVE,n,T(g)) E]

< CE||V§?T = VoL 2|E + Vil
1 2T *,2T *,T 1 *,T 2T T
4 [B] [n(gre 62 - iD) - 2orLed - o)) da
= Il -+ 12.

To estimate I; we first apply Holder’s inequality with exponents p and -5 with
0 < p—1 <« 1, and then appeal to Corollary 32 and the moment bound on the
linearized corrector from (42) as well as (23) to deduce

dnd 2
L < CIEP(+ €D IR (%) {‘llog(ﬁ/g)’ ior Z - f);}’ 1, and d > 5
or =9, =1, an = J.

Regarding I we distinguish the cases d < 2 and d > 3. In the case d < 2, we apply
Lemma 33, Lemma 31, as well as Proposition 13 and Proposition 14 to obtain

n< CB |11t B | 710t - 2P| 4B | 210t Zp| B | gl - o]
< O+ € €IEIVT [log(VT o)

and in case d = 1 we proceed similarly.
In the case d > 3 we appeal to the representation of (bgT and (bzg as V- GgT

and V - Gg:éT by (19b) and (20b), respectively. To shorten the notation in the
. . . 2T
following we assume without loss of generality that fBﬁ F: fB 5 - =0. An

integration by parts thus yields

I, =

1 . x [
E [ / n(Gpt2" - (VorE - Verd) - 2orl - (Vo' - Vol)) da

1 X « 1«
+ [ In (o0 - 6 D) - 06 - o)) da

—d—1
With the properties of 7 (in particular, V| < VT and suppn C B /7), by
the Cauchy-Schwarz inequality, and by stationarity of the localized correctors, we

get
][ |92T |2
B

vT

f |0* 2T‘2 dx
Bz

1
> 1

C *, * * *
I < =E {w 2 - Vet + \cb 2 — gt

1

2

[ ][R S

C
+ HE

1
E||VoE" — Voel” + Zlog" - ¢§|2]
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By appealing to Proposition 13 and Lemma 33 for the first term and to Proposi-
tion 14 and Lemma 31 for the second term, we obtain

€ )d/\4{1 for d =3 and d > 5,

B <o +ilelE (= g/ for d—1.

Plugging in the estimates on I; and I into (78), this establishes the estimate on
the localization error for the representative volume element method for P.

Step 3: Proof of (c). For the periodized probability distribution Py, one
may proceed analogously to (b), deriving an error estimate on Ep[ARVEnT] —
]EL [ARVE,L]. O

4.5. Coupling error for RVEs.

Proof of Lemma 29. To shorten the presentation we set & := mpw and similarly
mark quantities that are associated with @, i.e.,

oL (@) =¢{@,x), dl=(@)=0f=@ ), af(r):=A@E+ V)
Moreover, we shall use the following notation for the differences
b7 =0 — 97, éf=1=dl=— o=

(we use the symbol § to distinguish the quantity from the sensitivities considered
in Sections 5 and 6). In the proof we make use of the exponential test-functions

n(z) = exp(—y|z|/VT)

where 0 < 7 < 1is chosen such that the exponential localization estimate Lemma 36
applies.
Step 1. Estimate for 5¢£T. We claim that

(79)  sup /Rd (|V(§¢g|2 + %|(§¢?|2>n(x —x9)dr < C'\/fd exp(—%L/\/T)mQ.

zo€BL /8
Indeed, by subtracting the equations for qbg and gz?? we find that
. 1.
(80) — V- (a(x)Vog{) + ng =V-F,
where
1
a(x) := / O A, &+ (1 — S)V¢g + SV;Z;?) ds,
0
F =A@, +Ve5) — A@, € + Vo).

By the exponentially localized energy estimate of Lemma 36 we have

. 1 .

/ (|V§¢g|2 + —|5¢)£T|2)77(17 — ) dx < C/ |F|?n(z — z0) da.
Rd T Rd

By construction F' vanishes on By, /4. Hence, since

L L L 1
|~T|sz \xo\ﬁg = |x*$0\zﬁ+§|ﬂf*$0|

=z —z0) < exp(—5L/VT) exp(— 3|z — zo| /VT)

(81)
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and since & = @ for |z| < £, we obtain

[ VFPate = o) do < Coxp(=FLNT) [ €+ Forl exp(—3le — 20l /VT) da
< Cexp(— 5 LINTIWT ¢,

where for the last estimate we appealed to the localized energy for ngﬁfT, see Lemma 36.
We conclude that (79) holds. For further reference, we note that we may similarly
derive

(82)  sup /]Rd (|Vc§¢)g|p+‘%3¢g’p)n(xfxo) dz < C’\/fd exp(fllﬁL/\/f)mp

zo€EBL /8

for some p = p(d, m, A\, A) > 2 by applying the Meyers estimate of Lemma 44 to (80)
with the dyadic decomposition R* = B /U Up—; (Byx 7 \ Byr—17), the estimate
(79), and the bound

/ |FPPn(e — o) da < Cexp(— 5 L/NT) / €+ Vor exp(—2z — zol/VT) da
R4 Rd
< Cexp(~ B LTV,

Note that in the last step of of the last inequality we have again used the Meyers
estimate of Lemma 44 together with the localized energy estimate of Lemma 36
and a dyadic decomposition.

Step 2. Estimate for Sqﬁga We claim that there exists ¢ = g(d, m, A\, A) such
that for all zg € B L we have

o 1 -
[ (1986 + 1562 Yt = a0) da

d —
< OVT exp(=g5 L/VT)(1+ [E°)IE + VoLl 1.z

(83)

where

1

—d q
IZ+ Véi=llgrm = (x/T / [E+ VoL sl exp(=F|x — 2ol /VT) d:c) :
R
Indeed, by subtracting the equations (18a) for QSZE and QASZE, we get
A 14 TN
-V (afTV&ng) + T&bga =V- ((afT - agT)(: + V¢£E)).
Note that
al —al = 0cA@E+ VL) — O A, €+ Vel)
= (0eA(@, £+ Vo) — 0 A, £+ Vi)
+(OcA@, €+ VL) — 0 A@, €+ VL))

= F1 +F2

-~

By exponential localization in form of Lemma 36, the Lipschitz continuity of d¢ A
(see (R)), the fact that F} vanishes on By byw = @ on By, and the uniform bound
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on J¢A from (A2), we get
(84)

~ 1 -
T |2 T |2
[ (1362 + Z 180 )nta — wo) d
< C’/d |F12|2 + Vqﬁgg\zn(:c —xzp) dr + C/d |FL 2|2 + V¢§E|2n(x — ) dx
R R

<C =+ Vi =*n(z — xo) da
{l=z|>%}

+C [ VBT PIE+ VolzPue - a0) do
Ra
We estimate the first term on the RHS by Holder’s inequality as

/ 2+ Vol <P — z0) de
{lz|>%}

d
< C(d,m,\ A, VT exp (= %5 L/VT)|Z+ Vot =l rm,-

Next, we estimate the second term on the RHS in (84). By Lipschitz continuity of
O¢A in the second variable (see (R)), Holder’s inequality with exponents p/2 and
q= p% with 0 < p — 2 <« 1, Meyers’ estimate in form of Lemma 44 for the PDE
(80), and (82) from Step 1, we get

| V8L PIE + VoLaPata — a0 da

<oVt (VI [ 1vsotPate —an) iz ) |2+ VoLl

d —
< OVT exp(=HL/VT)IEL|Z + Vog a7
This completes the argument for (83).

q,T,xo"

Step 3. Conclusion. Set
~ ~ ~ _ 1 ~ w. T/~
C(w7x) = (A(W(J?)’f—f— V(b?(w,x)) 2 T¢g(w7x)¢§:§(wax)> .
Since 7y, is supported in B% and n < L=% we have

I = ’(ARVEJ;L,T(&7£) — ARVEnLT (G ) . 2

<cor /B @, 2) — (@, 7)) de.

We cover B L by balls of radius /7 < L and centers in B L; more precisely, there
exists aset X 7 C By with #Xp, 7 < C(d)(L/VT)" and Usyex, » Byz(z0) O By.
Thus,

I, <cL™
zo€XL,T

<COVT (

/ @, 2) — (@) de
B /7 (%0)NBL/s

oy €. 2) — (@)l o) d).
LT exy BL/S(xo)ﬂBL/S

By the definition of ¢, the estimates in (79) and (83) from Step 1 and Step 2, and
the deterministic exponentially localized bounds on %(ﬁ? and %gﬁzg (which are
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a consequence of Lemma 36), and the Lipschitz continuity of A with respect to the
second variable (see (A2)), we conclude for zy € X 7 C By that

/ IC(@, z) — (@, x)|n(x — xo) dz
Brs(xo)NBL /s
< C/Rd (|A@. €+ Vof) — A@. € + Vb )| IZ]
1 A 1 . ~
+ﬂ#WWQ+%MQW€Dwmex

<o([ EPite-anar) (/|vw|nx—m0§
+c<4d|ﬁV<me ([, FlecZpnte - a0)
co ([ Riotite—s0) ([, KL -50)

< OVT' (exp(—HLVT)) " ((L+ ER)EPIE + Vel .y + €2

In total, we have shown the desired deterministic estimate

|ARVEnL.T (G5 ey — ARVEMLT (7 55 ¢))|

& ) (ll1=+ (¢ keDIelN= + Vel )

[N

D=

Nl

SC’exp(
O

4.6. Estimate on the systematic error of the RVE method. We now estimate
the systematic error of the RVE approximation for the effective material law. We
begin with the case in the presence of the regularity condition (R).

Proof of Theorem 9b — the case with (R). By rescaling we may assume without loss
of generality that ¢ = 1. In the following 77 : R? — R denotes a non-negative weight
supported in B with In| < C(d)L~™* and [y, ndx = 1. Moreover, we consider a
localization parameter T according to

_ 7 L
(85) VT = i@/

for the v = vy(d, m, A, A) from Lemma 29. Our starting point is the error decompo-
sition (50), which we recall in the following form

Ep [ARVEL(O)] = Ahom ()
_ EL [ARVE’L(f)] o EL [ARVE,n,T(g)]
+Ep [ARVEDT(6)] —Ef [ARVET (7w, €)]
+E [ARVERT (0 €)] — B [ARVEDT (¢)]
+E [AVEPT(E)] — Apom(€)
=01+ 1+ 13+ 1.



OPTIMAL ERROR ESTIMATES IN NONLINEAR STOCHASTIC HOMOGENIZATION 59

Note that in the above decomposition we already used the equality
]EL I:ARVE,n’T(WLwE7£)] =K I:ARVE’%T(']TLwevé-):I )

which is valid since Py, is assumed to be a L-periodic approximation of IP in the sense
of Definition 8 (recall also (48)). The terms I and I3 are coupling errors that can
be estimated deterministically with help of Lemma 29. Combined with the choice
of T in (85) and the bound on high moments of V¢£E obtained by combining (42)

and (23), we arrive at

1\ —(drd)
Bl +1al<ca+igEE(Z)

The terms I; and I, are systematic localization errors that can be estimated with

help of Proposition 30b. We obtain using again (85)

—(dr4)
nl+ il <o+ eldE (Z) s/,

Having estimated all terms in (86), this establishes the first estimate in Theorem 9b
upon taking the supremum with respect to Z, |Z| < 1. a

We next establish the suboptimal estimate for the systematic error of the RVE
method in the case without the small-scale regularity condition (R).

Proof of Theorem 9b — the case without (R). As in the case with small scale regu-
larity (R), we denote by 7 : R — R a non-negative weight supported in B L with
In| < C(d)L~¢ and [y, n = 1. Moreover, we consider a localization parameter

VT < L, whose relative scaling with respect to L will be specified below in Step 3.
For any parameter field @ we consider the localized RVE-approximation

ARVENRT (55 ¢) .= /nA(cTz,f—i- Vi) da.

Note that it has a simpler form compared to the quantity introduced in Defini-
tion 28. In particular, the above expression does not invoke the linearized corrector
(for which we cannot derive suitable estimates without the small scale regularity
condition (R)). As in the case with small scale regularity, the starting point is
estimate (86), i.e. the decomposition of the systematic error

Ep[AWVEL(O] - Apom(§) =L+ L+ I+ 14

into the two coupling errors

Iy = Ep[AVEPT(] —Ep [AVEM (1w, 6)],
I; = E [ARVEJ%T(WLWE’g)] _E [ARVE,n,T(g)] ’
and the two systematic localization errors
I = Ep [AVBE(E)] —Ep [ATEPT(9)],
Iy = E[AWVEPT(E)] — Apom(£).

Step 1. Estimate of the coupling errors. We claim that
Il + 15| < Cexp (= LL/VT)é]
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Indeed, this can be seen by an argument similar to the proof of Lemma 29. In
fact the argument is significantly simpler thanks to the absence of the linearized
corrector in the definition of the localized RVE-approximation. We only discuss the
argument for I3, since the one for I is analogous. We first note that thanks to the
assumptions on 1 and the Lipschitz continuity of A, see (A2), we have

(87) AREIT (e, €) — AVET (mye, )] < O f  [VB6
%

where 5¢£T is defined by (80). As in Section 4.6 we consider a minimal cover of B L
by balls of radius v/7'; more precisely, let X LT CB L denote a finite set of points
such that #X1, r < C(d)(L/VT)? and Uzpexy, B y7(T0) D By. Then

[RHS of (87)] < ovT #;L " Z /B |V(§¢§T| exp(—v|z — zo|/VT) da

x()EXL,T

<ovT i1 > (/]Rd|v5<b§|2exp(—v|x—gco|/\/f)d:c)é

X
# LT ro€XL, T

where 0 < v < 1 is chosen such that the exponential localization estimate of
Lemma 36 applies. Combining the estimate with (79) thus yields

’ARVE,W,T(WE’ 5) — ARVE’U’T (WLwEa g)‘

SC’\/Tﬁd/2 sup (/ |V5¢g|2exp(—7|x—xo|/\/f))2
Rd

I(]GB%
< Cexp(— &L/VT)IE.

Step 2. Estimate of the systematic localization errors. We claim that

dnd 1
e\ ? J|logVT|* forde {24}
L+ |4 <C <) | nd
| 1| | 4| |£| \/T {1 ford:3andd25~

We only discuss Iy, since the argument for I; is similar. The Lipschitz continuity

of A (see (A2)) and the localization error estimate for the corrector in form of
Lemma 31 yield

‘E [ARVE,n,ZT(g) _ ARVE,n,T(g)] ‘
< CE [[Ve2" - Vol ']*

dna 1
< R y |log(e/VT)|? for d € {2,4},
< Clél VT 1 ford=3andd>5

The claimed estimate now follows by a telescopic sum argument similar to Step 2
of the proof of Proposition 30.



OPTIMAL ERROR ESTIMATES IN NONLINEAR STOCHASTIC HOMOGENIZATION 61

Step 3. Conclusion. The combination of the previous steps yields
L] + | Io| + |Is| + | L]
€]

and 1
v L e\ * |log(VT/e)|? for d € {2,4}
<Cexp|——=—1=)+ () X B
P ( 32 \/T> {1 otherwise.

VT

and

With /T = %L(log((L/a)T))_1 the RHS turns into

and dnd 1
e\ 2 e\ dana |logL|? for d € {2,4}
cl| = +C’<) log(L/e)) 2 X P .
(L> ) (oelt/e) {1 for d =3 and d > 5.

This establishes the result. O

5. CORRECTOR ESTIMATES FOR THE NONLINEAR PDE

5.1. Estimates on linear functionals of the corrector and the flux correc-
tor. We now turn to the first key step, the estimate on the localized homogenization
corrector ngT and the localized flux corrector o'gT. For the proof of the estimate on
linear functionals of the corrector and the flux corrector in Lemma 17, we need
the following auxiliary lemma, which follows by a combination of the Caccioppoli
inequality with hole-filling.

Lemma 38. Let the assumptions (A1)-(A2) be satisfied, let € > 0 be arbitrary,
let @ be an arbitrary parameter field, let the correctors gzﬁg and ¢£E be defined as
the unique solutions to the corrector equations (12a) and (18a) in H}Y ., and let
ry1e and i 7 e = be as in (36) and (39). Let the parameter K,qs5 in (36), (39) be
chosen as Kpass > C(d,m, A\, A) for some C determined in the proof below. Then
for any xo € RY the estimates

d—é
(88) ][ € + V¢ P du < Cl¢J? <7"*T’é(xo))
Be(wo) I
and
d—s
(89) ][ E+ Vol=|?do < CE|2<’WM>
Be (o) 15
hold true. Furthermore, we have
(90) rere(zo) < CVT,
(91) rerez(z0) < CVT.

Proof. The estimates (90) and (91) are a simple consequence of the definitions (36)
and (39), the assumed lower bound on K,,ss, and the bounds

1
Fplotpdr<ciep
Br
1
—|ol 2|2 dx < C|E?
f, Fléialan <l

valid for all R > v/T which are a consequence of Lemma, 36 applied to the corrector
equations (12a) and (18a).
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To prove (88), we combine the Caccioppoli inequality (51) with the hole-filling
estimate (52) for the function u(z) := ¢ - (z — o) + ¢g, which by (12a) solves the
PDE

V- (A3, Vu)) + = 6 - (2~ a0).

This yields

][ €+ Vs |? da
BE(mO)

d—§

Ty . 1 1

gc(“) inf < . ][ € - (& — x0) + ¢F — b|? da + - |b?
5 beR™ \ 77 p ¢ By, 7. (0) T

1
—|—][ T|£~(a:—;v0)2d:1:>
BT*,T,E(IQ)

d )
Ty, T¢ € 1 2
+C<) ][ (> =& (x — x0)|* da.
€ Br, r.¢(20) e+ |.Z‘ - 3?0‘ T

Choosing b := fBr* e (20) qﬁg dx and using the definition of r, ¢ (36) as well as the

fact that 7, 7 ¢ < CV/T then entails (88). To show (89), one argues analogously. [J

‘We now prove the estimate in Lemma 17 for functionals of the localized corrector
¢€T for the nonlinear elliptic PDE and the corresponding localized flux corrector orgT.
As the proof of Lemma 18 is very similar, we combine their proofs.

Proof of Lemma 17 and Lemma 18. Part a: Estimates for linear functionals
of the homogenization corrector ¢£T. Taking the derivative of the corrector
equation (12a) with respect to a perturbation dw. of the random field w,, we see that
the change 6(;5? of the corrector under such an infinitesimal perturbation satisfies
the linear elliptic PDE

(92) = V- (9cA(we, &+ V) VoL ) + %wg =V (0uA(we, &+ Vf )dwe).

Define the coefficient field a?(x) = 0 A(we (), € + Vcb?(x)) By our assumptions
(A1) and (A2), the coefficient field ag : R? — (R™*9)? exists and is uniformly el-
liptic and bounded in the sense af v - v > A|v[?* and |af v| < Alv| for any v € R™*d,

Now, consider a functional of the form F := f]Rd g - V(bET dx for a determinis-
tic compactly supported function g. Denoting by h € H'(RY;R™) the (unique)
solution to the dual equation

i 1
(93) —V - (ag *Vh) + Zh=V-g,

we deduce

(93) T T 1
F = Vol = — \V4 v —5oT .
é /dg 5¢5 dx /d Qg 5¢5 h+ T6¢5 hdx

(9:2)/ 0uA(we, € + VgL )ow. - Vhda,
Rd

i.e. we have

OF .
(94) o = B A(we, &+ VF) - Vh.
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By the assumption (A3), this implies

Jele

<C ][ € + V¢ ||Vh| diE
Be(x)

2

oF e

Ow,

dz

2
dx.

Rd

Using the version of the spectral gap inequality for the g-th moment (see Lemma 16),

we deduce for any ¢ > 1
2 q
(/ ‘][ €+ V¢ ||Vh| di dx> ]
R | / B.(z)

As ngfT is a stationary vector field, we have E[F] = fRd g- V]E[d)?] dx = 0. By (88),
we have '

1/2 1/24
E[|F - E[F]*] " < CqV R

d—6
f, e veipas <o (BISR) 2 pe),

An application of Lemma 39 therefore yields for any 0 < 7 < 1, any 0 < ap < ¢,
any p € (2’ 2+ C(d7 m, Aa A7 O‘O)) and any q > C(d7 m, Aa A7 T, aOap)

2 ro e\ @00/ (=) (1=7)/2
(95)  E[IF]P] ™ < C|§qed/2rd/2E[(*’s ’5> }

‘m| o 2q/pT
(r_d/ |Vh|P (1 + ) d:v)
Rd T

Applying the weighted Meyers estimate of Lemma 35 to the equation (93) and
using our assumption (fy (o) 191 dz)'/? < =7 the integral in the last term may
be estimated to yield

1/2 £\ 2 TeT
B[l < clelg(£) | (T

3

T/2q
x E

)(dJ)Q/(lT)} (1-7)/2q

for any 2 < p<24¢, any 0 < 7 < 1, and any g > C(d,m, A\, A,p, 7). This is the
desired estimate in Lemma 17a.

Next, we establish (38). To this end, we consider the random variable F' :=
fBR(wo) (j)? dx. By IE[gbg] = 0 — which follows by testing the PDE (12a) with a
test function, taking the expectation, and using stationarity — we see that we have
E[F] = 0. We may therefore repeat the previous computation to estimate the
stochastic moments of F', up to the following changes: The equation (93) is replaced
by the equation with non-divergence form right-hand side —V - (a?’*Vh) + %h =
ﬁx Br(zo)» and the estimate for VA deduced from Lemma 35 now reads

EARAN
<R‘d/ |Vhp<1+R> dx)
Rd

2 1/p
< Cﬁ(R—d / ! dx) .
Rd

@XBR(CEQ)
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In total, we deduce

f, 5o
BR((E[))

This is precisely the desired estimate on the average of ¢€T from (38).

e

a11/q \ Y2 Fer (d—8)q/(1=7)7 (1—-7)/2q
O (G N

Part b: Estimates for linear functionals of the flux corrector Ug. Taking
the derivative of the flux corrector equation (12¢) with respect to a perturbation
dw, of the random field w,, we see that the change 50? of the corrector under such
an infinitesimal perturbation satisfies the linear elliptic PDE

(96)
Adof Lol =V - (9,4 Vi i —ej
—Adog iy + 79966 =V - (OwA(we,§ + Vg Jwe - (e, ® ej — ej R ex))
+ V- (0 A(we, £+ VO )VED - (e @ €5 — € @ eg)).
For the sensitivity of the functional

F, = Vol dr,
/Rdg T¢.jk

we obtain by defining h € H'(R?; R™*%) as the unique decaying solution to the
(system of) Poisson equation(s) with massive term

1.
(97) ~Ah+ zh=V-g

and defining h € H'(R% R™*%) as the unique decaying solution to the uniformly
elliptic PDE (with a?(a:) = Og A(we (), € + ng?))

*7 T 1, 7 7
(98)  —V-(a;"Vh)+ Th=V" ((9jhey — Ohe;) - OcA(we, &+ V§Y))
that

¢ - 1-
oF, = / g- V(Sogjk dz ‘2 —/ Vh- Véagjk + Théagjk dx
R Rd
(%) / Vh- (&JA(wE,EJr nggT)(Sws (ep®e;—e; ® ek)) dx
Rd
+ / Vh - (0eAwe, &+ Vol )VEdE - (e ®ej —ej @ ey)) da
Rd
(98) N T
= Vh- (&)A(wg,f + Vo Jows - (er ® e —e; ® ek)) dx
Rd

. 1 R
—/ DeA(we, & + Vg )VOgg - Vh + 06¢ hdw
Rd

S [ Vh (0 A &+ VT )ow: - (ex @ ej — ¢ @ ex)) da

R4

+/ 0w A(we, & + V7 )dwe - Vhda.
Rd

i.e. we have

OF _ _ .
o (0jher — Oxhej) - 0uA(we, &+ VL) + Vi - 0, A(we, €+ V7).
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Using again the version of the spectral gap inequality for the g-th moment from
Lemma 16, the fact that E[F,] = fRd g- VE[UZM] dx = 0 by stationarity, and the
bound |0, A(w, )| < Al¢| (recall (A1)-(A2)), we obtain
2 q
dx> ]

(L
By (88), we have

d—é
f, . e veipar < o (RIS 2 g

By a combination of Holder’s and Jensen’s inequality in form of Lemma 39 (see
below) we deduce that for any «g € (0,¢), any p € (2,2 + ¢(d,m, A\, A, «p)), any
TE (07 1)’ and any q > q(d7m, )\7 A,Oé(),p)

s o\ @0/ (=77 (=120
{17 1) < Cllaet % | (24 ) }

B R |.13| ap 2q/pT
(r_d/ (|Vh|”+VhP)(1+> dm)
R4 T

By the weighted Meyers estimate of Lemma 35 and the defining equation (98) for
h as well as the uniform bound on J¢A inferred from (A2), we deduce for any
ais € (o, ¢)

(d-8)a/(1=7)7 (1-7)/2q
E[|F,[2)"* < CfIqsd/Qrd/QEKr*f@) ]

B |.%'| a1/ 2q/pT 7/2¢
(r_d/ |Vh|P(1+> dx) .
R4 T

Applying Lemma 35 to the equation (97) and using (f, (o) 917 dz)t/P < r=4 the
integral in the last term may be estimated to yield

d/2
E[|F, ) < O|£|q<5) EKW
T

1/2q
]E[|F,,|2q]1/2q < Cqet’E

f 4 VLT + V) d
B.(x

T/2q
x E

x E

(d—8)q/(1=7)7 (1=7)/2q
=T
This is the desired estimate in Lemma 17b.

As in Part a, the estimate on the average of ag from (38) follows upon replacing
the equation for h by the PDE —Ah + %/_1 = |BI—R‘XBR(Q¢O) in the previous compu-
tation.

Part c: Estimates on linear functionals of the potential 0?1 Taking the
derivative of the equation (19a) with respect to a perturbation dw. of the random
field w., we get

(99) ASOL; = 0;66¢ .

Defining g € H'(R%; R™) as the unique decaying solution to the PDE
(100) —Ag=V-y,

we obtain

6F9:/ g-Vo07,de 'Y — | vg.Ve6L, da (”:")/ G- (es- V)30 da.
RY ' R4 ’ Rd
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In other words, we are back in the situation of Part a, the only difference being that
the function g has been replaced by the function ge;. The function g now no longer
has compact support; rather, being the solution to the Poisson equation (100) in
d > 3 dimensions, for any 0 < a3 < 1 and any p > 2 it satisfies the weighted
Calderon-Zygmund estimate

— [ 1/p 1/p
<][ |§|p(1+m) 1dac) SCT(][ |g|pdx> .
BR(.’E()) T BT(.’E())

Now, we may follow the estimates from Part a leading to (95) line by line. In the
next step, we again employ Lemma 35, which by the previous estimate on g gives

dj2
9 T
E[|Fp*7)"* < Cr|§q(r) E[(’T’5

(d—6)q/(1—7)7(1—7)/2q
=)

This is our desired estimate.
Part d: Proof of the estimate (37). Let w € H'(R?) be arbitrary. Assuming
for the moment R = 27 for some N € N, we may write

2 N
wdxf][ wdx| = (fn,w) 2|
‘ ]iﬂ(wo) B (z0) 7;1 | 8 |

with f, := ﬁx&mr(%) - ﬁXBgn71 (z0)» Where we have used the orthogo-
" -1, ,

nality of the functions f,. Solving the PDEs Av = f,, on Ban,(z¢) with Neumann
boundary conditions, we see that g, := Vuxp,., (z) solves V - g, = f, on R?
and satisfies for any p > 2 the estimate (fanr(m) |gn|P dz)*/P < C(27r)' =2, This
implies

N
IEH][ wda:—][ wdx SZEH/ gn - Vw
BR(IU) Br(l’o) n=1 Rd

Combining this estimate with the bounds on g,, and the estimates from Lemma 17,
we deduce the estimate (37) if R is of the form R = 2Nr. If R is not of this form,
we need one additional step to estimate the difference of the averages on the radius
2llog> ¥ and R.

2q} 1/q 2(1} 1/q

O

The following estimate is a consequence of a straightforward application of
Holder’s inequality and Jensen’s inequality. Nevertheless, we state it to avoid repe-
tition of the same computations, as it is repeatedly used in the proofs of Lemma 17
and Lemma 21.

Lemma 39. Let e > 0 and let b and B be stationary random fields with
f o bPdr< B
B.(x)
Let h be a random field satisfying Vh € LP(R?) almost surely. Let 0 < ag < 1 and

0 <7 <1. Let p> 2 be close enough to 2 depending only on d and on (a lower
bound on) «p, but otherwise arbitrary. Then for any q > C(p, oo, T) and for any
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r > ¢ the estimate

EK/R”"]{BE(@ |b||Vh|d:%2dw>q]

< C(d, ao, p, T)rd/QE[|B|2q/(lfr)] (1-7)/2q

ag 2q/pt| "
x E l(rd/ |Vh|P <1 + |$|> dx) ]
R4 r

1/2q

/24

holds true.

Proof of Lemma 39. Several applications of Holder’s inequality yield together with
the bound on b
2 q
dx)

(/ ][ 1b][Vh| di
R4 | J/B.(z)
q
<E (/ ][ |b|2d5c][ |Vh|? di dm)
R4 < (z) B.(x)
q7 /24
SEK/ |B(x)|? ][ |Vh|? di dx) 1
Rd B.(z)

2| —ao/(p—2) q(p—2)/p
< r?2E (r_d |B(x)|2p/(p_2) (1 + ) dx)
Rd

1/2q
E

1/2q

r

P/2 |z ag 2q/p] /%4
X (r—d/ (][ |Vh|2d§:) (1+) dm) .
R? \JB.(x) r
This implies using Holder’s inequality with exponents ;2— and % and Jensen’s
inequality
2 q 1/2q
E </ ][ 1b]|Vh| di dx)
R4 | / B.(z)
(1-7)/2q
< ri?RE

| —ao/(p—2) a(p—2)/p(1—7)
(r_d/ | B(a)[?P/(=2) <1 + ) dx)
R r
|J)| g 2q/pT /24
(r_d/ ][ |Vh|Pda:~<1+) dx)
Re JB.(z) r

Assuming that ¢ > p/(p — 2) and ao/(p — 2) > 2d, we obtain usin, JQensen’s
inequality in the first term (note that the integral »—% [L, (14 @)ao P~ iz is
bounded by C(d, ag,p)) as well as the fact that the supremum and the infimum of

x E
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the function 1 + |7i| on an e-ball differ by at most a factor of 2 in the second term

2 q
([|f wiwnas dx)]
R4 | / B.(z)

|| —ao/(p—2)
< Cldaap. 2| [ (3P0 (14 21) dr
Rd

@o 2q/pT /24
(rd/ |Vh[P <1 + f”') dz> ] .
R4 T

By the stationarity of B, this yields the assertion of the lemma. O

1/2¢q
E

(1-7)/2q

x E

5.2. Estimates on the corrector for the monotone system. We will need the
following technical lemma.

Lemma 40. Let R > 0 and K € N. For any function v € H'([-R, R]%;R™) the

estimate
v — f vdT
[7R5R]d

d 7Tki (1,'1 + R)
<C Z R? ]{_Rﬁ]d ECOS (T) qug dx

ke{-K,...,0,....K}d

+ fRQf |Vo|? da
K2 Ji_RrRp

2
dxr

2

holds.

Proof. The proof is an elementary consequence of the Fourier series representation
of v. O

Combining the estimates on linear functionals of the corrector from Lemma 17
with the estimate on the corrector gradient (88) and the technical Lemma 40, we
now derive stochastic moment bounds on the minimal radius r. 7.

Proof of Lemma 19. In order to obtain a bound for the minimal radius r. 7¢, we
derive an estimate on the probability of the event r. 1 ¢(79) = R = 2‘¢ for a fixed
xo € R and any R = 2% > ¢. In the case of this event, we have by the Caccioppoli
inequality (51) applied to the function & - (x — z¢) + ¢§T, which solves the PDE

1 1
—V - (A(we, V(E- (@ = 0) + 67)) + (- (2= 20) + 6F) = =€ - (¢ — o),
the definition of 7, 7¢(20) in (36), and the fact that 7.7 < CVT (see (90))

(101) f o vellds < cleP
BdR(I
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Furthermore, in the event 7, r¢(x0) = R > ¢ we also know by the definition (36)
that at least one of the inequalities

1 2
(102) — o — ][ ot di| dx
R Joritnmmal & Jeorlmma
1
R ][ o7 — b da
beR™ R2 zo+[—R,R]¢ ‘ ¢ ‘
1
> ¢ inf 7][ |pz — b|? dx
beR™ (R/2)2 Brya(zo) £
> cf¢[?
or
1
(103) — ][ ¢ dr| > Kpass|¢]
\/T Brya(zo)

holds. We now distinguish these two cases.
Case 1: The estimate (102) holds. By Lemma 40, we have for any ¢ > 0 for a
sufficiently large K = K(d, )

1 ][ T T 7~
L 6 —][ oF d
R? Joot1-R,R) ¢ 2o-+[—R,R]4 ¢

(104) <6 Vg | da

zo+[—R,R]4
d
k; ($Z + R) T
CoOS| ———— V(ZS d

+C >
k€{—K,...,0,..., K }4
Now let g, r be the family of all functions (2R)~¢ Hle cos(%)el ®ej, 1<
I <m,1<j<d and k € {-K,...,K}% Note that all g, r are supported in
Bigr(xp) and satisfy for any p € [1, o0]

2
dx

1/p
(105) (f gnﬁpdx) < C(d. p)(dR)~
Bgr(zo)

Inserting both (102) and (101) in (104) and choosing § > 0 small enough (depending
only on d and the constants ¢ and C' from (102) and (101)), we obtain

2
pirze 2 f Tl (o

d
ke{—K,...0,., K }4 BRI izt

This implies that for at least one of the N = N(d, K) functionals [;, gn.r - V(bgT dx
we have

‘ [ o V6L | > el A A e
Rd

Fixing 6 and K depending only on d, m, A, and A, this entails for any ¢ > 1

NCE[| fya o - VOT da”
Plr.re(x0) = R and (102) holds] < Z H Jra9 C’;ﬂq &3 m} ]

n=1
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with ¢ = ¢(d,m,\,A). Estimating the weighted averages of Vd)gT by means of
Lemma 17 — note that by (105) and the support property of the g, r the lemma
is indeed applicable to the function % — we obtain for any 0 < 7 < 1 and any

q>C(d,7)
(106) P[r. 7.¢(z0) = R and (102) holds)

qd/2 (d=8)q/2(1=7)7 (1—-7)
9 T T,¢
<ciga(Z) E|(mLe .
= (R> [( € ) }

Case 2: The estimate (103) holds. We first observe that as a consequence of
Lemma 36 and (12a) — rewritten in form of —V - (A(@, V¢])) + #¢{ = V - § with
§:=Aw, £+ nggT) — A(w, V(bgT) — we have

1/2
‘f ¢f dx| < (][ ¢§|2dx) < CIEIVT.
B /7 (z0) B /7(%o)

Upon choosing Kpqss > C + 1, (103) is seen to imply

][ ¢¢ dw — ][ ¢¢ dw
Bry2(zo) B /7 (%0)

In particular, we have for any ¢ > 1

Plryre(x0) = R and (103) holds]

> [¢|VT.

o7 da

q] 1/q

1 1
< EH ][ 6T de— 1
EVT JBraeo) EVT B (o)

Inserting the estimate (37), we deduce

P[r.r¢(x0) = R and (103) holds]

d=8)q/2(1—7) (1—7) ,logs YT 2 dy q/2
< CiE Tt (d—8)q/2(1—7)7 (1—7) 221% Qlj & q/
- € — VT 2'R
c qd/2 Pt (d—6)q/2(1-7)7 (1—7)
(107) gcqqq(R> IEK ’f) } :

3

Conclusion: Estimates on the minimal radius. Taking the sum of (106) and (107)
over all dyadic R = 2¥e > ¢ and using the fact that r. r¢ > ¢ by its definition (36),
we deduce

E [(W)Q<d—5/2>/1

3

oo

Z 2k (d=4/2) /Q]P)[T*’T’g(x()) = 2k<€}
k=1

qd/2 (d—0)g/2(1—7)7 (1)
(106%(107) |4 ot Z ol 5/2)/2(52 ) EKT*ETE) }

rm e \ (G 9/20-7)7 (1)
seowsl(t)
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where C' = C(d, m, A\, A, p,d,7) and where ¢ > C(d, m, A\, A,0). Now, fixing 6 > 0
small enough (depending only on d, m, A, and A) and choosing 7 € (0, 1) such that
1—7=(d—-0)/(d—§/2), the estimate buckles and yields a bound of the form

. (d—5/2)a/2q7
B[ (=22 < ctaman e

for all ¢ > C(d,m,\, A). This may be rewritten as
. (d—6/2)9/211/q
| (s | < cta.man 0.
which establishes Lemma 19. [l

We now derive the estimates on the corrector qbg, the flux corrector O'g, and
the potential field 9§T. Note that the only required ingredients for the proof are
the estimate for functionals of the corrector which we derived in Lemma 17, the
estimate on the corrector gradient given by (88), as well as the general technical
results of Lemma 40 and Lemma 25.

Proof of Proposition 13. We insert the estimate on 7, r7¢ from Lemma 19 into
Lemma 17. For any zg € R%, any r > ¢, and any g with supp g C B,(zo) and

1/p
(f lg[? daf) <r
B,-(wo)

this provides bounds of the form

q] /4 2\ 42
(108) || [ gw?dz] sc|5|qc<d’m’*’”<)
R4 T
and
q] Ve o\ /2
(109 e|| [ dg-Vonkdx] < cllgetama (<)
as well as

g1/ o\ 92
| <cngaroman(2)

(110) E[/ g- Vb dx
Rd

for any g > C(d,m, A, A).
Plugging in the estimates on 7, 7¢ from Lemma 19 into (88), we deduce for any
Xo € R4

q/2] 4/
] < OlelgCtemAn

(111) E ][ V¢ | da
BE(I(])

for any ¢ > C(d,m, A\, A). Plugging in this bound and (108) into the (spatially
rescaled) multiscale estimate for the L? norm from Lemma 25, we obtain the bounds
on gbg stated in (21) as well as the corresponding result for the LP norm.

The estimates on qbg in (22a) and (22b) are shown by combining (21) with the
estimate from Lemma 18 and (111) as well as using in case d > 3 the relation

lim ¢f dx = 0.

R—oo BR(wo)
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In view of this use of Lemma 25, in order to obtain the estimates on o¢ ;, and 6
stated in (21) and (23), we only need to establish estimates on st(xo) [Vai,|? da
and f, (o) |V9?|2 dz. The Caccioppoli inequality (51) for the defining equation of
the flux corrector (12¢) yields in conjunction with (A2)

2

C

T 2 T T =~

][ |<7U§,jk| dx 372 T¢ ik 7][ O¢ ik dz| dx
zo+[—e,e]? € zo+[—2¢,2¢e]4 zo+[—2e,2¢e]?

e 1€ + Ve |? da
zo+[—2e,2¢]9

c‘ ][ .
+ — o; . AT
T zo+[—2e,2¢e]@ Sk

Estimating the first term on the right-hand side by Lemma 40 and taking sto-
chastic moments, we deduce (where we use the family of functions g, of the form

eI, cos(mhi(w; + 2¢)/4¢), k € {~K, ..., K}7)

q71/q
]EH][ Voi il da }
xo+[—2¢,2¢]?
C
][ |V0£Tjk|2 dx
zo+[—2e,2¢e]9 '

SE[
Z CIEH/ gn - Voi i da T/q

K2
q71/q
+CIEH][ €+ Ve | da }
zo+[—2¢,2¢]d

C 2q71/q
+ —E H ][ of ., di }
T zo+[—2¢,2¢]4 S

Choosing K large enough and using stationarity, we may absorb the first term on
the right-hand side in the left-hand side. Estimating the linear functionals of Vag’ Jk
by (109), bounding the third term on the right-hand side by (111), and estimating
the last term by (37) and (38) (where we may replace the average over the box
xo + [—2¢, 2¢]? by the average over the ball B.(x¢) using (109)), we deduce

EH][ |V05Tjk|2dx
zo+[—e,e]d ’

Together with (109) and Lemma 25, we deduce the bound for of ;; in (21).
The estimates on 0? in (22a) and (22b) are again shown by combining (21) with
the estimate from Lemma 18 and (111) as well as using in case d > 3 the relation

2

q} 1/q

q71/2q
} < Cllq°.

lim ag dz = 0.
R=00 JBp(z0)

The estimate for the gradient of the potential field V9£T is analogous but even
simpler (due to the lack of the massive regularization in (19a)). We obtain the



OPTIMAL ERROR ESTIMATES IN NONLINEAR STOCHASTIC HOMOGENIZATION 73
bound

q71/2q
} < Cqel¢.

]E{ ][ NCARE
zo+[—e,e]?

Using this estimate and (109) in Lemma 25, we obtain (23). O

6. CORRECTOR ESTIMATES FOR THE LINEARIZED SYSTEM

6.1. Estimates on linear functionals of the corrector and the flux correc-
tor for the linearized PDE.

Proof of Lemma 21 and Lemma 22. Part a: Estimates for linear functionals
of the homogenization corrector ¢£E. Without loss of generality we may
assume in the following argument that xo = 0, i.e. g is supported in B,(0), and
that (JCBT |g|1’2/2 d&L‘)Q/p2 < 1 — otherwise replace in the following argument p by

V2p.

The argument is similar to the case of the corrector gbgT. We first observe that
the expectation E[F] vanishes. Indeed, d)ga is easily seen to be a stationary random
field, which entails E[F] = fle g~V]E[¢g] dr = 0. By Lemma 16, to obtain stochastic
moment bounds for F' it suffices to estimate the sensitivity of F' with respect to
changes in the random field w.. Taking the derivative with respect to w. in (18a),
we obtain

— V- (0eA(we(z), €+ V¢5T)VJ¢5T,E) + %‘ng
(112) =V (0,0eA(w:(2), € + Vo )owe (2 + Vi )
+ V- (0FAwe(2),§ + VL) (E+ VoL =) Vog]).

Denoting by h the unique solution in H'(R%;R™) to the auxiliary PDE
T,* 1
(113) =V (ag’ Vh)+fh:V-g

(where we again used the abbreviation agT’* = e A(we(x), €+ V(;ﬁg)) and denoting
by h € HY(R% R™) the unique solution to the auxiliary PDE

* v 7. 1.
(114) —V - (ag"Vh) + —h
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we deduce
T (113) T T 1o
R4 R4
(112) / DO Alwe (2), € + VoT)owe (5 + VoTz) - Vhdz
Rd
+ / R A(we(x),£ + Vi) (E+ Vi =)VegE - Vhda
Rd
(L) / DO Alwe (), € + Vo )owe (2 + Volz) - Vhda
]Rd
N 1~
o T,* . T - T
/]Rd ag”Vh-Vige + Th¢§ dx
) / 00 A(we (), € + Vo )ow. (2 + Vel z) - Vhdz
Rd
+ [ OuA(we(), &+ Vi )ow. - Vhda.
R4

In other words, we have the representation

OF
Ow,

By (A3), this implies the sensitivity estimate

/ ][ oF
R4 | / B.(z)

Ow,
<c ][ B+ Vol o||Vh| di
Bc(z)

= 0,0c A(we (), € + VOF)(E + Voiz) - Vh+ 0uA(we(2),€ + V) - Vi

2

dz| dx

2

2
dx + C/ dx.
Rd

Plugging this bound into the version of the spectral gap inequality for the g¢-th
moment (see Lemma 16) and using E[F] = 0, we deduce for any ¢ > 1

B|F[])" < ngd/%E[( /R d 2dx> q}
(L. W)

By Lemma 39 and (89) as well as (88), this entails for any 7,7 € (0, 1)

(115) E[|F|*] .

][ €+ Vi ||Vh|di
B.(x)

Rd

1/2q

][ 2+ V¢i =||Vh|dE
B (x)

1/2q
+ Cqe??’E

][ €+ VoL | Vh|dE
B.(z)

< C|Eq€d/2rd/2EKr*’T’5’E
€

ap 2q/pT
X E[(rd/ |Vh|P (1 + |x|> d:r) ]
R4 T

waajam] (a4 0= 0=/
C E|( e
+ Clelae2r 2| (P26 }

) (dé)Q/(lT)} (1-7)/2q

T/2q
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R ap 2q/pT
X E[(rd/ |Vh|P (1 + |x|> dx) ]
R4 T

with C = C(d, m, \, A, p, ag, p, 7, 7). By the weighted Meyers’ estimate in Lemma 35
— applied to (114) — and the uniform bound [0 A| < A from (R), we infer for any

Qy/2 > Qo
) ‘$| o 2q/pT
(T_d/ IVh|p (1 * ) dm)
R4 T
4 _ - |£C| o2 2q/p7T
T IVAPIZ+ Ve =P 1+ — dx
Rd ’ r

with C' = C(d,m, \, A, p, a9, 12, p,7,7). Inserting the bound (42) into (116), we

get
R %) 2q/pT /2
(rd/ |Vh|p(1+x|) dz> 1
R4 r

< Cq“(1+[ENCIE|

_ (d—é&)p/2 Q12 2q/pT
(/ r_dcfeg o(x) (T*T’i:(x)) VAP <1 + |x|> dx) ]
Rd ) e r

where C' now additionally depends on v. To proceed further, we write the second
factor on the right-hand side in the form

2q/pT
(/ VU9 dac)
]Rd

_ (d—8)p/2 Q1/2
vy =CP (T*’T’g’:> , vy =1~ VhP (1 + |x|> .
r

7/2q

7/2q
(116) E

7/2q
< CE

E

7/2q
x E

7/2q
E

with

reg\ T 2

By first smuggling in the weight

‘.r| —(d+1)
oty =1 2
r
via Holder’s inequality with exponents p% and £ in space, and next by Hélder’s
7

inequality with exponents =—— 73 and 2{ in probability, we get

2q/pr] 7/
E[(/ ’Ul’l)gd.’L') 1
Rd
T—1/2 T
. oo D 2 pez ]
<E (/ vf‘2apd$> E (/ vfg@‘?dx) )
Rd Rd

By Jensen’s inequality for the integral fRd fedr — using that ¢ has mass of order
unity and assuming also that ¢ > C(p,7,7) — and by exploiting the fact that v;
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is a stationary random field, we deduce that the right-hand side is bounded from

above by
£ _p=2 :2% B
vy 2 dx .
Rd

By combining the previous estimates and plugging in the definitions of vy, vy and
©, we thus arrive at

~ ) 2q/pT
(rd/ |Vh|”(1+x|> dx) ]
R4 T

|2q/(?—7/2) (T*,T,E,E

2q

— =75 2q
CE vf(”/z)] E

7/2q
E

< CqE(L+ENIEIE |[Creg.e

€

2 |z| ay/2p/2+(d+1)(p—2)/2 8q/p2r /44
([ rwnes(1+ ) i) .
R4 r

Applying once more Holder’s inequality to the first expected value on the right-
hand side, choosing 7 € (0, 1) close enough to 1, choosing 7 > 0 small enough, and
using the stretched exponential moment bounds for C,e4 ¢, we deduce

R |3?| [T 2q/pT
(r_d/ |Vh|P <1 + ) dm)
Rd T

) (d5)q/(17)] (1-7)/2q

) <d6>q/<fr/z>] (F=r/2)/2a

x E

7/2q
(117) E

—_ T =
< O+ )| (S

. 2/ || a1/2p/24(d+1)(p—2)/2 8q/p°T
E 4V h|P 1+ — d
e s
g

Plugging in the resulting estimate into (115) and estimating r. ¢ in (115) via
Lemma 19 yields

E{Iﬂﬂmq

< CO¢°(1+ |£|)C|Eed/%«d/%[(”*vmE

T/4q

3

) |z] ay/2p/24(d+1)(p—2)/2 8q/p°T
(/ r= VP /2 (1 + ) dx)
Rd T

Choosing p close enough to 2 and choosing ag and «; small enough (all depending
only on d, m, A, and A), we may estimate the last factor by applying the weighted
Meyers’ estimate from Lemma 35 to the PDE (113). This yields by our assumed
bound on g¢

2q11/%4 c oo (N (remes
@Ws) E[[F["] 7 <ce®a+le)E( D) E|( RS

3

) (d—5)(1/(1—T):| (1-7)/2q

T/4q
x E

)(d—é)Q/(l—T):| (1-7)/2q

for any g > C with C' = C(d,m,\, A, p,v,7) and any 7 < ¢(d, m, A\, A).
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Part b: Estimates for linear functionals of the flux corrector o’5 =. Differ-

entiating the equation (18c), we see that the infinitesimal perturbation 505 = caused
by an infinitesimal perturbation dw. in the random field w. satisfies the PDE

1
— Aéag: ik + TO'T: ik
(119) =V (0 (w67£+v¢§ )V5¢g~' (ex ®ej —ej @ey))

+ V- (02 A(we, E+ VL) (E+ VoL 2)VIo, - (er @ ej — e @ ex))
+V. (awagA(w‘g, €+ Voe)dw:(E+Voez) (e Qe —ej @e)).
Introducing the solution h € H'(R%;R™) to the equation

]_ _
(120) —Ah+ = T =V.yg,
the solution hy € H'(R?;R™) to the equation
T

=3 0:(0cA(we, E+ Vo) (e ®ei) - (ex ®ej — e @ ex) - Vh)ey

1
(121) =V (a¢"Vhy) + —hs
d

=1 1=1

<.

(where af (v) = 0 A(w:(z),& + V{ (x))), and the solution hz € HY(R%R™) to
the equation

(122)

) 1
— V- (ag"Vhs) + Zha

=3 002 Alwe, £+ VL) E+ Vorz)er@e;) - (ex ® e — e @ ex) - Vh)ey

i=1 =1

~

> a0 1), &+ Vo) (E+ Voiz) (e ®e;) - Vh)ey,

=1

M=

+

I
—

7

we may compute the sensitivity of linear functionals of the form F,: Indeed, we
have

(120) - 1 -
0F, = / g- V(Sog:ajk doe =" — Vh- Vdogajk dr — T / hdoga,jk dz
R? R Rd

(L) / O A(we, & + VT)VOsTz - (ex @ e; — ej @ ex) - Vhdz
Rd
+/ R A(we, E+ VL) (E+ Voiz)Veg; - (er ®ej —ej ®ey) - Vhda
Rd
Jr/ 0O A(we, & + VngT)SwE(E +Voes) (ex®ej —ej Qeg) - Vhdx
Rd
Y[ ga VoI \VoTe - Vhy + ~567 < hod
= a e A(we, § + Ve )V = - 2+T Gezhodx
+/ B A(we, E+ VL) (E+ Voi=)Vee; - (er @ ej — e ®ep) - Vhda
Rd

+ / 0,0 A(we, € + V(b?)(swg(a +Voez) (er®ej —ej Qey) - Vhdx
Rd
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(112) /R 0,0 Awe(2), 6 + V6T )0 (2 + Vols) - Vo d
+ /R | R A(we(x), 6+ VL) (E+ Voiz)Vod: - Vhyda
+ /Rd RAwe, E+ V) E+ Vo =)Vop - (er®ej —ej @ey) - Vhda
+ /Rd OO Alwe, & + Vi )owe(E+ Ve ) - (ex ®ej — ej @ ex) - Vhda.
Inserting (122) and (92), we obtain
0F, = /R ) 000 A(we (), € + Vi )owe (E+ VoL z) - Vhy da
+ /Rd OuA(we, € + Vo )ow, - Vhy da
+ /Rd OuOe A(we, &+ Vi ) bwe (B4 Ve =) - (er ® e — e @ ey) - Vhda.

This identification of g—i together with assumption (A3) gives rise to the sensitivity

estimate
2 q11/2q
2| (L] )|
Re | JB.(z)

2 q11/2a
< CE </ ][ 2+ Vo </ (VA + [Vhy|) di dx”
R4 | / B.(z)

(f )]

Plugging in this bound into Lemma 16 and using E[F,]| = f]Rd g- V]E[Jg:ajk] der=20

oy

1/2q

oF,

5
Ow, v

+CE

F e+ votlvhds
Be(x)

by stationarity of O‘%:a jk» We infer

1/2q _
Bflm " < cqu/zEK [ 14 [+ VeLel(Vhl + [Vhal)da
Re | JB.(z)

(f, Bl

By Lemma 39 and (89) as well as (88), we obtain for 7,7 € (0,1) and for p close
enough to 2

1/2q

+ and/QE

F o le+ VolIVhelda
B. ()

E [IFa |2q} v

< C|Z|ge™?*r'/?E {(T*’T@E
£

B ‘$| ag 2q/pT /24
(rd/ (IVAP + |Vh2|p)(1 + r) d:zc)
Rd

)(d—é)Q/(l—T)} (1-7)/2q

x E
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R PN T Ol
c E|(2Ee
+ Clelaet2s 25 (7224 ]

|.Z" o 2q/pT
(r_d/ |Vhs|P (1+> dx)
Rd T

By the weighted Meyers’ estimate in Lemma 35 applied to (122) and the uniform
bound on 8?14 from (R), we infer for any a; /5 > o

]E|:|Fa.|2q:| 1/2q

< C|Z|ge"*r/*E KT*“E

7/2q
x E

3

B |.’1?| ap 2q/pT
(r_d/ (|Vh|P + Vh2|p)<1 + T) dw)
Rd

o (o) (DA 0720
+ C€|ge® *r IE[(* > }

5
_ o2 2q/pT
xEl(rd/ (|Vh|p+|Vh2p)|E+V¢£5p<1+|x> da:) ]
Rd

) (d—é)Q/(l—T)] (1-7)/2q

7/2q
x E

7/2q
r

Arguing analogously to the derivation of (118) from (115) but using also the esti-

mate
a1/2p/2+(d+1)(p—2)/2
—d 2/2 |lz[\ ™
Vha|P 1+ — d

fortmnre (o :

< c/ PR (14 D R

- R4 r
for ag/q > @y /2p/2-+(d+1)(p—2)/2 (which follows from (121), (A2), and Lemma 35),
we deduce

2] 1/24 cr=.cf € W2 rares
E[|F,[*] " < e+ 16D Ele (T> EKE

for any 0 < 7 < cand any q > C.

Part c: Estimates for linear functionals of the potential field HT,E. The
argument of reducing the estimate to the estimates in Part a is exactly the same
as in part ¢ of the proof of Lemma 17, as the relation between 6f = and ¢z is

)(dts)q/(lf)} (1-7)/2q

exactly the same as the one between Hg and (;5?75. As in the proof of Lemma 17,
we introduce g as the solution to the PDE

We then obtain an estimate for Fp of the form (115), but with h solving the PDE
-V (a?’*Vh) + +h =V - (ge;) and h solving the same PDE but with the new h.

Inserting the Calderon-Zygmund bounds on g and the modified bound on Vh in
the steps leading to (116) and (118), we deduce the desired estimate

/2 ~
E||F[* e+ le)CEeC () E|(Ttes
r

(d=d)q/(1=7)7(1-7)/2q
=)
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for any 0 < 7 < cand any q > C.
Part d: Proof of Lemma 22. The proof of the estimates (40) and (41) is
analogous to the proof of (37) and (38). O

6.2. Estimates on the corrector. We first establish the moment bounds on
Tw,T,¢,=-

Proof of Lemma 23. The proof is entirely analogous to the proof of Lemma 19: Re-
call that the only required ingredients for the proof of moment bounds for r, ¢ in
Lemma 19 were the estimate for functionals of the corrector gbg from Lemma 17,
the estimate on corrector averages from Lemma 18, the estimate on the corrector
gradient given by (88), as well as the general technical results of Lemma 40 and
Lemma 25. Lemma 21 provides bounds on the stochastic moments of linear func-
tionals of the corrector ¢£5 for the linearized PDE that are essentially analogous
(up to the prefactor ¢©(1+[¢])¢) to the bounds for functionals of (;SST in Lemma 17.
Similarly, Lemma 22 provides estimates on averages of the linearized corrector qﬁgE
that are (again up to the prefactor ¢© (1 + |¢])¢) analogous to the bounds on aver-
ages of QS&T from Lemma 18. Furthermore, the estimate (89) for the gradient of ¢£E
is completely analogous to the estimate (88) for the gradient of (bg In conclusion,
by the same arguments as the proof of Lemma 19 (up to replacing gbg by gbg,a ¢
by =, rere by 7e1e2, and including an additional prefactor ¢©(1 + [£])¢ in the
bounds), we obtain

(d—6/2)q/271/
| (S22 T < ctm A+ 16D

O

Proof of Proposition 14. By the same arguments as in the proof of Proposition 13,
we obtain the desired bounds on ¢£E, O'g:E, and 9?)5. Note that we simply need to

replace the use of Lemma 17 by Lemma 21, the use of Lemma 19 by Lemma 23,
and the use of (88) by (89). O

Proof of Corollary 15. To establish the estimate (27), we simply pass to the limit
T — oo in the LP version of the estimate (22a) for ¢§T and agT. By combining (21)
with Lemma 18 and Lemma 19, we deduce
2 1/2
das)

T T d#
(ér(xo) ¢£ ]25(0) ¢€ (z) !

< Cep((|wol +7)/¢)

2
+

O'? — ][ aéT(i”) dz
B:(0)

with p(s) := 1 for d > 3, u(s) := (log(2+5))/? for d = 2, and u(s) := (1+s)/? for
d = 1. Passing to the limit T — oo, the quantities ngT — fBE(O) (b?(.i‘) dZ converge
to a solution ¢¢ to the corrector equation with vanishing average in B (0) subject
to the bound (28) (and similarly for o¢).

It remains to show that the limit o¢ satisfies the PDE (10), as passing to the
limit in the equation (12c) yields only

—AO'&J']C = @-(A(we,{ + v¢§) . 6k) — 6k((A(ws,£ + V¢§) . ej).
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However, as we have V - (A(we,§ + V¢¢)) = 0 by the equation for ¢¢, we deduce
—AD " Okoe i = —A(Alwe, £+ Vee) - ;).
k

By the sublinear growth of o¢ i, it follows that
V-oe = Awe, €+ Voe) — E[A(we, § + Ve)] = Awe, § + Ve) — Anom($),

which is the flux corrector equation (10).
In order to derive (29), we first write

1
T T T
¢§2 - ¢51 :/0 ¢(1—S)§1+S§275 ds

with = := £, — &;. This entails in case d > 3 using Proposition 14

) q/2 %
E[(][ 67 — 7| dx) ] < CP(+ &) + &) )6 — e
Br(xO)

respectively in case d < 2 using Proposition 14, Lemma 22, and Lemma 23
1

a/275
Bl(f  lh-ot-f eb-ehawla) |
By (wo) B:(0)

< O (1+ &+ &)C1& — &len((r + |zol) /2).

We may then pass to the limit ' — oo in these estimates to deduce (29). The
corresponding bound for o¢, — ¢, is derived analogously. O

7. STRUCTURAL PROPERTIES OF THE EFFECTIVE EQUATION

We finally establish the structural properties of the effective (homogenized) equa-
tion, as stated in Theorem 6.

Proof of Theorem 6. Part a. The fact that the homogenized material law Apom
inherits the monotonicity properties of the law of the random material A(w,-) has
already been established in [17, 18] for Euler-Lagrange equations associated with
convex integral functionals. Nevertheless, we shall briefly recall the (standard)
proof of this result. The result Apom(0) = 0 is immediate from the definition
Apom(€) == E[A(w, & + Vo¢)] and (A2), as ¢g = 0 is the (up to additive constants
unique) solution to the corrector equation for £ = 0. We next have

(123) [ Abom(€2) — Ao (E0)] = [E[A(w:. & + Vie,)] — E[A(we, & + Ve, )|
(A2)
< AE[lG + Voe, — & — Voe|).

Subtracting the corrector equations (4) for & and & from each other and testing
the resulting equation with (¢¢, — ¢¢, )n?(z/r) for some cutoff n with suppn C By
and 7 =1 in By, we deduce

Ad (A(W57£2 + v¢f2) - A(w€,€1 + vd)il)) . (vd)& - V¢§1)772<§) dx

1
< /]Rd |A(w5,§2 + V¢£2) - A(stgl + V¢£1)|;|¢52 _ ¢§1||Vn2|(§) .
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This implies by (A1), (A2), and Young’s inequality

| 966, = Voe Pt (%) da

4A2 x
A a2 2(T
<2 €1 — & /Rdn (T)dl‘
C 9 9/
13 [ o6 = oe P19 (£ do.

Dividing by fRd 772(%) dx, taking the expectation, using stationarity, and passing
to the limit » — oo (using the fact that the correctors ¢¢ grow sublinearly), we
deduce E[|[V¢e, — Vg, |?] < C(d)/;—j|£1 — &2, Inserting this into (123), we deduce

the Lipschitz estimate in Theorem 6a.
Concerning the monotonicity property, we deduce by testing the corrector equa-

tions (4) for & and & with (¢¢, — ¢, )n(z/7)

/Rd n(f) (A(Ws;f2 + Voe,) — Alwe, &1 + Vd’gl)) (& — &) dx

r

r

= [ 1(E) (A2 + Vo) = Al + Vo) - (€2 + Vo, — & = Vo, da
1 [ (e = 0)(T0) (5) - (Alwnso + Te) = Alwns + Vo) do

>0 [ n(5)lea+ Voe, - 61— Vo, da
o [ 6= 0e)(T(E) - (Ao + Voe) - Alonsa + Vo)) da

Rd

which after dividing by [z, 7(%) dz, taking the expectation and using stationarity,
and passing to the limit r — oo yields by the sublinear growth of the ¢

(Ahom(&) - Ahom(gl)) ’ (52 - 51)
=E[(Aw,& + Voe,) — Aw, & + Voe,)) - (&2 — &)
> A& — &P
Part b. We next show that frame-indifference of the material law — in the sense
that A(w., 0¢) = O~ A(w,, €) for all z € RY, almost every w,, all € € R™*4 and all
O € SO(m) — is preserved under homogenization. Indeed, if ¢¢ solves the corrector
equation V- (A(ws, §+V¢e)) = 0 and if O € SO(m), then O¢;¢ solves the corrector
equation V - (A(w., O& + VO¢¢)) = 0. Using the uniqueness of the corrector up to
additive constants, we obtain VO¢¢ = Vdoe¢. This entails
Apom (08) = E[A(we, O 4 Voe )]
= E[A(w., O¢ + VO&;)] = E[O™ A(w,, £ + V)]
= O Ahom(€).
Part c. We next show that isotropy of the probability distribution of the material
law implies isotropy of the homogenized material law. Let V' € SO(d). In this

case, if ¢¢ solves the corrector equation V - (A(we(x),§ + Voe(x))) = 0, then the
rotated function ¢¢(V-) solves the corrector equation V - (A(w.(Vz),EVV ™! +
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V(¢pe(Va))V=1)V 1) = 0 for a rotated monotone operator, i.e. gev (z) := ¢¢(Va)
is the corrector associated with the rotated operator

AL (2,€) = Alw.(Va), V-V
and slope £V and we have Vﬁgv (r) = V¢e(Va)V. This entails by the assumed
equality of the laws of A.(z,&) := A(w.(7),£) and AY
Apom(§V) = E[Ac (2, £V + Vv (2))]
[AY (2,6V + Vv ()]
[AY (2, 6VV T 4 V(ge(Va)V V]
[Ac(we(Va), &+ Ve (Va))V ]

APPENDIX A. AUXILIARY RESULTS FROM REGULARITY THEORY

We now provide the (standard) proof of the Caccioppoli inequality and the
hole-filling estimate for nonlinear elliptic PDEs with monotone nonlinearity from
Lemma 34.

Proof of Lemma 34. Let R > 0 and let n be a standard cutoff with n = 0 outside
of Bg, n =1 in Bgys, and |Vn| < CR™'. Testing the equation with 7?(u — b) for
some b € R™ to be chosen, we obtain by (Al)—(A2)

1
/\/ n2|vu|2dx+—/ n?|ul® do
Rd T Rd

(4D 2 1 20,12
< Az, Vu) - n*Vudz + —/ n°|u|® dz
Rd T Jga

1
g—/ 277(A($7Vu)+g)~(u—b)®V77dx+—/ n*ub dx
Rd T Jga

1
2 —_— . — —
—l—/Rdn( g Vu—i—Tf(u b))dx
(A2) CA
S _
R JBr@o)\Brys(wo)
1
+/ (=g Vu+ —flu—1b))da.
7 )

Young’s inequality and an absorption argument yields the Caccioppoli-type inequal-
ity

1
/ (Vul? + = |ul? dz
Br/2(z0) T
C C 1
<& u-bPdos g [ pPdeec [ P i
Br(z0)\ B2 (x0) T JBg(z0) Br(zo) T

which directly implies (51).
An application of the Poincaré inequality on the annulus Br(xo) \ Br/2(xo) in
the previous estimate gives upon choosing b := JCBR(

1
T](|Vu\+|g|)|ufb|d1:+f/ n?ubdx
T Jou

20)\Br2(z0) udzx, using also
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Jensen’s inequality and the fact that |Br(zo)| ~ [Br(wo) \ Br/2(zo)| to estimate
the second term on the right-hand side,

1
/ \Vu\de—&——/ lu|? dx
Bry2(%0) T Bry2(z0)

C
< C/ |Vul? de + — |u|? dx
Br(20)\Br/s(w0) T ) Br(wo)\Bry2(0)

1
+C 91> + =| f|? da.
Br(zo) T

This in turn yields by the hole-filling argument

1
/ |Vu|? de + — |u|? dz
Brya(zo) T Brya(zo)
1 1
ge(/ Vul? do + ~ |u|2dx) +C 0 + S |f2 do
Br(zo) T Br(zo0) Br(zo T

for 0 = CLH Iterating this estimate with R replaced by 27 %R, we deduce our
desired estimate (52) if 7 is of the form r = 27K R. For other values of r, we may
simply use the already-established inequality for the next bigger radius of the form

r = 27K R and increase the constant C' if necessary. O

We next provide a small-scale Holder regularity result for the linearized corrector
O =-

Proposition 41. Let the assumptions (A1)-(A3) and (P1)-(P2) as well as (R) be
in place. Then there exists o > 0 such that for all £,Z € R™*% and all T > €2 the
gradient of the linearized corrector ¢£E is subject to a Hélder reqularity estimate of
the form

(E+ Veiz)(x) — B+ Veiz)(y)l

_ o 1/2
< C(wo, & T)(1 +[¢)° (|x€y|> (][ 2+ Vi =l do + |5|2)
Bs(wo)

for all x,y € B./s(xq), where C(x0,&,T) denotes a stationary random field with

stretched exponential moment bounds E[exp(CY/€)] < 2 for some constant C' =
C(d,m,\, A, p,v).

Proof. The result is a straightforward consequence of classical Schauder theory (see
e.g. the proof of [27, Theorem 5.19]) applied to the equation
_ 1 1_

V- (A wer &+ VOL)E + VOLe)) + (E - (2 — 0) + ¢Le) = 7+ (& — o),
which is possible by the Hélder continuity of the coefficient 0¢ A(we, & + ng)?) on
B.(z0), which in turn may be deduced from Proposition 42, our regularity assump-
tions on w. (see (R)), and the Lipschitz dependence of d¢ A on both variables (see
(A3) and (R)). O

Proposition 42. Let the assumptions (A1)-(A3) and (P1)-(P2) as well as (R) be
in place. Then there exists o > 0 such that for all € € R™*? and all T > €2 the
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gradient of the corrector qS&T is subject to a Holder regularity estimate of the form

(€ + Vi) (x) = (§+ Vg ) (y)| < Clwo, &, T)(1 + |f|)(|x B y')

for all x,y € B./2(x0), where C denotes a stationary random field with stretched
exponential moment bounds Elexp(CY/C)] < 2 for some C = C(d, m, \, A, p,v).

Proof. We differentiate the equation —V - (A(we, &+ V¢f)) + +¢f = 0. This yields
1
(124) —V - (O A(we, &+ Ve )VOigt ) + T&-qﬁg =V (0,0:A(we, € + Vi )Oiwe).

By (A1)—(A3), this is a linear elliptic system for the derivative 81-(;5? with uniformly
elliptic and bounded coefficient field.

Case a: Two-dimensional systems with smooth coefficients. Meyers’ estimate for
the PDE (124) in the form of Lemma 44 with 7' := co and the condition (A3) imply
for some p > 2 and any b € R™

1/p
(f  wastra)
B /2(z0)

1/2 1 » 1/p
<C(][ V8¢¢g|2dx> +C<][ \vw€|1’+‘—(¢§—b)‘ dx)
Be(z0) Be(z0) T

Using the Caccioppoli inequality (51) with 7" = oo for the PDE (124), choosing
p — 2 > 0 small enough, and using the Poincaré inequality, we get by T > &2

1/p
(f  Ivotra)
35/2(1’0)
C 1/2 1/p
< <][ |V¢g|2daj) JrC'(][ Vw5|pdx) .
€ Bac (o) Bac(x0)

By our estimate (88), Lemma 19, and the bound on Vw, in (R), the right-hand
side may be bounded by Ce~1(|¢| + 1) for some random constant C with stretched
exponential moments. By Morrey’s embedding, we obtain the desired estimate.

Case b: Scalar equations and systems with Uhlenbeck structure with smooth co-
efficients.

In the case of a scalar equation, we infer the desired Holder continuity of 8@?
from De Giorgi-Nash-Moser theory: Applying [28, Theorem 8.24] to the equation
(124), we deduce

a1 10i¢ (21) — 0i¢ (22)]

g sup =
Il,IQEBE/z(Io) |‘:U1 - xQ‘

1/2 1/2d
< Cs‘l(][ |8i¢g|2dx) +C<][ |Vw5|2ddx> :
BE(fL'()) BE(ZEO)

Using our regularity assumption on w, from (R) and again (88) and Lemma 19, we
conclude.

In the systems’ case, one replaces the De Giorgi-Nash-Moser theory by Uhlen-
beck’s regularity result [41]. O
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APPENDIX B. QUALITATIVE DIFFERENTIABILITY OF CORRECTORS

We now provide the proof of the qualitative differentiability results for the ho-
mogenization correctors that we have used throughout the present work.

Proof of Lemma 20. Let h > 0. Subtracting the equations for ¢§T+h5 and qﬁgT, we
obtain

(125) ~V - ((A@, &+ HE+ V6L, 2) — A@,E+ VD) + m(¢Linz — 61) =0
which we may rewrite as
V(@€ + VoEpe) — AG. €+ V6])) + 7 (6Fnz — 00)
=V (A@,E+hE+ Vol =) — A@, &+ Vi pz))-

Note that by (A2) we have |A(®,& + hE + V¢€T+h5) —A@, &+ V¢£T+h5)| < ClE|.
Lemma 36 yields

1
[ (19602 = VOLP + 16T,z = 6T ) expl—clalVT) da
< c/ B2 P2 exp(—cle| VT dz < CREPVT
Rd

and Meyers’ estimate (see Lemma 44) with a dyadic decomposition of R? into B JT
and By /7 \ Byx-17 for k € N upgrades this to

/ V6T e — VoI 2 exp(—cla|/VT) da < Ch2 2P V/T"
]Rd

for some p > 1.
Adding a multiple of the PDE for the linearized corrector qbga to (125), we
deduce

— V- ((A@, €+ hE+ Vol z) — A@,E+ Vo) — hdeA(@, & + Vi )V =)

1
+ 7 (@ 1nz — 08 — hogg) =0.

Using Taylor expansion, the uniform bound |852A| < A from (R), and the Lipschitz
estimate for A from (A2), we obtain for any § € (0, 1]

V- (G AG, €+ VODINE + Vol — VoD)) + 70k — o) =V R

with |R| < ChIT|E[M0 4 CIVe{, = — VoF '+, Choosing § such that 144 < p
and applying Lemma 36, this finally yields the estimate

/ IVoiinz — Vor — hVoL z|? exp(—clz|/VT) dz < Cnz T
Rd

The proof of the corresponding result for o¢ is even easier, as the equation for
o¢ is linear in qu = A©, ¢+ nggT). O
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ApPPENDIX C. MEYERS’ ESTIMATE FOR ELLIPTIC EQUATIONS WITH MASSIVE
TERM

We recall Gehring’s lemma in the following form.

Lemma 43 (see e.g. [27, Theorem 6.38]). Let K > 0, m € (0,1), s > 1 and
B = Bpg(xg) for some o € R? and R > 0 be given. Suppose that f € L*(B) and
g € L*(B) are such that for every z € R and r > 0 with B,.(z) C B it holds that

1/m
f o i< K(f e dw) +F  lold
By 2(2) By (z) By (z)

Then there exist ¢ = q(K,m) € (1,s] and C = C(K,m) € [1,00) such that f €
Li(Bgy2(wo)) and the estimate

1/q 1/q
<][ f|qda:) <c |f|da:+c(][ g|qu> .
Bry2(2) Br(z) Br(z)
holds.

Lemma 44 (Meyers estimate for PDEs with massive term). Let d,m € N, T > 0,
and let a : R — (R™M*A@R™*4) be q uniformly elliptic and bounded coefficient field
with ellipticity and boundedness constants 0 < A < A < co. Let f,g € L*(R) N
LP(RY) and let v € HY (R4 R™) be the (unique) weak solution to the linear system
1 1
-V -(aVv)+ zv=V . g+ — on R%.
(aVo) + = g ﬁf
Then there exists po = po(d, m, A\, A) > 2 such that for all2 < p < py, any xo € RY,
and any R > 0 we have

][ |[VolP 4+ ’iv’pdx
BR(Z()) \/T
< c<d,m,A,A,p>][ 9P + £ de

Bar(zo)

) 1 2 p/2
+ C(d,m,\, A, p (][ Voul|* 4+ |—=v dac) .
( ) Bar(zo) | ‘ ’\/T ’

Proof. Since a is uniformly elliptic and bounded, we deduce by the Caccioppoli
inequality (51) for any b € R™, and r > 0, and any z € R?

1
/ Vol? + = [of? dz < C(d,m,A,A)/
By () T

1
r2lv —b)* + T|b|2 + 19> + |f|? da.
By (2)

Choosing b := JCB,, v dz and using the Poincaré-Sobolev inequality as well as Jensen’s
inequality, we deduce

1
][ IVo? + =|v|? dz
By (2) T
1 2d/(d+2) (d+2)/d
‘ dx)

< C(d, m,)\,A)(][ |Vo|?4/(d+2) | —_y
B, (z) ‘\/T

4 c<d,m,A,A>][ gl + £ da.
)

r(2

Lemma 43 now yields the desired estimate. [
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Proof of Lemma 35. Let R > 0. We split v as v = vyt +Z:’;1 Vin,k, Where vy, ) €
H'(R% R™) is the unique weak solution to the PDE

1
(126a) =V - (aVvin k) + T ik =V - (9XB, 1 1 (20)\By— k1 (20))
1
+ ﬁgXB2*kR(w0)\B2*k*1R(wo)
and where vy, € H'(R% R™) is the unique weak solution to the PDE

1 1
(126Db) =V - (aVvout) + 7 Vout = V- (9XRN\ B o (20)) T ﬁgX]Rd\BR/Q(wD)'

Passing to the limit R — oo in the hole-filling estimate (52) for vy, and inserting
4R in place of r in the resulting bound, we deduce for any § > 0 with § < ¢

1
/ |VUout|* + T|vout|2 dx
Bir(z0)

R 5
127 30/ <> gl? +1f]?) da.
(127) RO\ Bp(zo) \ B+ |2 — o] (lgl" +14%)

This yields by dividing by c(d)R? and applying Hélder’s inequality

1
][ |VUout|* + T|U0ut|2dx
Bar(zo)

d R op/2—v 2/p
< C(d,m, A\ A, p,y </ I () Ll dw)
| ) R4\ B (w0) R+ [z — o] (lg” +1£17)

for any v with d(p —2)/2 < v < §. Plugging this bound into Lemma 44, we obtain

1
|V’Uout‘p + ‘7vout
/BzR(ﬂco) \/T

< C(d,m,\ A, p) / gl + |f1P da

Byr(xz0)\Br(zo)
op/2—~
R
p p d
(r=sy) (Pl

p
dz

+Cdm A A ) [
RI\Br(z0)

R dp/2—~
<|> (lgl? + I7]7) d.

128 <C(d A A
(128)  <C@mALpo) [ T

R4\ Bg(zo)
We next estimate the contributions of v;, . We have

1 2
|V11m,k|2 + T|vm’k|2 dr <2

1 _
SUP/ G-V + —=vipkfdx
g,f /R4 \/T

where the supremum runs over all functions g and f with supp g U supp f -
Bogr(z0) \ Br(wo) and [y, |g|* + |f|*dz < 1. Denoting by w € H'(R%R™) the
unique solution to the dual PDE

/341?.(10)\31%/2(10)

1 1.
~V - (@*Vw) + w =~V - §+ =1,
(@ V) g =~V g+
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we obtain

/ Vi b2 + s [vin 1 da
Bar(z0)\Br/2(%0)

2
<2

1
sup/ aVin i - VW + =Vin k- wdz
~ 7 d T

g,f /R

2

1
< 2sup / g -Vw— —fwdzx
§af Bz—kR(IO)\BQ—k—lR(CEO) \/T

<2 / g2 + | do
B,k g (%0)\By—1—15(x0)

1
|Vwl|? + T\w|2 dx.

X sup/
3,f Y By p(20)\By—k—1p(0)

By the hole-filling estimate for w in the form analogous to (127), we deduce

1
/ Vool? + 7wl do
By—k g (®0)\By—k—1g(70) T
2—kR 5 ~
<C - - ~12 2\ g < O
= Jre <2kR+|xx0|> (117 + [£1%) do <
which entails by the bounds on g and f

1
/ |vvin,k|2 + T|vin,k|2 dx
Bar(z0)\Br/2(%0)

<cety [ 192 + |1 de.
B,k g (20)\By—k—1p(z0)

89

An application of Lemma 44 to (126a) yields by the preceding estimate and Jensen’s

inequality
1
/ [V in e l? + i P
Ban(0)\ Br (x0) T

< (2~ F)p/2=d(=2) / lg|P + |fI? da.
B,k p(0)\By—k—15(z0)

Taking the sum in k and adding (128), we deduce by choosjng ~v > 0 small enough

and by requiring p to be close enough to 2 (depending on )

p

dx

1
IVol? + ]—u
L4R($0)\BR/2($O) \/T

|z — o] po/3 » »
<C R (lgl? + 1 f[P) da
BR(:EQ)

R pd/3
) (lgl? + 1£17) de

e (
R4\ Br(z0) |z — xo
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Multiplying both sides by (£)°, taking the sum over all dyadic R = 2'r, and using

r

a standard Meyers estimate on the ball B, (x), we obtain

1 — @
/ <|va|2 + TIUMIQ) (1 + |1' T130|) 0 e
Rd

-C s | — x| \"*"° oy (1g[P P\ d
<Cy B @) (lgl” + /1) d=
1=1 7 Bat,.(20)

2l,,, pé/3 ;
+CZ/ () @)% (|g|? + |fIP) da.
R\ By, (o)

=1 |2 = ol

For a; > ag, we may estimate the last sum as

o0 ol pd/3 z
Z/Rd\B (z0) (x—x0|) (2 )ao (|9|p+ |f|p) o
=1 2l (Z0

<co)Y Y / (2=m)"3 @) (glP + | £P) da

=1 n=l Byn+1,.(z0)\Banr(z0)

<oy [ () (lgl? + |17) da.
n=1

on+1,.(w0)\B2nr(T0)
If ap > 0 is chosen small enough, the previous two estimates imply (53). O
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