QUANTITATIVE NORMAL APPROXIMATION FOR SUMS OF
RANDOM VARIABLES WITH MULTILEVEL LOCAL
DEPENDENCE STRUCTURE

JULIAN FISCHER

ABSTRACT. We establish a quantitative normal approximation result for sums
of random variables with multilevel local dependencies. As a corollary, we
obtain a quantitative normal approximation result for integral functionals of
random fields which may be approximated well by random fields with finite de-
pendency range. Such random fields occur for example in the homogenization
of linear elliptic equations with random coefficient fields. In particular, our
result allows for the derivation of a quantitative normal approximation result
for the approximation of effective coefficients in stochastic homogenization in
the setting of coefficient fields with finite range of dependence. The proof of
our normal approximation theorem is based on a suitable adaption of Stein’s
method and requires a different estimation strategy for terms originating from
long-range dependencies as opposed to terms stemming from short-range de-
pendencies.

1. INTRODUCTION

Stein’s method of normal approximation [42, 43] — as well as Chatterjee’s variant
[10, 11] — are among the most widely used methods for the derivation of quantitative
estimates on the deviation of a probability distribution from normality. Stein’s
method is remarkably flexible, being applicable to the multivariate setting [24, 23,
37,12, 35, 13] and to the setting of sums of “locally dependent” random variables
[43, 3, 4, 36, 14, 38, 13]. A survey of quantitative normal approximation by Stein’s
method may be found e.g. in [13, 39].

In recent years, Chatterjee’s variant [10, 11] of Stein’s method in the form of
second-order Poincaré inequalities has found widespread use: For Gaussian random
fields second-order Poincaré inequalities have been established in [11, 33], while
for discrete probability distributions with product structure (like Poisson point
processes) this has been accomplished in [10, 27]. Random geometries like random
sequential adsorption processes or Voronoi and Delaunay tesselations for random
(e. g. Poisson) point distributions have been considered in [34, 41, 28, 16].

In the present work, we derive a result on normal approximation for random
variables that arise from random fields with finite range of dependence, featuring
multilevel dependencies (with strong local dependencies and decaying dependencies
on larger dependency ranges). The lack of a (hidden) product structure — as present
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in the abovementioned applications of Chatterjee’s variant of Stein’s method — pre-
vents us from using Chatterjee’s variant of Stein’s method. Instead, our approach
is closer to the original version of Stein’s method respectively the results on sums
of random variables with local dependence structure [36, 14, 37].

The quantitative normal approximation results obtained in the present contri-
bution have an interesting consequence for the homogenization of elliptic equations
with random coefficient field: While so far the quantitative description of fluctua-
tions had been limited to the setting of probability distributions of coefficient fields
subject to a second-order Poincaré inequality [32, 21, 26, 30, 17], our result enables
us to develop a first quantitative description of certain fluctuations in stochastic
homogenization — namely, the fluctuations of the effective conductivity of random
periodic materials — under the assumption of finite range of dependence [18]. It
has also an interesting consequence for the numerical analysis of an algorithm by
Le Bris, Legoll, and Minvielle [29] capable of increasing the accuracy of approxi-
mations for the effective conductivity, see [18].

1.1. Random fields in stochastic homogenization. Let us give a few remarks
on random fields in stochastic homogenization, from which the present work draws
its main motivation. The solution u € HZ(R9) to a linear elliptic equation with a
random coefficient field a : R? x 0 — Rxd

(1) V- (aVu) = f

(with f € L?(R%)) may — under the assumptions of uniform ellipticity and bound-
edness, stationarity, and finite range of dependence € < % of the random coefficient
field a — be approximated by the solution to an effective equation of the form

-V (ahomvuhom) = f

with a constant (elliptic) effective coefficient apom € which depends on the
law of a (but is invariant under spatial rescaling). Namely, one has the following
quantitative estimate [1, 20, 22]: The difference of the solutions u and unom is
bounded for a suitable p(d) > 2 by

[t = tthom|| Loz C(a, NI fl|2mayelloge|  for d = 2,
om —_—
C(a, f)||f”L2(Rd)5 for d > 3,

where C(a, f) denotes a random constant with almost Gaussian stochastic moments

Cla, f)*~°
2| (Sing)] <2

Note that the fluctuations of functionals of the solution u like [undz for smooth
compactly supported 7 are expected to be of the order of the central limit theorem
scaling /2. This suggests that for d > 3 it should be possible to achieve a higher-
order deterministic approximation for u. Asshown in [5, 7, 25], in weaker norms one
may in fact obtain such a higher-order approximation for w in terms of solutions
to deterministic equations, based on the concept of higher-order homogenization
correctors (which also plays an important role in higher-order regularity theory for
elliptic equations with periodic or random coefficient field, see [2, 19]).

However, to achieve a description of the fluctuations of the solution u a different
approach is required. A description of the correlation structure of fluctuations of
the homogenization corrector ¢; (see below for a definition) had been obtained in

RdXd
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[31]; subsequently, in [26] a description of the correlation structure of fluctuations
in the solutions u to the equation (1) was given. The first quantitative normal
approximation result in the context of stochastic homogenization was obtained
for the effective conductivity on the torus in [32] and subsequently [21], following
earlier qualitative results in [9, 40]; for linear functionals of the solution u of the
form [ undz it was obtained in [30].

A fundamental object in homogenization is the homogenization corrector ¢;,
defined as the unique (up to addition of constants) solution with sublinear growth
to the PDE

-V (a(ei + V@)) =0.
The effective coefficient apom is determined by the homogenization corrector as
(2) anome; ‘= Ela(e; + V)]

To faciliate the description of fluctuations in stochastic homogenization, in [17]
the concept of the homogenization commutator

By = (a — anom)(€i + V) - €;

has been introduced (bearing its name due to the similarity of the expression with a
commutator). It allows for the description of fluctuations of solutions to equations
of the form —V - (aVu) = V- g in the following way: Introducing the solutions tnom
to the homogenized equation —V - (ahomVthom) = V - ¢ and the solution vpom to
the equation —V - (@hom Vhom) = V - 77, one has

/77 - (Vu —E[Vu])dz =~ /EVuhom - VUhom dx

up to an error of order ¢%/2*1 (which amounts to a relative error of order ¢). As
shown in [17] under the assumption of a second-order Poincaré inequality for the
probability distribution of the coefficient field a, functionals of the homogenization
commutator like [Endz display fluctuations on scale £%/2 while the distance of
their probability distribution to a Gaussian is basically of order £? (e.g. in the 1-
Wasserstein distance), amounting to a relative error of order €%/2. The results of
our present work will allow for an analogous result in the setting of coefficient fields
with finite range of dependence, see the upcoming work [15].

To obtain an approximation for the effective coefficient anom which is given an-
alytically by (2), one typically considers a periodization of the random coefficient
field, that is an Le-periodic random coefficient field aper,z, whose law on each cube
of diameter % coincides with the law of the original coefficient field a on the
same cube. For this periodization, the homogenization corrector ¢per . given by
—V - (aper,.(€i + Vper,1.,;)) = 0 is an Le-periodic function and one may for a single
realization compute an approximation for the effective coefficient apom according to

(3) aRVEeZ. ::]{0 - aperyL(ei + v¢per,L,i) dx.
,Lel®

The error of this approximation is dominated by the fluctuations of a®V¥, which
are of the order

EHGRVE . E[aRVEHQ]l/Q < CLfd/z,
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while the systematic error is of higher oder
|E[aRVE] - ahom| < CL % logL|%

As shown in [18], the quantitative result on normal approximation established in
the present work has an interesting consequence: It facilitates a rigorous mathe-
matical analysis of the selection approach for representative volumes introduces by
Le Bris, Legoll, and Minvielle [29]. The selection approach of Le Bris, Legoll, and
Minvielle is a remarkably successful numerical algorithm for increasing the accuracy
of the approximations for effective coefficients: It basically proceeds by selecting
not a random sample of the coefficient field ape, for the computation of the approx-
imation a®VE for the effective coefficient (3), but a sample of the coefficient field
that is “particularly representative” in the sense that it captures certain statistical
properties of the random coefficient field — like the spatial average JC[oA Leyd adr —
exceptionally well. It has been observed that the method of Le Bris, Legoll, and
Minvielle achieves its gain in accuracy by reducing the fluctuations of the approx-
imations. In [18], it is shown that the approximate multivariate normality of the
joint probability distribution of a®VF and f[& Leya O dx — which is established using
Theorem 4 below — allows for a rigorous analysis of the selection approach. In
fact, it is this mathematical application that has dictated our choice of the distance
between probability distributions in Definition 1.

Notation. For a vector v € R™ we denote by |v| its Euclidean norm; the vectors
of the standard basis are denoted by e;, 1 < i < m. We denote the identity matrix in
RNM*N by Id or Idy. For a matrix A € R™*™ we shall denote by | A| its natural norm
|A] := max, y,erm |v|=|w|=1 |v- Aw]|. Similarly, on the space of tensors B € R™>™x™
we shall use the norm given by |B| := max, , werm ju|=|v|=|w|=1 Z$7k:1 Bijruiv;wy.
For z € R? we denote by |2|e = max; |z;| its supremum norm. By |z — y|per :=
infyeza |x — y — Lk| respectively (for sets) distP® (U, V) := infjcza dist(U, k + V),
we denote the periodicity-adjusted distance in the context of the torus [0, L]¢. By
| — Ylper,0o and disth', we denote the corresponding distances associated with the
maximum norm.

Given a positive definite symmetric matrix A € RN*N, we denote the Gaussian
with covariance matrix A by

Na(z) == ! — 1Aflsr . x>

——————F—— €
(27)N/2/det A Xp( 2

For v > 0, we equip the space of random variables X with stretched exponential
moment E[exp(|X|7/a)] < oo for some a = a(X) > 0 with the norm || X||expy :=
SUp,>1 p~Y/YE[|X|P]'/P. For a discussion of this choice of norm, see Appendix C.
For a map f: RY — X into a normed vector space V, we denote for any r > 0
by osc, f(0) = SUDP, yef|z—wo|<r} [f (@) = f(y)|v its oscillation in the ball of radius
r around xg.
For two random variables X and Y (possibly defined on different probability

spaces), we denote equality in law by X 2 Y. For a vector-valued random variable
X, we denote by Var X the covariance matrix of its entries. Similarly, for two
vectors X and Y we denote by Cov[X,Y] the matrix of covariances of the entries
of X and the entries of Y. On the space of fields v : R — RY we shall use the
L? (R%) topology.

loc
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For two subsets U and V' of R¥, we denote as usual by U 4+ V the Minkowski
sum U +V :={y+z2:y €Uz € V}. Similarly, for a subset U C R*, a vector
x € RF, and a scalar A > 0, we denote by = + U the translation of U by 2 and by
AU the set AU :={\y : y € U}. By B, we denote the ball of radius r around 0.

2. MAIN RESULTS

Throughout our present work, the following assumption of finite range of depen-
dence is the central assumption on the random fields.

(A) Let a : RY x Q — R™ (with d,n € N) be a random field. We say that a
has range of dependence 1 if for any two measurable sets U,V C R? with
dist(U, V) > 1 the restrictions a|y and a|y are stochastically independent.

(A’) Let a: RYxQ — R™ (with d,n € N) be an almost surely L-periodic random
field for some L > 1.We say that a has range of dependence 1 if for any two
measurable sets U,V C R? with distpe (U, V) > 1 the restrictions a|y and
aly are stochastically independent.

Our main result are a quantitative multivariate normal approximation result for
integral functionals of random fields that admit a good approximation in terms of
finite-range random fields as well as a quantitative multivariate normal approxi-
mation result for sums of random variables with multilevel local dependence. The
distance of these probability distributions to a multivariate Gaussian will be quan-
tified through the following notion of distance between probability measures. Note
that this distance is a standard choice in the theory of multivariate normal ap-
proximation, see e.g. [13] and the references therein. Note also that our choice of
distance D dominates the 1-Wasserstein distance.

Definition 1. For a symmetric positive definite matriz A € RNYXN gnd L < oo,
we consider the classes ®% of functions ¢ : RNV — R with the following properties:

e ¢ is smooth and its first derivative is bounded in the sense |V¢(z)| < L for
all v € RN,

e For any r >0 and any xo € RY, we have
(4) / osc,¢(x) Na(z —xo)dx <,
RN

where osc,.¢(x) is the oscillation of ¢ defined as

osc,@(x) := sup ¢z + 2) — IiP<f oz +2)

|z]<r
and where
1 1
Nr(z) = ——————ex (—A_1x~x>.
@)= A O\ T 2

The class ®p is defined as
o, = | J ok
L>0
Furthermore, we introduce the distance D and the reqularized distance DL pe-
tween the law of an RN -valued random variable X and the N-variate Gaussian N



6 JULIAN FISCHER

5) D(X.N4) = sup (E[¢(X)] [ s dm)
pEDPA RN

and

(6) DE(X,Ny) i= sup (IE[¢(X)] ¢(:C)NA(x)dx>.
pedk RN

By the definition of our distance D, the regularization |V¢| < L in the definition
of the test functions for the distance D* may be removed by letting L — co. We
shall prove most of our statements first in the regularized setting _E < 00 — note
that for random variables X with finite first moment the distance D’ is guaranteed
to be finite — and then extend them to D by passing to the limit L — oo.

Note that for L > 1 the distance D’ is a stronger distance than the 1-Wasserstein
distance (while for L = 1 it coincides with the 1-Wasserstein distance).

Let us also remark that (4) entails (by letting » — 0) the bound

(7) / IVl (@ — o) dr < 1

for any zo € R¥.

For spatial averages of random fields v which may be approximated well by ran-
dom fields v,- with finite range of dependence r the following normal approximation
result holds true.

Theorem 2. Let a: R? x Q — R”, d,n € N, be a random field with finite range of
dependence 1 in the sense of (A). Let k € N and let v : R x Q — RN, N € N, be
a random field with

][ [v| dz < C(a, xo)
{lz—zo|<1}

for some random constant C(a,xzq) with stretched exponential stochastic moments
IC(a, 20)||expr < 1 for some v > 0 and any o € RY. Suppose that there exists a
family of random fields v, : R x Q@ — RN, 1 < r < oo, such that v, is an r-local
function of a and an approzimation for v in the following sense:

e For any measurable U C R? the restriction v, |y is a measurable function
of alu+B,-

e There exist random constants C(a,r,xo,&) with stretched exponential sto-
chastic moments ||C(a,7,20,&)||lexpr < 1 such that for any L > r, any
zo € RY, and any & € L°(RY) with supp& C {|x — zo| < 7} the estimate

k
®) / (0= v)E di < Clay 0,1, ) 3 r4 V€] [
{lz—=zo|<r} =0
holds.
Then for any & € L>(R?) with supp& C [0, L]¢ and |V*¢| < (L + |z|)~41=F for
0 <k <d the random variable

X =1L évdr
Rd
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X3
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FIGURE 1. An illustration of the “multilevel local dependence
structure” as introduced in Definition 3 (in a one-dimensional set-
ting). At the bottom, a sample of the random field a is depicted;
the Xl’j may depend not only on the values of the random field
directly below their box, but on the random field in a region that
is wider by a factor of K log L.

admits the normal approximation
D(X — E[X], Mvar x) < C(d,y)(log L) (L% Var X/2||Var X~V/2]*) L~

In our second main theorem, we make use of the following notion of “multilevel
local dependence decomposition”. An illustration of this decomposition is provided
in Figure 1.

Definition 3 (Sums of random variables with multilevel local dependence struc-
ture). Let d > 1 and L > 2. Consider a random field a on R4 subject to the
assumption of finite range of dependence (A) or an L-periodic random field subject
to the assumption of finite range of dependence (A’). Let X = X(a) be a random
variable depending on the random field.
We then say that X is a sum of random variables with multilevel local dependence
if there exist random variables X;' = X;"(a), 0 <m < 1+log, L and y € 2m74 N
[0, L), and constants K > 2, v € (0,2], and B > 1 with the following properties:
e The random variable X;" (a) is a measurable function of al, i 10g 1 [—2m 2m]d-
o We have
1+4log, L
RS S S
m=0 ye2mZin[o,L)
e The random variables X' satisfy the bound
(9) [1X] exp < BL™.

It is well-known that Stein’s method of normal approximation allows to estab-
lish a quantitative result on normal approximation for sums of random variables
with local dependence structure, see e.g. [13, 14, 37] and the references therein.
However, in many applications global dependencies arise naturally: For example,



8 JULIAN FISCHER

the approximation of the effective coefficient in the homogenization of linear el-
liptic equations with random coefficient field — that is, the random variable a®VF
as defined by (3) — features global dependencies. It is shown in the companion
article [18] that a®VE may nevertheless be approximated by such a sum of random
variables with a multilevel local dependence structure.

The main result of the present work is the following quantitative central limit
theorem for sums of vector-valued random variables with a multilevel local depen-
dence structure, which is not covered by the typical normal approximation results
for sums of random variables with a given dependency graph.

Theorem 4. Let d > 1 and L > 2. Consider a random field a on R? subject
to the assumption of finite range of dependence (A) or an L-periodic random field
subject to the assumption of finite range of dependence (A’). Let X = X(a) be a
random variable that may be written as a sum of random variables with multilevel
local dependence in the sense of Definition 3. Then the law of the random variable
X is close to a multivariate Gaussian in the sense

(10) D(X —E[X],Na) < C(d, v, N, K)B*(log L)) (L~ AV | A2 ) L4,

where A := Var X and where the constant C(d,~, N, K) depends in a polynomial
way on d, N, K, and B.

Furthermore, we have for any symmetric positive definite A € R¥*? with A >
Var X and |A — Var X| < L~

(11)  D(X —E[X],Na) <C(d, 7, N, K)B*(log L)) (L~|AV2|[A7/2[2) L7
+ C(d, N)(log L) @A — Var X|V/2
providing a better bound in the case of degenerate covariance matrices Var X.

For sums of random variables with multilevel local dependence structure, we also
prove the following simple (and far from optimal) result on moderate deviations. Its
proof makes use of the previous Theorem 4 and an auxiliary concentration estimate
provided in Lemma 13 which is a consequence of Bennett’s inequality.

Theorem 5. Let d > 1 and L > 2. Consider a random field a on R? subject
to the assumption of finite range of dependence (A) or an L-periodic random field
subject to the assumption of finite range of dependence (A’). Let X = X(a) be
a random variable that may be written as a sum of random variables with multi-
level local dependence structure X = Zi,j:l%g? L Zi€27rLde[07L)d X™ in the sense of
Definition 3.

Then there exists 8 = (d,v) > 0 and a positive definite symmetric matric A €
RN*N with |A — Var X| < C(d,~, N, K)B?L=?L= such that for any measurable
A C RN we have the estimate

Pweﬂg/

Na(z)dz + C(d,~, N, K) exp ( - iLw).
{zeRN dist(z,A)<L-BL—d4/2}

BC
3. NORMAL APPROXIMATION WITH AN ABSTRACT MULTILEVEL DEPENDENCY

STRUCTURE

We now establish a result on quantitative normal approximation for a sum of
random variables with a more abstract dependence structure allowing for multiple
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dependency ranges. More precisely, for a finite index set I we consider a sum of
random variables X;
X =) X

icl

to each of which a “dependency level” m(i) € N is assigned. In the application of
our next result in the proof of Theorem 4, the dependency level m(i) will correspond
to a “range of dependence” ~ 2™ i e. each random variable X" from Definition 3
will be assigned the dependency level m. However, the dependence structure we
introduce now is more general than Definition 3 (and in particular does not include
any explicit reference to an underlying random field or even a spatial dimension).

The potential dependencies of the random variables X; shall be encoded by a
matrix x;; € {0,1} and a tensor x;;x € {0,1} with the following property:

e For all i € I, the random variable X; is independent from the collection of
all random variables X; with x;; =0, j € I.

e The matrix x;; is symmetric, i.e. xi; = Xji-

e For all ¢,j € I, the pair of random variables (X;, X;) is independent from
the collection of all random variables X, with x5 =0, k € I.

e The tensor x;;; is symmetric in its first two indices, i.e. Xijx = Xjik-

Furthermore, we suppose that for any j € I and any n € N with n > m(j)
there exists an assignment i"(j) which assigns the random variable X; of level
m(j) to another random variable X;n(;) of the (higher) level n with more possible
dependencies:
e We have m(i"(j)) = n.
e It must hold that x;in(j) > Xij, in other words yx;; = 1 implies xin(;) = 1.
e For all 7 and k the inequality Xjin(jjr > Xijx must be true, in other words
Xijk = 1 implies X;in(j)x = 1.
Note that this dependence structure is reminiscent of the local dependence struc-

ture in the results of [43, 3, 4, 36, 14, 38, 13], but in addition features multiple
dependency ranges.

Theorem 6. Let I be a finite index set, let N € N, and let (2, F,P) be a probability
space. For any i € I, let X; be an RN -valued random variable with vanishing
expectation E[X;] = 0 and finite third moment. To each of the X;, let a number
m(i) € N be assigned.

Let x;; € {0,1}, 4,5 € I, and xi;r € {0,1}, @, j, k € I, be indicator functions for
possible dependencies subject to the assumptions preceding the theorem. Let m(i),
1€1, andi™(j), i, € I, m(j) <n, be as above.

Then the probability distribution of the sum

icl
may be approximated by an N -dimensional Gaussian with covariance matriz
(13) A= G EIXG @ X
icl jeI

in the distance D(X,Ny) in the following sense:
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Introduce the abbreviations

(14a) Zij= > X

I{)EI:Xi]‘k:].
(14b) Z; = Z X;,
j€l:xij=1
(14c) Yy = 3 (XZ- ® X; - E[X; ® Xj]),

JeI:m(j)<m(i),im™@ (§)=l,xi;=1
(14d) Wi = X; © X; — E[X; @ Xj],
and let X;, Zij, Zi, Yii, Wij > 0 be arbitrary.
Let £ € N and € € (0, %} be such that the condition

N/2IA-1/23 o o o
Z % < Z (Wi Zij + 2Yi5 Zij) + XiZiQ)
iel,m(i)<¢t JEIm(j)=m(i),x:;=1

)+ X Mg X (Wyeaw) ¢ Xiz)
i€l m(i)>L JjeIm(j)=m(i),xi;=1
1
<
- C
is satisfied, where the universal constant C is given by the proof below.
Then the normal approximation result

(16) D(X7NA) < C\/N|A1/2|5 + Riowtevel + Ralttevet + Rtait
holds true, where
(17a)
CNOZIA12)3 7 72 o 52 & 73
Rlowlevel = f Z Z (WZJZU + 2}/2] Zz]) + XzZz )7
iel,m(i)<t “jel:m(j)=m(i),xi;=1
(17b)
Rattievel = CN2|A71/2?|loge| Z ( Z (Wij Zij + 2V Ziz) + XiZiQ)v
i€l N jelm(j)=m(i),xi;=1
(17¢)
Riail ::O|A71|N3/267NZ ( Z E|:|Wij||Zij|(X|Zij|>Zij +X|W”\>W1])
i€l \jel:m(j)=m(i),xi;=1

+ Z E|:|Y”| |Zil|(X|Zu\>Zu + X|Yu|>37il)
lelI'm(l)=m(i),xs=1

+E|IXl1Zi (2,52, + XX,,,|>X7,>}).

Concerning our theorem, a few remarks are in order:

e Note that our theorem is tailored towards an application to random vari-
ables X} with stretched exponential moments: For typical dependence
structures like our multilevel local dependence structure from Definition 3,
by concentration estimates like in Lemma 17 the random variables Z;;, Z;
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and Yj; then also satisfy stretched exponential moment bounds. As a con-
sequence, one may choose Z;; ~ C||Zjj||expro (log L)/ and similar choices
for the other variables.

e Inour theorem ¢ € (0, 3] is a free parameter that by (16) one would typically
choose in such a way that |A1/ 2|e is of the order of the normal approximation
error.

e The dependence of our estimates on the dimension N is not optimal and
we make no attempt to get close to optimality.

Before proving our theorem, let us state two auxiliary results that are required
for the proof.

The majority of the following auxiliary results on the existence of solutions to
the (smoothed) Stein’s equation are standard, see e.g. [13]; however, in order to
keep the paper self-contained and in order to keep the dependence on the dimension
N explicit, we provide the detailed argument in the appendix.

Proposition 7. Let N € N and let A € RN*N be a symmetric positive definite
matriz. Let L > 0.

For any ¢ € ®% and any ¢ > 0, there exists a function f- with the following
properties:

a) The functions ¢ and f. are related through the “mollified” Stein equation

(18) —(V-AV)(@) + (2 Vo) (@) = ¢e(x) = | ¢e(x)Na(z)dz

]RN
with

(19) ¢e(z) == /RN (V1 —e2x —e2)Ny(z) d=.

b) The third derivative of f. is subject to the uniform bound
(20) V2 fe(a)| < 15]A7 1Y
for all x € RV,
¢) For any 6 > 0 and K := 2v/N + 1, the function
H;(x) := 2(Ns2 10, * 05crs V2 fo) (@)
is an upper bound for the oscillation of V2 f.

(21) (OSC5V2f5)(x) = sup |V2f5(x +2zq) — szs(x +z)| < H (z)
|za]|<8,] 25| <6

and satisfies the estimates
(22) HE(2)Np (z) dz < 10°N3/2|A~Y | |loge| 6
RN
and
1
2104 N5/2|A—1]| log €|

for any L > AN (|AV2N§—N 4 1),

d) For any 6 > 0, the function

L s(@) = |V fo(2)]| + 2(Ns21ay * 05cks V2 fo)(2)

HS € ok
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with K := 2/N + 1 is an upper bound for the supremum of V3f. in a
d-neighborhood

(24) sup [V2f|(z + 2) < H. 5(x)
=<8

and satisfies the estimates

—1/2
(25) / H. s(x)Na(z) dz < 10°N3|A~1/2) (| loge| + u)
RN
and

€
104N3|A-1/2]3

for any xo € RN and any L > 4V ([AYV2NsN £ 1) 4N,

(26) H. ;€ ®%

The following lemma enables us to replace the class of functions ®% in the
definition of the distance D by a class of mollified functions ¢. (with ¢ € ®%). This
is a standard argument in the theory of normal approximation by Stein’s method
[8, 24]; however, we provide the proof of our version of the lemma in the appendix,
as it keeps an explicit (though not optimal) dependence on the dimension N.

Lemma 8. Given ¢ € @y, define
¢ (z) == /RN (V1 — 2z — e2)Na(z) d.
Introduce the “smoothed” distance
DL(X,Ny) i= sup <IE[¢>E(X)] - / b (2)N () da:).
PpeDk RN
For any 0 < e < % and any L>2 4NN we then have
(27) DL(X, Ny) < 20V/N|AY?|e + 10°N3/>DE(X, Ny).

We now turn to the proof of our result on quantitative normal approximation
for a sum X of random variables X; with “multilevel local dependence structure”.

Proof of Theorem 6. First we observe that by the fact
D(X,Ny) = lim DY(X,N,)
L—oo

it suffices to establish the bound for DY (X, ) for all large enough but finite
L < .

The proof proceeds using Stein’s method of normal approximation. Proposition 7
provides for any 0 < ¢ < 1 and for any ¢ € ®% a function f. that solves the
“smoothed” Stein’s equation

(28) -V (AVfe(x)) + 2 - Vfe(x) = ¢ () — ox e (2)Na(2) dz.

The smoothing result of Lemma 8 allows us to control the distance DE (X,Na) by

DX, Ny) < 20V/N|AY?|e + 10°N3/? sup |E[¢.(X)] —/ b (2)Na(2) dz|.
RN

pedk
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Thus, by the “mollified” Stein’s equation (28) the estimate
(29)

DE(X7NA) < 20\/N‘A1/2|6 + 103N3/2 sup
pedk

B[V (VA +2- VX))

holds true. Hence, in order to obtain an estimate for DX (X, Ny it suffices to bound
E[(—V ' (Avfs) +z- er)(X)]

uniformly in ¢ € @%.
In order to derive such an estimate, we may rewrite using the definition of X
(see (12))

El(z-V/f)(X)] =E[X - Vf(X ZEX V(X))

As by definition of x;; the quantities X; and X — Zjel Xi;X; are stochastically
independent, we obtain by adding and subtracting E[X; - Vf.(X — Zjel Xii X;)]
and using the fact that E[X;] =0

E[(z - Vfo)(X)]

~ SCE[X)-E [Vfg (x - inij)]

+§€;E[ (V) - V(X PRI ))]
;E{ (VE) - V(X ~2owX ))}

Next, we infer by adding zero in order to obtain an expression reminiscent of Taylor
expansion

E[(x- Vf)(X)]
= ZE[Xi ® (ZXinj) : szs(X)]

+ZE[ (W V(X D) - (S) T |

Adding again zero, we deduce
= Z ZXijE[Xi ® X;] 1 E[(V*f2)(X)]

iel jel

+3 3 xiE [(Xi ® X; —E[X; ® Xj]) : VQfE(X)}

i€l jel

+Z1E[ (er X) = V(X =Y X)) = (D xiXs) - VALK ))}

iel jerl jel
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We now observe that the double sum -, ; > X E[X; ® X;] in the first term on
the right-hand side is equal to A. Splitting the second term on the right-hand side
and using the symmetry with respect to ¢ and j, we obtain

E[(z- Vf)(X)] = (V- AVf)(X)]
- ¥ XijE[(Xi ® X; — E[X; © X;]) :VQfE(X)]

i€l jel:m(j)=m(3)

w23 X XiﬂE[(Xi@)Xj—E[Xi@Xj]):VQfE(X)]

i€l jel:m(j)<m(i)
+ZE[ (vfs vfe( ZX” ) - (ZXinj) VQ.]CE(X)>}
i€l Jel JeI

Using the fact that for m(i) > m(j) by definition of x;;r and i (j) the quantities
X; ® Xj and X — >, 1 Xym (j)p Xk are stochastically independent (recall that
Xijk = 1 implies x;me (), = 1 for m(j) < m(i)) and making use of the fact that
Xij = XijXim( (j)s We infer

E[(z - Vf)(X)] —E[(V-AVf)(X)]
:Z Z XijE|:(Xi®Xj_E[Xi®Xj])

i€l jel:m(j)=m(1)
: (szs(x) - szs (X - ZXiijk)>:|

kel

+22 Z Xiniim('i)(j)E|:<Xi ® X; — E[X; ®Xj])

i€l jel:m(3)<m(z)
: (sze(X) —-V2f. (X - ZXiim(i)(j)ka))]

kel

+ZE[ (er Vfg( me )—(;X”Xj)-v‘lfg()())}

i€l

We now split the sum in the second term on the right-hand side by introducing the
additional variable [ := ;™) (j). The reason for introducing this additional splitting
is that the sum > ;7.0 ) <), im ()=t Xij (X; ® X; — E[X; ® Xj]) is subject to a
better estimate than obtained by a standard triangle inequality, as one may exploit
the stochastic independence of many terms in the sum. We deduce

E[(z- Vf)(X)] - E[(V - AVfe)(X)]
=> > X,»jE[(X@Xj—E[Xi@Xj])

i€l jel:m(j)=m(z)
: <V2f€(X) —V2f. (X — ZX@/J@))}

kel

+2)° > xuE

3 xis (Xi @ X; — B[X; © X;))
i€l lel:m(l)=m(1)

JELm(5)<m(i),im () ()=l
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: (VQfE(X) —V2%f. (X — ZXilka)>]

kel

+ B[ (VA0 - VA (x A ) - (qu ) )|

i€l

We intend to use the Taylor formula respectively the definition of the oscillation osc
to bound each of the three terms on the right-hand side. For example, the terms
in the first sum may either be estimated as

(ro-so) (e )

kel

<|Xie X —EX o X [ S X s [V +2)
kel ‘ ‘SleeIXiijk‘

or as
(0% - B e X)) (V100 - P (X - D) )|
kel
<X © X; — E[X; © X - (055, _, o xal VoS2) (X).

Using the abbreviations Z;;, Z;, Yy, and W;; from (14) and distinguishing the cases

| Zij| > Ziy and | Zyj| < Zy; (and | Zi| > Z; and | Z;| < Z;, and so forth, for fixed but

arbitrary constants X;, Zij, Zi, Y, W”) as well as (in the latter cases) the cases
m(i) < £ and m(7) > ¢, we obtain by treating the other sums analogously

(30)
‘ —E[(V - AVL)(X)] +E[(z - V£)(X)] ’

< ¥ > B[ WiZi swp [VAL(X +2)]]

iel,m(i)<Ljel:m(j)=m(s) [2|<Z;;

+ Z Z X E [Wij (osczij V2f€)(X)]

i€l,m(i)>Ljel:m(j)=m(3)

+ E E xijE[lWv:jIIZz'jl(x|zij|>zij + X\ w,) Sup [VP fo(2)]
RN
i€l jel:m(j)=m(i) z€

w2 Y Y E[aZa s [VELIX +2)]

i€l,m(i)<e lel:m(l)=m(s) [21<Zu

+2 Z Z xalE {3711 (och“V2f€)(X)}

iel,m(i)>L lel:m(l)=m(i)

230 Y B[Vl lZal (X2 2 + Xpyagsv) swp IVAF(2)]]
i€l leIm(l)=m(i) Z€RY

+ Y 1[«:{)(22 sup |v3f8|(X+z)}

iel,m(i)<l l21<Z;

+ Z E[)_(iZi(ochiVQfs)(X)}

iel,m(i)>L
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+ B[P (2, + Xixgsx) 5B (9°:)]-
i€l

Reordering terms and using the definitions of H§ and H! s in Proposition 7 as well
as the bound (20), we deduce

‘ —E[(V-AV)(X)] +E[(z- V) (X)]
< > > xiWiyZyE[H. 5 (X)]

iel,m(i)<Ljel:m(j)=m(i) o

2 ) > xaYaZaE[H] 5, (X)]
1€I,m(i) <l lel:m(l)=m(%)

+ ) XZE[H. ; (X)]

i€l,m(i) <t

+ ) Y. xuWyE[HE (X)]

iel,m(i)>Ljel:m(j)=m(i)
20> ) xaYaB[HE, (X))
iel,m(i)>L1lel:m(l)=m(i)

+ Y XiZE[H (X))
i€l,m(i)>¢

+15AeT VY ( > xiE [|Wij\|Zij|(X|zij|>Zij + X\wi,|> W)

i€l \jel:m(j)=m(7)

+2 Z XizE[|Yu| | Zil (X Z01> 2o+ X(vir|>¥3)
lel'm(l)=m(1)

+ E[|Xi||Zi|2(X\Z,ﬂ,|>Z,; + XX,;>)_(,;)}>-
For L > 4N (|AY/2|N§=N 4+ 1)), by Proposition 7 we may control
E[H5 (X)]

—B[H;(X)] - [ Hi(Na(z)dz+ | HE(z)NA(2)dz

RN RN

(23)
< 2-104N5/2|A*1|\logs|DL(X,NA)—|—/ H;(2)Na(z) dz
RN

(? 2-10*N°2|A7Y | loge| DX (X, Na) + 102N3/2|A71| | loge| §
< CN®2|A~Y|loge| DY (X, Niy) + ON3/2|A7 Y| logel 4.
Similarly, for L > 4V (JAY/2|N§5=N 4 1|) + e~ we have by Proposition 7
E[H 5(X)]
| /H DN (2 dz+/H DN (2) dz

104N3|A-1/2P3 A-1/2)5
—| DH(X, Na) + 102N3[A~ 1/2|2<|log5\+7| - | )
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- CN3|A—1/2|3 A_1/2|(5)
> - .

DE(X,Na) + C’N3|A‘1/2|2(| loge| + | .

Using these two estimates in the preceding bound and collecting terms, we obtain

CE[(V - AVA)(X)] +E[(2 - V(X)) \

CN3 A—1/2)3 o
< DL(X,NA)% Z Z XijWij Zij
i€l,m(i)<t ~jel:m(j)=m(1)

+2 Z XY Zin +XiZi2>
lel:m(l)=m(1)

CN3|A—1/2|3 o
N G MR

i€l,m(i)<t *jel:m(j)=m(1)

+2 Y xaYaZj +XiZi3>
lel:m(l)=m(1)

+CN3|A71/2|2|10g€| Z ( Z XijWijZij

ielm(i)<t N jel:m(j)=m(i)

+2 Z xaYa Zia +X2'Zi2>
lel'm(l)=m(i)

—I—DL(X,NA)'CN5/2|A_1HIOg€‘ Z ( Z XijWij

iel,m(i)>L ~jel:m(j)=m(i)

+2 > xaYa+ XiZi)
lel:m(l)=m(1)

+ CN32|A7 Y| log | Z ( Z xijWij Zij

i€l,m(i)>0 “jel:m(j)=m(i)
+2 Z xaYaZi +XiZi2>

lel:m(l)=m(i)

+15\A71\57NZ ( Z Xi;‘E[|Wij||Zz'j|(X|zij|>ZU + X, |>Wi,)

i€l \jel:m(j)=m(i)

2 Y B[ VallZal (s 2+ Xivars )]
lel:m(l)=m(1)

+E “XiHZi|2(X|Z,;I>Z7‘, + X|X71>X7;)}> .

Plugging in this bound into (29) and using the abbreviations (17) for a suitable
choice of the constant C', we obtain

DL(X,Ny)

1 1 1
< 20\/N|A1/2|5 + ileu + §Ralllevel + §Rtail
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_ CN9/2 A—1/23 o
+ DL(X,NA)% Z ( Z XijWijZij

iel,m(i)<t “jel:m(j)=m(i)

+2 Z XY Zit + )_Q‘Zi2>
lelI'm(l)=m(1)

1
2

1 .7 _
*'DL(X,NA)'CN4|A71HIOgE| Z Z XijWij

iel,m(i)> ~jel:m(j)=m(i)

+2 Z xitYal +XiZi)~
lel:m(l)=m(i)

[\)

Defining the C in the condition (15) to be precisely the C in the previous estimate,
we see that the condition (15) allows to absorb the last two terms on the right-hand
side in the preceding estimate, thereby proving (16). O

4. NORMAL APPROXIMATION FOR MULTILEVEL LOCAL DEPENDENCE
STRUCTURES

We now proceed to the proof of our normal approximation result Theorem 4.
The proof is essentially a reduction to the more abstract normal approximation
result provided by Theorem 6.

Proof of Theorem 4. Step 1: Proof of the estimate (10). We first derive the
normal approximation result in the case of nondegenerate Var X, i. e. estimate (10).
Let X" be the random variables from Definition 3. To derive our result on normal
approximation, we apply Theorem 6 in the following way: We define the index set
to consist of all pairs i = (m,y) with 0 < m < 1+log, L and y € 2mZN [0, L)%, and
set X; := X, as well as m(i) := m for i = (m,y). Furthermore, let us introduce
the notation y; := y for i = (m,y). Finally, for j € I and n > m(j) we set
i"(j) := (n,y), where 7 is given by 2" % | (where [-] denotes the component-wise
floor).

We equip this collection of random variables X; with the following dependence
structure: We set

1 if diSthr(yi +K10gL[_2m(i),2m(i)]d7yj —l—KlogL[—Qm(j),Qm(j)]d)
Xij = < 9. 2max{m(i),m(j)}K10g L7

0 otherwise,

1 if distP (y; + K log L[—2™®), 2m@D)d g, + K log L[—2m*) 2m(k)]d)
<2. 2max{m,(i),7n(j),m(k)}KlogL,

Xije = {1 if dist? (y; + K log L[-2™W) 2m]d 4, + K log L[—-2m(*) 2m(k)]d)
S 2. Zmax{m(i)7m(j)rm(k)}K10g L,

0 otherwise,

where we recall that dist?s (U, V') denotes the periodicity-adjusted maximum-norm
distance, i.e. dist?S (U, V) := inf ey yev infyega |2 — y — LE|.

We readily verify by Definition 3 that x;; = 0 indeed entails independence of
X, and the collection of all X; with x;; = 0 (recall that by Definition 3 each X;
only depends on aly, y k 1g £,|—2m(i) 2m(i))a and that a has finite range of dependence
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1). Similarly, the pair (X;,X,) is independent from the family of all X with
Xijk = 0. It is furthermore easy to verify that x;; and x;;i satisfy the further
conditions on a dependence structure as defined in Section 3, namely the symmetry
Xij = Xji and Xijk = Xjir as well as the conditions x;in(;) > Xij and Xiin )k = Xijk
for n > m(j) (the latter two properties follow from y; + K log L[—2") 2m()]
Yin(j) + K log L[—2",2"]).

With these choices, we have

X:ZXZ-.

i€l

Using the notation of Theorem 6 it is now the next goal to bound Z;;, Z;, Yy, and
Wij. By (9), we trivially have for

Wij =X;® Xj — ]E[Xl X Xj]
the bound
(31a) [Wijllexprrz < C(vy, N)B2L™?7.

Rewriting (with p(m) denoting the smallest exponent with 2°(™) > 4K log L 2™,
but at most p(m) = |log, L] + 1)

1+log, L
Zi= Y x= % ) X;
JEILxi;=1 m=0  jel:x;;=1,m(j)=m
m(i)
— m
=2 > X
m=0 mryd d, 3:.4per m d . m (i) d
y€2™ZN[0,L)*:distPd (y+ K log L-2™[—1,1]%,y;+ K log L-2 [=1,1]%)

<22 Klog L
1+log, L

+ > > Xy

m=m(i)+1ye2m7N[0,L)%:dist? (y+K log L-2"[—1,1],y;+ K log L-2™(9[—1,1]%)

<2-2™Klog L
m (i)
_ m
=2 X > Xy
m=0 ze2m7dn[0,2r(m))d ye2P(mzdn0,L)%:y+2€[0,L)4,

dist?d (y+2z+K log L-2™[~1,1]* y;+ K log L-2m®[—1,1]%)
<2.2"D K log L

14log, L

+ D ) xm,

m=m(i)+1yc2m7eN[0,L)?:distP" (y+ K log L-2"[—1,1]%,y;+ K log L-2™(V[—1,1]%)
<22 K log L

we see that the sum on each level m < m(i) may be written as the sum of <
C(d)(K log L)* sums of < C(d)(2™®~™)? independent random variables (to the
latter sums we may apply a concentration estimate), while the sum on the levels
m > m(i) consists only of < C(d)(K log L)¢ terms. By Lemma 17 and (9) we
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deduce for v; :=/(y + 1)

mi)
1 Zillexprs < ) C(dyy, N)(K log L) - C () (2" ~™)%)

m=0

V2. pr¢

1+log, L
+ Y C(d)(KlogL)*BL™
m=m(i)+1
and therefore
(31b)
| Zillexprs < C(d,~y, N)B(K log L)?(2™)¥/2 =4 1 C(d)BK®(log L)*T' L.

In a very similar way (note that for our choice of x;;x and x;; we have x;r <
Xik + Xjk), We can estimate

Zij = E Xk
kel:xijr=1
as

(31c)
1 Zij||exprs < C(d,~, N)B(K log L) (2maxtm@.m@yd/2p=d 4 0(d) BK?(log L)L~

It remains to bound

Y, = > (Xi®Xj—E[Xi®Xj]).
FEL:m(5)<m(3),im® ()=l,x:;=1

Note that
Yy =X; ® Yy — E[X; ® Yy,
where
R m(i)—1
7= > %=y > x5
FELm(5)<m(4),im® (§)=l,x:;=1 m=0 jel:m(j)=m,im® (j)=l,xi;=1

For each level m, the inner sum may again be written as a sum of C(d)(K log L)¢
(27n,(i)7m)d
(Klog L)?
We therefore get by the concentration estimate in Lemma 17 and (9) for v :=

/(v +1)

sums of < independent random variables (recall that y;m ;) = 2|24 ]).

m(i)—1
Villespn < D Cld)(K log L)*C(y, N)y/(2m@=m)d . BL~
m=0

< C(d, v, N)B(K log L)*(2™®)%/2 =4,

As a consequence, by (9) and Lemma 16a we obtain for vo = 1/(1/y + 1/71) =
/(v +2)

(31d) ||Yitllexpr= < C(d,, N)B*(K log L)*(2m®)#/2 =24,
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Choosing now the constants X;, Z;;, Z;, Yy, Wi, for some S > 1 as
32a) X; = CO(d,
32b) Wi =

( (Slog L)1/ 7L,
(

(32¢) Z; =

(

(

N)B

<d v, N)B?(Slog L)*/ L=,

C(d,y,N)B(Slog L)'/ (K log L)**' (2m®)4/2 =4
32d)  Zj;==C(d,7,N)
32e) Y, = C(d,v,N)

B(S log L)l/’yl (K log L)d+l(2111&)({777,(2’),WL(j)})d/QIde7
B2%(Slog L)Y/ (K log L)4(2m("))4/2 [, =24,

we obtain that the condition (15) is certainly satisfied if

N9/2|A 1/2|3 ;
) ( > C(d,y, N)B*(Slog L)/ 1/ (K log L)+ (2m)d 1~
iel,m(i)<¢ € JeI'm(j)=m(i),x:;=1
+cw,N)B?’(SlogL)W”/%(KlogL)zd%mm)dLBd)
+ ) N4|A1||log6|< > C(d,~,N)B?(Slog L)Y/ (K log L)%(2m®))4/2 =24
iel,m(i)>¢ JeIm(j)=m(i),x:;=1

+ C(d,~, N)B?(Slog L)Y/ 7Y/ (K log L)+ (2m(®)4/ 2L2d>
1
< —.
- C
Note that the sum ;. ;) _,, consists of the order of L4(2™)~4 terms and the

sum Zjehm(j):m(i)%”:l consists of the order of C'(d)(K log L)? terms. Thus, the
condition (15) is satisfied if

2‘3: o N)BSSl/erl/% K34+2(log L)3d+1+1/~/2+1/71‘A71/2|3L72d
7’7’

3

1+log, L
+ Z C(d,y, N)B2S'/2 K| A" || log | (log L)2*1/72 (2m)~d/2 [, ~d

1
< —.
- C
This condition is satisfied for the choice

(33) €= C(d, 5, N)BSSI/'ngrl/m K3d+2(10g L)1+3d+1+1/w2+1/71 |A71/2|3L72d

and /¢ as the smallest nonnegative integer with
(34)
(2042 > C(d, 4, N) B8 KA~ | log(BY|A 2P L-24)|(log L) +1/72 1.

Note that the choice of & entails ¢ > B3*|A~1/2]2L =24 which in turn implies by the
bound |A| < C(d,~, N, K)B>L~%log L|°") from Lemma 9 that the lower bound
e > c(d,y, N, K)L=%2|1og L|°® holds.

Let us now estimate the terms Rjowicvel, Raiilevel, and Riqq in Theorem 6.
We have by Lemma 16b and our choices (32) as well as our bounds (31a), (31b),
(31c), and (31d) (note that the inner sums in the next two lines contain at most
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C(d)(K log L)* summands each, while the outer sum consists of < L4(2™)~% sum-
mands of level m(i) = m)

Riait = C|A_1|N3/25_N Z ( Z E“WinZij'(XlZ”DZU - XlWijDWij)}
i€l \jel:m(j)=m(i),xi;j=1
+ Z E[|Yiz\ | Zul(X)z)> 20 T X|Yu\>37iz)}

lelm)=m(i),xa=1
+ E[\Xi||Zi\2(X|zi\>Zi + X|Xi|>Xi)}>
< CIA YN32e=NO(d) LYK log L)*
x (H}gXE[XZWZU + X w5, ) H;ngHWij\QIZijIQ]”Q
+ H;gXE[X|zij|>Zij + Xy, |57, ) P57 Zi5 1

Bl s, + Xy EIEZ 2
< CIATY N3 2N (d) LY (K log L) x L™¢DS/2(K log L)C (47 g3, —34
< C(d,y, K, N)[A B L~

for S chosen large enough (depending only on d, 7, and N).
Using also (33), we obtain first in case £ > 1 (note that S has now been chosen
as a constant depending only on d, v, and N)

CN9/2 A—1/2)3 o o o
Riowlevet = # g ( E (WUZE] + 2)/” ZZQJ) + X1Z13>
i€el,m(i)<l *jel:m(j)=m(i),xi;=1

_ Cldy, K N AP

d
( L ) . (K IOg L)d . B4(10gL)C(d,'y)(Qm)3d/2L74d

£ 277L

m=0
4 I \d
<O K NBY. (57) - (KlogL)* - (log L)) (2m)4/2, -2
m=0

< C(d,v, K, N)B - (log L)°@ (20)d/2~d

(34)
< C(d,~,K,N)B® - |log(B*|A~Y/2]>L™2%)|(log L)@V AL~

In the case £ = 0, the same overall estimate holds true by [A7! > |A|7! >
e¢B~2L% log L|~? (the second inequality being a consequence of Lemma 9).
Using again (33), we deduce
Ratttever = CN2|A7V2 2| log e Z ( Z (Wij Zij + 2Yi5 Ziz) + XiZiQ)
i€l N jelm()=m(i)xi;=1
< C(dy, K, N) B ATV log (B ATY2[PL721)
1+4log, L L

x > (Tm)d - (Klog L) - (log L) (2m)4L =3

m=0
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< O(d,y, K, N)BY|A/2 2 log(B|A /2P L= (log L)° 4 [ =>4
As a consequence, we deduce by Theorem 6 and (33)
D(X — E[X],Na)
< C(d,7, N, K)B*|log(B*|AT2PL729)| - (log L)V |AY2|| A2 L 724,
Using the bound |[A=Y/2| > |A|=Y/2 > (¢(d,~, N, K)B=2L~%(log L)%)~'/? (the last
inequality being a consequence of Lemma 9), we infer the first estimate of our
theorem.

Step 2: Proof of the estimate (11). To obtain the second estimate in our
theorem which provides a better bound for degenerate covariance matrices Var X,
we repeat the preceding proof, however now adding Q@ = L% additional independent
multivariate Gaussian random variables G1, ..., Gg with zero expectation E[G,] =
0 and variance Var G, = %(A — Var X). This yields by an argument analogous to

the above one (exploiting that the new additional random variables are independent
from all others and using the fact that Var G, < %(A — Var X) < L724)

D(X + G — E[X],Np)
(35) < C(d,, N, K)B*(log L)) (L= AY2|A=Y/23) L=,

where G := ZQQZI G, and A = Var X + kL~ %Idy. Note that G has Gaussian
moments with

(36) 1Glexp> < C(N)/JA — Var X].

Let ¢ € ®5. Fixing G > |A — Var X|'/2, we may rewrite for ¢. as defined in (19)
Blo.(X ~EIX])] - | 6.(a(2)ds
RN

B (X +G—BX] - [ 0(INs(:) d:
+E[[¢e (X + G — E[X]) — ¢ (X — E[X])]]
<DY(X + G — E[X],Na) + E[oscgde (X + G — E[X])]
+ Sup IV (2)| E[|GlX|c1>cl-
An application of Lemma 10 c) and d) to the function

il(.r) = (Né2 1d * OSC(Q\/N+1)G¢E)('$)

yields 2\/%+2 . ﬁﬁ € ®L for L large enough as well as oscad-(z) < 2h(z) and

thus
E[¢. (X — E[X])] - o ¢ (2)Na(2) dz
< DL(X + G - E[X],Ny) + E2h(X + G — E[X])] + sup [V e ()] ElIGIX|c120]

< C(N)DH(X + G — E[X],N)) +/

RN
< C(N)DH(X + G = E[X],Na) + C(N)G + sup |V ()] E[IGlxjc1>cl,

20(2)Na(2) dz + sup [Voz(2)| E[|G]x|6126]
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where in the last step we have used the bound
/ h(z)Na(2) dz
RN
< [ Lo [ Vel = o Nesa )ose oV = 2 = )N (2) do dy

4 _
< (2VN +1)G.
Choosing G := S|log L||(A — Var X)'/?| and ¢ := L~¢ and using the estimate

Vo)l < [ | I90l(VT= 22 = y)Neoa o) dy

4

<oV [ VOI(V/T= - N dy < e < LY
RN
as well as Lemma 16b and (36), we deduce for all ¢ € @, that

E[¢p(X —EXD)] = [ 6=(x)Na(2)dz

RN
< C(N)DE(X + G — E[X],N)) + C(N)S|log L||(A — Var X)'/?|
+ LE@N) L IAY2| . exp(—cSlog L).

Lemma 9 and our assumption |[A — Var X| < L~¢ imply the upper bound |A| <
C(d,v,N,K)B?L~%log L|%. As a consequence, choosing S large enough and using
the notation from Lemma 8 we obtain

DE(X — E[X],Na) < C(N)DE(X + G — E[X],Nx) + C(d, N)|log L||(A — Var X)'/2|
+ C(d,v,N,K)B|log L|° L~
Using Lemma 8, we conclude that
DE(X — E[X],\»)
< C(N)|AY?|e + C(N)DE(X — E[X],Ny)
< C(d,y,N, K)B(log L)¥2L=%2 . =% 1 C¢(N)DL(X + G — E[X],N})
+ C(d, N)|log L||(A — Var X)¥?| 4+ C(d,~, N, K)B|log L|° L~¢

(35)
< C(d,y, N, K)|log LI (B + B L~|AY2|| A7 /2 %) L4
+ C(d, N)|log L||(A — Var X)/2|.

This yields the estimate (11) upon noticing that B < CB3|log L|® L=¢|AY/?||A~1/2]3
(by Lemma 9 and our assumption |A — Var X| < L™9). O

We next prove our normal approximation result for integral functionals of ran-
dom fields which may be approximated well by random fields with finite dependency
range; the proof is a simple reduction to the statement of Theorem 4.

Proof of Theorem 2. By rescaling and translation we may restrict ourselves to ran-
dom fields v and v, that vanish identically outside of the cube [0, L]%.

In order to establish our result for random field v and v, which are supported on
the cube [0, L]¢, we shall reduce it to the normal approximation result of Theorem 4.
For each 0 < m < log, L + 1, introduce a partition of unity n,, y € 2mZ4N [0, L)<,
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with suppn, C y + [0,2™] and |[V'n,| < C(2™)~! for 0 < [ < k. We may then
rewrite

log, L
X =L / vi€dx + Z L~ / Vgm+1 — vgm )€ da + Lid/ (v — Vglogy L+1)E d
m=0 Re Re
logy L
. / welde+ Y Y / vgmts — vy ) de
yezd o IRL _____ m=0 yeam+iza
—.X0 —x

y

+ L_d/ (v — Vgogy £+1)E dx .
Rd

_ . ylog L+1
=X,

The X" give rise to a multilevel local dependence structure in the sense of Defini-
tion 3. In particular, we easily check that by the bound on v and the assumption
(8) we have ||X]"||expr < CL™4 for all m and all y € 2Z% N[0, L)? (as we have
[VE(Emym)] < C(2™) 7). The statement of our theorem is then a direct consequence
of the normal approximation result from Theorem 4. ([

5. PROOF OF THE RESULT ON MODERATE DEVIATIONS

We now provide the proof of our moderate deviations result for sums of random
variables with multilevel local dependence structure.

Proof of Theorem 5. To simplify notation, we only consider the case L = 2F for
some k € N; the proof for the general case is similar.

Step 1 (Decomposition of X).
We first decompose X into groups of terms G; and “remainder terms” R. The
groups G; are stochastically independent from each other and heuristically consist
of the random variables summed over a cube of diameter ¢, where 1 < ¢ < L is an
intermediate length scale that we are going to choose. The fact that the groups G;
sum up all random variables over an intermediate length scale £ allows us to apply
normal approximation to the groups G;. The rest R basically corresponds to the
random variables “between the groups” (to achieve independence of the groups)
and the random variables with long-range dependencies. We shall prove that these
terms are small in a suitable sense. B

More precisely, we introduce an intermediate scale ¢ = 2¥ and define mg :=
|log, ﬁj. This enables us to rewrite the random variable X as

1+log, L

= > > A

m=0 4{€2mZIN[0,L)?

mo 1+log, L
J— m
=2 X > X+ > >, X
m=04ie¢zeN[0,L)? je2mZiN[0,£)< m=mo+1i€27m7ZIN[0,L)%

=R™
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which gives (defining p(m) to be the smallest integer with 2P(™) > 2m+2K log L)

-y ¥ > xn

m=0ielZeN[0,L)¢ je2mZin[2r(m) ¢—2p(m))d

YD > X7,

m=04iez4n[0,L)4 j€2mZ4N[0,6)4\[20(m) ¢ —2p(m))d

=:R™
1+log, L

YD S

m=mo+1ie2mZiNn[0,L)?

—Rm
Exchanging the order of summation in the first term and defining

mo

(37) Gi=>_ > X7,

m=0 jezwLde[Qp('ln) 7Z_Qp(m) )d

we obtain
14log, L
ey an e S
1€022N[0,L)% m=mgo+1

Step 2 (Estimate on the terms R™ for m > my).
The remaining terms on level m for mg+1 <m <1+ logy L

R™:= > X

i€2m74N[0,L)?

)% terms) may be grouped into ~ (K log L)?

(observe that the sum consists of (2m

(Igiig)l/)d independent random variables: Choosing
p(m) as before to be the smallest integer with 2°(™) > 2"+2 K log I (but choosing

p(m) = log, L if this integer were larger than log, L), we have

R™ — Z Z erig

je2mzdan[o,2r(m))d j2r(m)7dn[0,L)

groups, each only consisting of ~

—Rm.d

The random variables in each R™7 are now independent and we deduce from
Lemma 17 (with 4 :=~v/(y+ 1))

d
) max X foxpr

m. L
HR j||expW - C(’Y) (2p(m)
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and as a consequence

14log, L 1+log, L
| = <Y x e
m=mgo+1 exp’ m=mg+1 j€2mZdﬂ[0,2p(m>)d exp?

1+log, L

<Y Y o (me) ma X

m=mo+1 je2mzdn[0,2r(m))d

1+log, L
op(m)\ d L \d .
< Z (W) C() (W) max || X" [|expr
m=mgo+1
1+4log, L I P
< C(d)(K log L)*C ——— ) BL™
< 3 C@EKlsLyow (5710z)
m=mg

< C(d)C(y)(K log L)¥/?(2m0)=4/2 g, =4/2

which yields

logy L
(39) H

Z ™

m=mg+1

< C(d,)B(K log L)¢~%/2~4/2,

exp?

Step 3 (Estimate on the terms R™ for m < my).
The remaining terms on level m for 0 < m < my

R™= > > Xik

i€LZ4N[0,L)4 je2mZdAN[0,£) @\ [2P(m) p—2p(m))d

may be grouped as follows into a sum of sums of independent random variables:
We have

R"= > > > Tk

1€4Z4N[0,L)? je2r(m)ZdN[0,£)d\[2p(m) f—2p(m))d kEe2mZdN[0,2p(m))d

> > > Pk

ke2mZdn[0,2p(m))d €Z4N[0,L)d je2p(m)ZAN[0,£)d\[2P(m) £—2p(m))d

—Rm.k

—1gp(m)
Note that R™* is a sum of < (%)d . % independent random variables.
An application of Lemma 17 yields

o L\d O(d)ei— 120 .
IR Hexp% <C(W’)\/<£) 'Wm?'XHXi |lexp
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which entails

DR I D SRS S
m=0

m=0 kGQ’"Zdﬂ 0 2;;(m))d

exp? ’ ’ exp?

mo d C(d)pd—1 (m)
<y % cwv(ij) -Mmgﬂxruexm

m=0 gc2m7zdn[0,2r(m))d
oo op(m) Lyed  C(d)ed—12p(m) .
< Z ( om ) )\/<£> -WmlaxHXi || exp
Lyd C(d)rd-1 B
< 1 d Z) . d
< %C(d)(f( og L) C(v)\/(g) T (R Tog LT P

mo

< Z C KIOgL)(d+1)/2£ 1/2(2177,) (d*l)/QBLfd/Q

and as a consequence

(39) H ninm

Step 4 (Estimate on the “bulk contributions” G;).
The formula (37) may be rewritten as (recalling that p(m) is the smallest integer
with 2°(™) > 2m+2 K log L)

-y ¥ > ke

m=0 ge2mzdn[0,2r(m))d je2r(m)zdn[2p(m) ¢—2p(m))d

< O(d,)B(K log L)4+V/2¢=1/2=d/2

exp?”

which yields upon applying Lemma 17 to the inner sum

’ d/2 »
(IS SIS C<dﬁ>(2p<m>) BL

m=0 ge2m7z4n[0,2r(m))d

/ d/2 4 .,
< -
§ Cdy <2m 1gL> (Klog L)L
(40) < C(d,fy) (K log L)%/2¢4/2 =1,

Next, to each of the groups

mo

gi = Z Z XZ:L-_N

m=0 jeamzdn[2r(m) ¢—2p(m))d

we apply Theorem 4 with L replaced by ¢; note that we may rescale our variables
X't in the group G; by a factor of (£)4, as we have the bound X7t i lexpy < BL™?
while to apply Theorem 4 to the group G; we only need the estimate || X[ ;[|expr <
B¢=4. We then obtain for any positive matrix A; > Var G; with |A; — Var G;| <
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gdL72d
Ind
DKZ) giaA/'(L/é)QdAl}

d —3d
gC’(d,%N,K)B?’(logé)c(d”)ﬁd(%) |Aj/2|(§) A2

N\d
+ C(d, N)(log £)C () (?) A; — Var Gi|1/2.

Rescaling and using the fact that the 1-Wasserstein distance W is bounded by our
distance D, we deduce

Wi[Gi, Na ] <C(d,, N, K) B (log L) AL 2| A7 12 Ped =5
+C(d, N)(log L)“*M|A; — Var G;|'/2.
We choose ¢ with L1/2 < ¢ < 2L1/2 and set
(41) A; = Var G; + ¢4~ V4L =24 1q.
Note that this choice entails
|A;1/2| < ¢~/2+1/8d.

As a consequence of these estimates, the choice of ¢, and (40), we obtain
(42) Wi[Gi, Na,] <C(d,~, N, K)B*(log L)C (@ gd/2=1/8 ~d,

We are now in position to apply Lemma 14 to the sum Zieézdm[o,L)d G; (recall
that the G; form a collection of independent random variables). Note that in our
setting we have M = (L/f)?. By our estimates (42) and (40), in our application of
Lemma 14 we may choose b := C(d,~, K)B*(log L)¥/?¢¥/2L~¢ and any 7 < % with

7> C(d,~, N, K)(log L)¢47)g=1/8,
With this choice, Lemma 14 yields
(43) Z Gi 4 Y +Z7
1€L22N[0,L)%

where Y is a multivariate Gaussian random variable with covariance matrix

(44) A= ) A

1€L22N[0,L)%

and Z satisfies the estimate

7,,2
P[|Z| Z 7'] S 3NeXP ( - O(d,’y,K, N)BST‘ ]ogT|c(dv'7)L_d>

for any

r <\/7|log T|1/7C(log L) (&) [,=4/2

[V (L/O)r|log T|/ 15 5/(4+29)
X mln{ (2log(2(L/ D)1/ (7'| log 7] / (L/é)d) }
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A crude estimate on |log 7| of the form |log7| < C(d,~, N, K)(log L)°(®7) yields
using also (L/f)%r > ¢ (which holds by the lower bound on 7 and the choice
0 ~ L1/2)

7"2
Pl|Z] > r] <3N -
2121 <3 e (- o e )

for any
re 1 (EYT iy, N K tog 1) 1 24 )

We now set 7 := c(d,y, N, K )L~ ™»{d7/2(2+23),1/32} * The previous estimate then
yields

2

.
P[|Z| > r] <3N —
[12] = 7] < 3N exp ( L=F1-C(d,~, K, N)B3(log L)C(dﬂ)L—d>

for some B > 0 as long as
r< L™Y2%.¢(d,y, N, K)(log L)~ ¢,

Choosing r = %L’d/QL’ﬂl/4 and using L > C (note that upon changing the con-
stants, our theorem is trivially true for L < C), we get

1 [B1/2
45) P||Z| > L~¥2L7PA < C(N - :
us) Fllal=5 = OO = G@ . K V) B0 L0

Step 5 (Conclusion).
By (43), we know that the law of the sum of the main groups

>, G
1€424N[0,L)4

is equal to the law of Y+ 7, where Y is a Gaussian random variable with covariance
matrix A =3, 7aq0,1)s Ai and where Z satisfies the smallness estimate (45). By

44), (41), and (39) as well as (38) and (40) and the choice ¢ ~ L'/2, we see that
(44), (41),

|A — Var X| < +

]\ — Z Var gi
1€022N[0,L)%

S CL_d_1/8 4 CBQL_d_1/4.
The estimates (39) and (38) imply using Lemma 16b that
log, L+1

|5 e
m=0
and therefore for our choice ¢ := L1/2

logy L+1
I[D l

>, R”
m=0

Combining this estimate with (45) and

Var X — Var Z Gi
1€022N[0,L)%

. 5
>r| <Cexp < - (C’(d,%N, K)B(log L)C(d,w)ﬁ—l/QL—dﬂ) >

7/8
> L8 =2 SCGXP(—L>.

C(d7 ’Y’ N’ K)B

DN | =

1+log, L
X- Y rR"Ly+z,

m=0
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we see that there exists 8 = 8(d,7) > 0 and A = A € RV*N with A > 0 and

sym
|A — Var X| < CB?L~Y/81~4

such that for any measurable A C RY we have

Pweﬂg/

Na(z)dz + Cexp ( — %LQB).
{zeRN dist(z,A)<L-FL—4/2} B

We have made use of the following elementary lemma.

Lemma 9. Letd > 1 and L > 2. Consider a random field a on R4 subject to the
assumption of finite range of dependence (A) or an L-periodic random field subject
to the assumption of finite range of dependence (A’). Let X = X(a) be a random
variable that is a sum of random variables with multilevel local dependence in the
sense of Definition 3. Then for 7 :=~/(y+ 1) the concentration estimate

1X = E[X]|lexpr < C(d, 7, K)Bllog L|Y/?L~/?
holds true.

Proof. Defining p(m) to be the smallest integer with 2P(™) > 2m+2K|log L| (but
defining p(m) = log, L if this integer were larger than log, L), we rewrite

logy L+1

X= > > > Jthe

m=0 kGQmZdﬂ[O,2p(m))d j€2p(m)Zdﬂ[O,L)d,j+k€[O,L)d

By Definition 3, the inner sum is now a sum of independent random variables.
Applying Lemma 17 to this sum, we obtain

HX _E[X”|exp“7
logy L+1
< 2 2 > (X7t — EIXJ4))

m=0 ge2mzdn[0,2r(m))d ' je2r(m)7dn[0,L)d,j+k€[0,L)d exp?

logy L+1 1d 1/2
< Z Z C(v) <(2p(m))d> max X" = E[X"][[expo
m=0 keg2mzdn[0,2p(m))d
log, L+1 1/2
(2p(m))d 4 4
< > -C(d,7)| =——) BL
m)d ’ m)\d
= (2m) (2p(m))
logy L+1 md d d 1/2
< w -O(d, ) (de> BL~¢
m=0 (2771) (Qm) (K lOg L)

< C(d,~, K)B(log L)¥?L=/2,
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6. PROOF OF THE MAIN RESULT

Proof of Theorem 2. We choose a function n with 0 < n < 1, suppn C By(0),
V™| < C(n) foralln € N, and Y, c5an(z — k) = 1 for all z € R?. We next define

my, = |logy L| and L := 2™% and write

mr
v = (’U — UE) +’U1 + Z(’Ugm — ’Ugm,—l).

m=2

Next, define
N ——
Rd
and
Xp = /Rd v dx for any k € Z4
and

X" = /Rd(vgm — vgm—1)n()9 dx

In a second step, we simply group the together, yielding .

APPENDIX A. AUXILIARY RESULTS FOR STEIN’S METHOD IN THE MULTIVARIATE
SETTING

In this appendix, we provide the proof of the bounds on the solutions to the
“smoothed” Stein’s equation stated in Proposition 7 and the estimate on the dis-
tance DL in terms of the smoothed distance DL stated in Lemma 8.

Proof of Proposition 7. Proof of a). Following the argument of [24] (see also [13]),
we consider the function

(46)

fs(x)—;/aj </]RN d(V1 — sz — /52)Np(2) dz — ds

1
- Na(2)o(z) dz) s
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which in the case of smooth ¢ with compactly supported derivative V¢ satisfies

- (V : Avfe)(x) + (.23 ’ Vfg)($)
1
= —%/ A (V20) (V1 — sz — \/52)Np(2) dz ds
£2 RN

e 1
f/ /RNx~(Vgi))(\/l—sx—\/gz)./\/,\(z)idzds

Vs
5/ /RN ) (V1 = sz — \/32)Na(2) dz ds
] O R N (e) s

4 / -2 / ST = V5N (2) dzds
=5 [, [ oVT=sw = VED) (V- (AVM) () + V- (M (2))) d s
+ /]RN (V1 —e2x —ez)Na(z)dz — d(2)N(z) dz

RN

= /RN (V1 —e2x —ez)Np(z)dz — ?(2)N(2) dz.

RN

For general ¢ € <I>{:\, this equation follows by approximation. Hence, (18) follows
from the additional computation

/ be(2)N (x) dz

/ / V1= 2z — )Ny (2)Na(2) dz da
RN JRN
(50 / / V1=e2z — e2)Na(V1 — 22z — e2)Na (V1 — €22 + ex) dz da
RN JRN
_ / S(F)NA(F)NA (3) d3 di
RN JRN

= d(z)Na(z) dz

RN

where we have used the fact that (Z,2) = (V1 —e&?x — ez, V1 —e22z + ex) is an
orthogonal linear transformation. This finishes the proof of Proposition 7a.

Proof of b). In order to establish (20), we derive from (46) the following
representation for the third spatial derivative of f.:

(47) V3f.(zx / - / d(V1 — sz — \/52)V3Na(2) dz ds.



34 JULIAN FISCHER

This entails

V3. (x)
< %/ S/ IVo|(V1 — sz — /52)|VZNA|(2) dz ds
1 V1-s |V2NA(2)]
< 5/ / IVol(V1 = sz — \[Z)WMHT)A(Z) dzds
6<) 3(1 +7_)(N+2)/2 71|A 1|

8 /2 \/T /RN [Vo|(V1 = sz — v/52)N(117)a(2) dz ds.

Combining this estimate with the bound

@) [ IV s = N () ds
= [ VBN (VT = 9) V5 iz
< [ IVOEING (V= 5= 2)57 a3
D [ [ AN - VT (s dz
RN JRN
(2 sTN2 ] Noa(w) dw

]RN
— s N2,

we infer choosing 7:= 2/(N + 2)

1
V3 fo(2)] < (1+T)(N+2)/27—_1|A_1|/ s (N+2)/2 g

N—|—2

IN
N W N W

e AT ( N ).

This proves (20).
Proof of ¢). We now turn to the proof of Proposition 7c. The bound (21) is
immediate from Lemma 10c.
Computing the second spatial derivative of f. as defined by (46), we infer

(49) V2f.(zx / . RNqs (V1 — sz — /52)V>Na(2) dz ds.
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In order to derive the estimates (22) and (23), we estimate for » > 0 and 7 :=
2/(N +2)

/]RN (05, V2 fo) () Ny (x — 20) d

1 | )
< §/RN /82 EAN(OSCM,.¢)(\/1 — sz — /$2)|V°N|(2) dz ds Na(z — o) dz

©)1 (1
< 5/52 ;/RN/RN(OSCmr(b)(\/lfsxf\/gz)

x 3(1+ T)(N+2)/27'_1|A_1|N(1+T)A(Z)NA(I‘ —x0)dzdzds

B2 | E [ ] osermm oV T=se - v

X (N7a * Np)(2)Na(z — x0) dz dx ds
N +2 "1
:%U\fq/ ;/ / (Nara * 08¢ 7=5,0) (V1 — s(x + 20) — V/s2)
&2 RN JRN
X Na(2)Na(z) dz dzx ds.
Invoking the change of variables (Z, ) := (v/1 — sz—+/s2,+/1 — sz++/sz) (note that

this is a linear orthogonal transformation) as well as the multiplication property
(64), we deduce

IN

/RN (05, V2 fo)(x)Np(x — x0) da

1
SW‘A—H/ é/ / (NSTA*oscmr(b)(f—l—\/l—sxo)
£2 RN JRN

X Na(2)NA(Z) dZ dz ds

= w AL ' 1 ~ — _
X NA (i‘)./\/:g.,-/\ (w)NA(,%) dwdZ dzds

@) 9(N "1
< 9(7—i_2)|A_1|/ 7/ / V1= stNgra(w)N(2) dw dz ds
4 2 S JRN JRN
and hence
(50) / (08¢, V2 f) ()N (x — x0) de < 16N|A™! || loge|r
RN

for any r > 0 and any zo € RY. As a consequence, we get
/ 2(Ns2 1ay * 05crs V2 f2) (2)NA(2) do
]RN
= 2/ / (0scrs V2 f2) (2 — w) N2 1a,y ()N () do dw
RN JRN
< 2/ 16N|A~ Y| log e| K6 Ng2 14, (w) di,
]RN

which (by our choice of K) immediately proves (22).
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Furthermore, (50) entails that

h(z) - 1

_ 2
T 32N|A—1||10g5|K(OSCK6v fe)(@)

satisfies the estimates
/ [h(2)INa(x — ) da < §
RN
for any zo € RY and (by the inequality (osc,oscxsf)(z) < oscrixsf(x))

/ osc, h(x)Na(z — zo) dx
RN

1
32N|A—1||loge| K

/]RN (0s¢r 1 ks V2 ) ()N (x — ) da

IN

1
— K
2K(T+ 0)
<r

for any xop € RY and any r > §. In conclusion, Lemma 10d implies

1 1
10N X B2NTAT[log ] K

2 L
N2 14y *x08CsV7fe) € Py

for any L > 4N (|A/2|N5=N 4 1), which proves (23).

Proof of d), Part 1. We now establish Proposition 7d. The estimate (24) is
immediate by Lemma 10c and the inequality sup,, <, V3 f.(z +y)| < |V3f(z)| +
oscs V3 fo ().

Before proceeding, let us first prove the following auxiliary result: The third
derivative of f. satisfies the estimate

(51) / V3 £ |(@)Na () da < 16N|AY]|log ],
RN

and has the property

€

3 L
ToNeRA i v el € X

(52)

for any L > e~ V.
The estimate (51) is simply a consequence of (50) in the limit » — 0. To show

(52) we first establish a uniform bound for V4f.. This is done in an analogous

way to the proof of assertion b) of our proposition: Using (63) instead of (62), we

deduce

[V fo ()]
11—
[ [ eI VR s
g2 RN
(63) 5

< 5(1 + 7)(N+3)/27-3/2 A =1/23

|
X /2 ] /RN IVo|(V1 — sz — \/s2)N(147)a(2) dz ds
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and choosing 7 := 2/(N + 3) and applying (48), we get

5 (N +3)%2 L U
4 D e MY T A-1/2g3 L —Ny2
V3 fe(2)] < 5°€ 5372 [A™= /52 57 s ds
5 (N+3)%2 1oy 2 L
S5 o (AT N+1 (e2)(N+1/2
(53) <10 \/;IA 1/2|3 —N— 1

In order to show (52), for any r > 0 we estimate starting with (47) and choosing
7:=2/(N +3)

/ (056, V3 £.) ()N (& — 0) da

< 2/ 513/_25 /RN /RN(OSC\/mqu)(\/l — s — \/52)| VPN (2)Na(z — 20) dz dz ds

63) 1
/2 a7 /]RN/ (0sc /7=5,0) (V1 — sz — \/s2)
X 5(1 +7)N+3)/27=3/2| A~ 1/2|3’./\/'1+ A (2)Na(z — 20) dz dx ds

5 N+3
< ?e.( ;/2) A~ 1/2|3/2 =7 /RN/ (0sc /7=5,0) (V1 — sz — \/s2)
X (Nrp * Np) (2)Na(z — z0) dz dw ds
5e(N +3)%/% b
— 6(2.\/§§|A 1/2|3/€2 SBW/RN /RN(NSTA*OSC\/ETQ/))(\/I — s(x + x0) — V/52)
X Na(2)Na(z) dz dz ds.

Invoking the change of variables (7, ) := (v/1 — sz—+/s2,/1 — sz++/sz) (note that
this is a linear orthogonal transformation) as well as the multiplication property
(64), we deduce

/]RN (0s¢, V3 f) (x) N (x — x0) da

3/2 1
< %M—l/ﬂs/ 53%/ / (Nara * 08¢ 7=5,0)(Z + V1 — s20)
e2 RN JRN
X Na(Z)Na(2) dz dz ds

5(N 33/2 1 1
:%M—mp/ 37/2/ / / (05¢ 1=, ®) (& + VT = 520 — w)
2 S RN JRN JRN
X NA (D) Nsra (w)NA(Z) dw di dZ ds

(4) 5(N + 3)3/2 'l
< SRy [ [ VTN () dw dzds
2 S RN JRN

and hence
(54) / (05¢, V3 fo) ()N (z — x0) dz < 10N3/2|A‘1/2|3£
]RN

for any r > 0 and any o € RY. Combining this estimate with (53), we infer (52).
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Proof of d), Part 2. We now turn to the last part of the proof of our propo-
sition. As a consequence of (54), we get

/ 2(Ns21ay * 05crs V2 f2) (2)Na (2) do
RN

= Q/RN /RN(oscmV?’fa)(x — w) N2 1q,, (W)N3 () daz dw

. K6
< 2/ 10N/ ATV 23— N2 14, (w) da,
RN €

which gives

)
/ 2(Ns21ay * 05Cxs Ve f2) ()N (z) dz < 20N3/2K|A7Y/2)3 -
RN

Using K = 2v/N + 1 and combining this estimate with (51), we infer (25).
Furthermore, we know by (54) that
h(z) : c

_ 3
= SoNaEAiEpR OV (@)
satisfies the estimate

hMx)NA(x — z) dx < §

RN
for any ¢ € RY; by (54), it also satisfies the bound

/ osc,h(z)Na(z — x¢) da
RN

€
20N3/2|A-1/2]3K

/RN (08¢, 4 k5 V2 £2) (2)NA(z — 30) d

1
< — K
_ZK(T—i- J)

<r
for any xo € RY and any r > §. In conclusion, Lemma 10d implies
1 o € (
40N~ 20N32[A-12]3K
for any L > 4N (JAY/2|N§—N 4 1). In conjunction with (52) and K = 2v/N + 1, we
infer (26). O

Nz 14, * oscK(;sts) € fI)k

Proof of Lemma 8. Without loss of generality (and in order to simplify notation)
we may assume

Al <1,
that is the maximal eigenvalue of A is bounded by 1; the general case then follows
upon rescaling X := ﬁX, o(x) := ﬁ(ﬁ(ml/ﬂx), A := A/|A| (note that then
3.(@) = cxbm . (A210))
In order to establish (27), by the very definition (5) of D’ and upon replacing e
by %5 it suffices to prove

(55) ‘IE[d)(X)] - /]R SN (@) der| < 10V Ne + 10°N*/2DE,, (X, N)
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for all ¢ € ®% and all 0 < & < 1.
Introducing the function

P:(x) = e (w/V/1 = €2),
the error stemming from the smoothing of ¢ may be estimated as
|6e () = d(x)] = |9:(2/ V1 — £2) — ¢(2))|
/R (8l —22) — 0())NA (=) d=

<

< /RN 0SC. || p(x)N(2) dz.

As a consequence, we deduce

Elp(X)] — - d(z)Na(z) dz

< (B0 = [ dul@)Na(o) da| + B[ — 0] (X)]

_|_

|, (6= DN (@) da

IN

E[ée(X)] - /RN qsa(x)NA(a?) dz| + /RN E[OSCE|Z|¢(X)]NA(Z) dx
+/RN /RN 08C. .| d(2)NA (2) dz Ny (z) da.

For K := 2v/N, by Lemma 10c we infer

El¢(X)] = |  ¢(z)Na(z)de

RN

< ‘EMSE(X)} — | be@)Na(e) da

RN

+2 /RN E[(./\/'gaz Idy * OSC(|Z|+K)E¢) (X)]NA(Z) dz

+ /RN /RN 0sce |z p(2)Na(2) dz Ni(z) dx
Introducing the definition
(56) P (x) := (Ne2(21ay —A) * 05C(|2)110)=0) (),
we see that we may rewrite (recall that N2y * Mo2(a1dy —a) = Nac21dy )
(F9)e(w): = @)ela/VT=2) = [ 03(o = cwiNa(w) du
= | (@ —wNea(w) dw = (Nezp *97)(2)

]RN
= (stz Idy * OSC(|z|+K)a¢>) (z).

39
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As a consequence, we deduce the bound

E[¢(X)] = [ ¢(x)Na(x) dx

-
‘ / G (@)N (@

= (E[wz>s<x>] f/ (PN (o) do |\ (2) d:
+ 2/RN i (N252 Idy *osc(|z‘+K)5¢) (2)Na(z) dz Ny(z) dz

* /RN /RN 08Ce 2| O(2)Na (2) dz N (2) da

and therefore

E[¢(X)] = | ¢(@)Na(x)dx

RN

<[pc0r- [ dnie o

w2 (Bl600] - /w?)() ) do Y (2) 0

2 [ [ osequpennetle — wlNocn iy (0N (o) dedo A (2)dz
/]RN /]RN 08C. || P(2)N(2) dz Na(x) da

(4)

< Bl - [ oMo as

w2 [ (B09:00] - [ G)aNale) o )N

) / / (2] + K)eNows 1, (1) duw N (2) dz
RN JRN

+ / elz|Na(z) dz
RN

67) < [BR001- [ 6Ny e

2 [ (BIG00) - [ 0@ de )Ny
+ (2VN +2K)e
+\/JV5,

where in the last step we have used Holder’s inequality and the estimate [ |z|2N,(2) dz <
trA < N. )
Given ¢ € ®%, introducing the notation

=¢(z/v1-e/4)
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and the notation

we may write

Yo (z) = P(x —ez)Na(z)dz = /RN V(1 —e2/dnx —\/1—e2/4ez)N(2) dz

.
= [ T = ) N ) dz
= [ Wajacopean + DV T= i = )Ny () d
(58) = 0.pa(a)
for 0/5(x) = [pn 0(\/1 = e2/4x — 2)N1.25(2) dz with
0 := Nigja—c2/aye2n * 0.

Note that by Lemma 10 b) and a), from ¢ € <I>/’:§ it follows that %1& € <I>% and

therefore also %0 S (D%. Applying these considerations for ¢ := ¢, we deduce from
estimate (57)

(59) El¢(X)] - ox ¢(x)Na(z) dw
< 2D£/2(X’NA)
r2 [ (B109:00] - [ @G)Na) o )N
RN RN
+ (2K + 3VN)e.
Finally, notice that Lemma 10d entails (with h(z) := m080(|2|+K)6¢ and

0 := ¢; note that osc,.h(z) < mosc(‘z‘ﬂg)g“d)(x))

1
AON (2] + K + 1)

(N2 1y * 0SC(|2|+K)=P) € <I>k

for any L > 4N(JAY2|Ne=N 1 1), i.e. in particular for L = L. Using ¢* =
Nezgay —a) * (Ne21ay * 08¢z 4+ K)=®) (by definition (56) and (61)) and Lemma 10a
this yields

1
AON (2] + K + 1)

V* € B

Consequently, the function ¢ (z) := 1*(2/+/1 — £2/4) satisfies by Lemma 10b

1

J* e ok.
2x40N(\z|+K+1)w €%
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Applying the considerations around (58) to ¥ := ¥*/(2 x 40N(|z| + K + 1)), we
deduce from (59)

Elp(X)] — -, d(z)Np () dz

< 2DL, (X, Ni)
+2 /RN 2 % 40N (2] + K + 1)DE, (X, Na)Na(2) d

+ (2K +3VN)e

which enables us to conclude

E[p(X)] = | o(z)Na(x) dx

RN

< 2D1,(X, Na)
+2D5, (X, Ny) x 2 x 40N x (VN + K +1)
+ (2K +3VN)e.
Recalling that we have assumed |A| < 1 and that K = 2v/N, we deduce (55). O

Lemma 10. The function classes @% are subject to the following properties:
a) Given any b € L*(RYN) with [,y |b(z)|dz < 1 and any ¢ € ®L the convo-
lution b x 1) satisfies
by € DL

b) Given any ¢ € (D% and any T > 1, the rescaled function
1
Ur(x) = ;1/)(71%)

satisfies P, € @%,
¢) For K >2VN,§>0,e>0,r>0, and any function ¢ € LS (RN, V) for
any normed vector space V, the estimates

oscst(x) < 2(Nez1ay * 05CKet5¢)(2)
and
oscsth () < 2(Naez 1ay * 05CKe157) ()
hold.
d) Let § >0 and let h € LSS (RY) be any function subject to the properties

loc
/ Ih|(z) Na(x — 20) dz < 6
RN
for any o € RN and
/ osc,h(x) Na(x —xo)de <r
RN

for any r > 6 and any o € RN. We then have
1

MN&Z Idy * h e (I)/l(
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for any L > 4N (|AYV2Ns—N 4 1),
Proof. To establish d), we choose 7 := 2/N and compute for r > §

/R 050 (N a0y # W) ()N — 70)

= [ oser(( [ Mo (whh( = ) dw )@ N o = an)
< /R i /R Nty (w)ose,h(e — w) dw Na(@ = o) da

- /]R Nty () /]R oscrh(@)Na (e + w - xo) da du

S/ Nis214, (w)r dw
RN
<r.

or r € |5%0, 0/, upon replacing r by 0 we obtain
F 6,6 lacing r by § we obtai

/ 0s¢, (Ns21qy * h)(@)Na(z — zo) dz < § < 2N
RN
1

In contrast, for r < Wé we estimate

/R o5 (N nay * D)()Na (i — 70) do

_ /R oser ( /]R Nty (= wh(w) dw) (@) (2 — o) da

< /RN /RN oscrNs21dy (& — w)|h(w)] dw Ni(z — x0) da

@ /R ) /R FAOVEN 410 (7 — w)l(w)] dw N (z — 20) do
= FAVN [ Nosnseran(w) [ Jhle = w)] Nale = a0) dedu
< FAVN [ Nssay (w)idu

< 40V N r.

43

To complete the proof of d), it only remains to show the estimate on the Lipschitz

constant of Nsz1q, * h. To do so, we estimate

|V(N§2 Idy * h)(m)|
< [ 19Nz o = w)llh(w)]

= /RN |V Ns2 14, (W)| |22 — w)| dw
g/ 16~ 20| Nye ra (w) [h(@ — w)] duw
RN

< \@N / |572w| exp ( — i52|w|2> Nosz 14y () |h(z — w)| dw
RN
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<vV2 67 | Nogeray (w) |h(z — w)| dw

RN

1/2
Nl (”*'A ') [ A alw) i = )

1/2
S\@Na1<\f(5+|/\ |) /]RN NQ&IdN( )/\/’A( —z)|h(a:— )|dwdz

RN

1/2
< V25 (f(s + A |> 5/\/251(1N (2)dz

(B

This establishes assertion d).
Assertion a) is a direct consequence of the estimates

Vool =| [ 9ot - v < [ p)baos
and

/RN 08¢, (b * V) (x)Na(x — z9) dx
= /]RN OSCT(/RN b(w)(- — w) dw) (2)NA(z — o) dx
< / o L wlose (@ —w) dw Na (e — o)

= / / osc; () Na(z +w — xo) dz [b(w)| dw
RN JRN

< /RN r|b(w)| dw

<.

Concerning b), we directly verify |V, (z)| = |V (72)| < L. On the other hand,
we have for any r > 0 using the convolution property Ny2y = Ny * N(z2_1)5

/ 08¢ (2)Np (z — xo) do
RN
:/ loscTﬂ/)(T:z:)/\/A(z — ) dx
RN T
*/ 1osc7r1/)( WN2p (T — T20) dT
/ / 08Crp P (T)N(72_1)A (W)NA(Z — w — T0) dT dw
RN JRN

_f/ TTMTz 1)A( )d
RN
<.

This establishes b).
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Regarding c), we have by oscs(x) < oscxeqs9(x — 2) for any |z| < Ke
05051p(x)
1
<
f{|Z|§K5} Nezay (2) dz
_ 1
Jija1< iy My (2) dz

which for K > v/2N entails the desired bound using

/ Nezgy (2)osCretrst(z — 2) dz
RN

(Nz21ay * 08Creys¢)(T)

1
(60) / My (2)dz > =.
{|z|<VaN} 2
The latter estimate follows from
1 N
{lz[=r} = J{z>r} r

45

O

In the following lemma, we collect a number of standard properties of Gaussians.

Lemma 11. Let A € RVXYN be a symmetric positive definite matriz.
For any symmetric positive definite matriz A € RVN*N we have

(61) Na* Ni = Nyyi-
For any 0 < 7 < 1 the second and the third derivative of the Gaussian Ny satisfy
the bounds
|V2NA(Z)| (N+2)/2_—11 5 —1
(62) = <3(1+7) THATY
N(1+7')A(Z)
and
3
(63) [VSNA(2)] < 5(1+ 7)(N+3/2-8/2)p~1/23

Ntr)a(2)

for all z € RV,
For any 0 < s <1 we have the multiplication property

(64) NA(Z)NA($) :NA(\/lfSZJr\/gJZ)NA(\/lfsxf\/gz)

for all z,z € RV

Let 0 < 7 < 1 and r < 376|A7"Y/2. Then the Gaussian Nj2) satisfies the

estimate
20

r
(65) 0scrNz2p(2) < 5% iz

In particular, for T:=2/N and r < ﬁ(5|/\_1|_1/2 we have

(L + )M 2AT 2N 124 (2)-

r —
(66) OSCTN(;zA(Z) < g X 40\/N|A 1/2|M1+7)62A(2)-

Proof. Equation (64) is immediate from the definition

NN S Ry
Na(z) == (ZW)N/Q\/mexp( 2A z z>
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The estimate (62) follows from
VIN, (2) = (A*l A A’%)NA(;:)

and

7NA(2) IN/2 ex —1 T 1y 2
& T <0+ e ( A s)

as well as the bound for all b > 0

1 1 2
b2exp<— T b2)§ +T.7.

2147
Similarly, we deduce (63) by applying (67) to

V3NA(2) = (?)(A_1 ®A_1z)sym +ATzeA T 2® A_lz)NA(z)

and using the estimate (valid for all b > 0)
T b2) N R SN € o) K IR

7172 % £3/2 g3/2
(1+47)3/2
= 73/2
Finally, we turn to the proof of (65), from which (66) follows as an immediate
consequence. By the estimate
|exp(—a) — exp(—(a +b))| < bexp(—a)

(valid for any a,b > 0) we deduce for 7 < 1 the bound

1
3 _ =
(3b+b)exp( 5117

osc, Nszp(2)
< 1
~ (2m)N/2y/det 02A

1 1
e (‘ S0 AT 2 2 4 STAT AT 252|A1|7‘2)

(207 2| AT 22| A2 4 52 AT 1 ?)

<62+ 1)V PN mys2a(2) sup (2]A Y 22| |[AYV2|r + A2
(147) !

1 1
X exp ( - 5#5*%/\*1/%\2 + 0 AT 2| | A2 + 252|A1|r2)
<0721+ 1NN s (2) sup (AT 22 AT 2] 4 |ATY %)
1+4r1
X exp (— 78—5_2|A_1/2x|2) X exp <+2T6_Q|A_1|7‘2>
which for 7 < 376|A~171/2 entails
o0sc,; Ns2p(2)

<621+ T)N/2M1+T)52A(z) <2A1/2|r sup bexp ( - gé”bz) + 5|A1/2|r> X 2
b>0

<6214 )N PN pms2a (2) (8672 ATV2 e + 6|ATY2)r) x 2.
(1+7)

As a consequence, we deduce (65). O
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APPENDIX B. CONCENTRATION INEQUALITIES FOR INDEPENDENT RANDOM
VARIABLES

A concentration estimate for the sum of bounded independent random variables
is provided by Bennett’s inequality.

Lemma 12 (Bennett’s inequality). Let X1,..., Xy be independent random vari-
ables with E[X;] = 0 for all 1 <i < M. Suppose that for some A > 0 the X; satisfy
the uniform bound | X;| < A almost surely. Defining

M
%= E Var X;,
i=1

and using the notation h(z) := (1 + x)log(l + x) — =, we have for any r > 0 the

estimate
M 2
o Ar
P{in > r} < exp < - AQh<U2>).

i=1
In particular, we have
M r? 7
P X, >r|l < —min{ —,— ¢ |.
[; r]exp( mm{gg2 3A}>
Proof. For the proof of Bennett’s inequality — the first inequality of the lemma —

see [6]. The second inequality follows by distinguishing the cases r < 2’ in which
q g g A
Bennett’s inequality gives

M 2
P{;XiZT}SGXP<&‘2>7
and r > U;, in which case we deduce
M r
P X, >r| < - — ).
PRSI
|

As a corollary of Bennett’s inequality, we deduce the following concentration
inequality for random variables with stretched exponential moments.

Lemma 13. Let X4,..., X be independent random variables with zero mean and
uniformly bounded stretched exponential moments

.[7Yo
E{exp (l)éfm >} <2

for some v > 0 and some b > 0. The sum

M
X = ZXl-
=1

then satisfies for any V' > Var X the estimate
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for any

@ e ()}

Proof. Fixing A > 0, we split each random variable X; according to
X — Xbulk: + Xtail
i =4y i
with

bulk ., __
X7 = Xix|xi|<a,

X{ = Xix (x> A
By Lemma 12, we get

P >r| <2e — min LL
=T =eexp 3Var X' 34 [ )"

Furthermore, we have the bound

M

Z xbulk

=1

. Yo
IP’{EI@' L Xt £ o} < 2M exp ( ‘2% >

Choosing A := % for some V' > Var X, we deduce

M .2
P X;|>r| <3 -
[2x[z] =ve(-57)
as long as log(2M) < % = 2(‘7/% and
Vo 2
2rvopyo — 2V

Note that the latter condition may be rewritten as r2t70pY < V7o+! which is
satisfied in case (68), while the former condition is

r < —V
~ b(2log(2M))/ 0

which is also satisfied under our assumption (68). O

For the sum of independent random variables, each of which is approximately
a multivariate Gaussian, the following simple concentration estimate towards a
Gaussian holds true.

Lemma 14. Let X1,..., Xy be independent RN -valued random variables with zero
mean and uniformly bounded stretched exponential moments

X |0
o (32 -

for some v9 > 0 and some b > 0. Let 0 < 7 < 1 and suppose that the probability
distribution of each X, is close to a Gaussian N, with [[Na,,|lexpro < b in the
1-Wasserstein distance

Wl(Xm,NAm) S Tb.
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Then there exists a probability space and random variables Y and Z such that the
law of the sum

M
X = Z X,
m=1
coincides with the law of the sum
Y + Z,
where Y is a multivariate Gaussian with covariance matriz A = fo:l Ay, and
where Z s a random variable subject to the estimate
r2
P{|Z| > r] < 3N —
2] 21 < exp( 3NTlog7'1/‘YOMb2)
for any
. [/ Mr|logT|t/0 /(44270)
1/70/ 1/ Yo 0
r < y/7|log 7|t/ Mbmln{ (2log(ZMY) 1/’ (t]log 7|7 M) .

Proof. By the stochastic independence of the X,, and the definition of the 1-
Wasserstein distance Wy (X, N4, ), there exists a probability space and indepen-

dent triples of random variables (Xm, Y, Zm) with X,, 4 X,, and

Xm = }/m + Zm

where Y, is a Gaussian random variable with covariance matrix A,, and where Z,,
satisfies
E[|Zpn|] = Wi (Xm, Na,,)-
By writing Z,,, = Xom — Y., we deduce using Lemma 15
Zmllexpro < [ Xmllexpro + [[Ym|lexp2 < Cb+ Cb

and therefore for A with 22/b? < exp(27°/2(Cb)0) for all z > A (using again
Lemma 15)

E[|Zm[?] < AE[|Z|] + El|Zm|*X| 2,0 1> ]
< AE[|Zn|] + 0 exp(—A™ /207 )E[exp(| Zm | /(C) )]
< A - Obr + 2b% exp(—A"° /207°).
Choosing A := Cb|log |/ (which satisfies the previous assumption) we get
E[|Zm|?] < C7b%|log 7|/ .

As the sum of independent Gaussian random variables is again a Gaussian ran-
dom variable, we get that

is a multivariate Gaussian with covariance matrix A = Zf\le A,,. On the other
hand, applying Lemma 13 to

M
Z::ZZm

m=1
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with the choice V := M7b%|log 7|/, we obtain

2
P{|Z| > r] < 3N -
2] 2] < exp( 3N7'log7-1/“¥0Mb2)
for any
iy |V Mr[log |t/ /(4+27)
1 Al e = B 1/ Yo Yo
r < y/7|logT|l/70 Mbnr1111{(210g(2 ))1/70,(T\log7'\ M) .

]

APPENDIX C. CALCULUS FOR RANDOM VARIABLES WITH STRETCHED
EXPONENTIAL MOMENTS

Throughout this paper, we have equipped the space of random variables X with
stretched exponential moments in the sense

&y (1) <

for some v > 0 and some C > 0 with the norm
1 1/p
— P
||X‘|eXp”' = igﬁl) pl/wE“X' ] .

In the setting of exponential or higher moments v > 1, this norm is equivalent to
the Luxemburg norm associated with the convex function exp(z?) — 1. However,
it has two advantages over the Luxemburg norm: First, it simplifies calculus when
considering the integrability of products of random variables or the concentration
properties of independent random variables. Secondly and more importantly, it is
also a well-defined norm on the space of random variables X with subexponential
stretched exponential moments v € (0, 1).

Lemma 15. Let v > 0. Consider a random variable X on some probability space.
Define the quasinorm

X\
||X||exp"’,quasi = inf{8>01E{€Xp(| J >:| SQ}
S

Then we have || X||expr,quasi < 00 if and only if || X||lexpr < 00 and there exist
constants c(y), C(y) such that the estimate

0(7)||X||exP7 < ||X||exP7,quasi < C(’Y)HXHeXP“/

is satisfied.

We omit the (elementary) proof of this lemma and the next lemma; the proofs
may be found in the companion article [18].

Lemma 16 (Calculus for random variables with stretched exponential moments).
Let X, Y be random wvariables with stretched exponential moments in the sense
|| X||expr < 00 and ||Y||exps < 00 for some v, > 0.
a) The product XY has stretched exponential moments with exponent o given
by % = % + % and satisfies the bound

[IXY lexpe < C B, WX [esxpr [1Y Mexpr
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b) There exists constants ¢ = c(y) > 0, C = C(y) < oo, with the following
property: For any K > 0, we have the estimate

P[|X] > K[| X |lexpr] < Cexp(—cK7).

For independent random variables with stretched exponential moments, the fol-

lowing simple concentration estimate holds. Again, we omit the proof and refer the
reader to [18].

Lemma 17. Let X1,..., X be independent random variables with vanishing ex-
pectation and uniformly bounded stretched exponential moments

|| Xom[expro < b

for some v9 > 0 and some b > 0. Then the sum

M
Xi=> Xn
m=1

has uniformly bounded stretched exponential moments

[ X]lexpy < Cy0)V M

for 5 :=70/(v0 +1).
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