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ABSTRACT. In the present work we introduce a notion of renormalized solution
for reaction-diffusion systems with entropy-dissipating reactions. We establish
global existence of renormalized solutions. In case of integrable reaction terms
our notion of renormalized solution reduces to the usual notion of weak so-
lution. Our existence result in particular covers all reaction-diffusion systems
involving a single reversible reaction with mass-action kinetics and (possibly
species-dependent) Fick-law diffusion; more generally, it covers the case of
systems of reversible reactions with mass-action kinetics which satisfy the de-
tailed balance condition. For such equations existence of any kind of solution
in general was an open problem, thereby motivating the study of renormalized
solutions.

1. INTRODUCTION

In this paper, we are concerned with reaction-diffusion-advection equations of the
form

d - .
(1) =V (AiVu;) = V- (uiby) + Ri(u) Vie{l,...,S},
where S denotes the number of chemical species, u; denotes the concentration
of species i, A; denotes the (species-dependent) diffusion tensor, b; denotes the
(species-dependent) drift, and R; denotes the net production/consumption of species
1 due to reactions.

Consider a general reversible chemical reaction
(2) atAr + ...+ asAs = A1 + ...+ BsAs

where A; denote the different chemical species and where «;, (3; are nonnegative
integers. In many physically realistic situations the reaction rates then are either
given by or at least approximated well by mass action kinetics, i.e. we have

S s
(3) Ri(uw)=(8i —a;) | a1 H up® — o H ut |,
k=1 k=1

where cj,co > 0 are reaction constants. The simplest corresponding reaction-
diffusion equation then reads

s s
d
(4) P =a;Au;+ (i —ay) | a1 Huz* —CQHUkk vie{l,...,S}
k=1 k=1

with a; > 0 denoting the species-dependent diffusion constants. To the best of
our knowledge, global existence in time of any kind of solution to this equation in
general has been an open problem, even for smooth initial data and e.g. periodic
or homogeneous Neumann boundary conditions. The main difficulty is the lack of
control of the reaction terms R;(u), which may grow very fast as |u| — oo due
to the possibly large powers of u appearing in (3); the known energy estimates
are not even sufficient to guarantee boundedness of the reaction terms R;(u) in
1
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LY (2 x [0,T]). Thus R;(u) is a priori not even known to define a distribution. It is
therefore not obvious how to define a notion of solution for which global solutions
exist.

An important consequence of the structure of the reaction terms in (3) is the ex-
istence of an S-tuple of constants p; € R, ¢ € {1,...,S}, such that the so-called
entropy inequality

S
(5) S Ri(w) (s +logu) <0 Vu e (Rf)®

i=1

is satisfied. Note that this inequality is equivalent to requiring that the entropy
estimate

s

d

pr Z(,uz —1+logu;)u; <0
i=1

be satisfied for any solution u of the system of ODEs
d
dt
For our reaction-diffusion equation (4), in case of periodic or homogeneous Neu-
mann boundary conditions the entropy inequality (5) formally implies that

s s
d
(6) i /;_1(#1 1 +logu;)u; dr < c/ ;:1 V| dx

In particular, no blowup of the Llog L Orlicz norm of solutions may occur. However,
the entropy estimate (6) is the only known energy estimate for our equation (4),
apart from an L2(Q x [0,T]) bound discovered by Pierre and Schmitt [36]. It has
therefore not been known whether there exists a notion of weak solution for which
global solutions can be constructed, at least if the powers of u occuring in (3)
exceed 2.

The general situation — having energy estimates which prevent global blowup of
solutions, which however are insufficient for defining a notion of weak solution —
therefore resembles the situation of the Boltzmann equation; this suggest that the
concept of renormalized solutions as introduced by DiPerna and Lions [14, 15, 16]
might apply to our case. Let us briefly explain this concept. For a single equation,
given a smooth one-to-one mapping ¢ : R — R, a renormalized solution to a
PDE is a function u with the property that £(u) solves the PDE deduced by a
formal application of the chain rule. For example, a renormalized solution u to the
transport equation
dyu+V - (ub) =0

would have to satisfy

0 (u) + V- (§(u)b) + (£ (wu — €(u))V - b =0
in a suitable weak sense. More generally, one considers a suitable family of (now
no longer necessarily one-to-one) mappings & and requires that

3 (w) + V - (Er(u)b) + (& (u)u — & (w))V - b= 0

be satisfied for all k. Here, one e.g. may choose the & as some kind of truncation
of the identity map; note that in such a case, in the latter equation all terms are
well-defined distributions if u, b, V - b just belong to L'.
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We would like to emphasize that renormalized solutions have found widespread use
in the theory of PDEs, in particular also for elliptic and parabolic equations; see
e.g. [1,2,7, 31, 39].

For certain cases of (4) with reaction rates with at most quartic growth, renormal-
ized solutions with defect measure have been constructed by Desvillettes, Fellner,
Pierre, and Vovelle [12]. However, for reactions of higher order, global existence
of any kind of solution has remained an open problem. In the present paper, we
introduce a suitable definition of renormalized solutions which enables us to prove
global existence of solutions. In case of integrable reaction rates, we demonstrate
that our notion of solution reduces to the usual notion of weak solution.

The main novelty of our notion of renormalized solutions is that our mappings &
for which an evolution equation is imposed on &(u1,...,us) now depend on all
concentrations uq,...,us at the same time, not just on a single one. This idea,
albeit quite natural, apparently has not been exploited previously: in the literature
only renormalized solutions for parabolic equations seem to have been considered
which impose evolution equations for £(u), £(uz), ..., £(ug); yet such a notion of
solution does not eliminate the need for growth restrictions of the reaction terms.

From now on, we shall consider a more general situation: we now deal with the
full equation (1), imposing only modest restrictions on the coefficients and the
domain. Our main assumption on the reaction terms R; (apart from local Lipschitz
continuity) will be the existence of constants u; € R, 1 < i < S, such that the
entropy inequality (5) is satisfied. Besides the case of a single reversible reaction
with mass action kinetics (as described by (2), (3)), many systems of reversible
reactions with mass-action kinetics satisfy this entropy inequality and thus are
covered by our result: In particular, the entropy inequality holds for all systems of
Np reactions of the form

(7) A+ ..+ abAs = B AL+ ...+ BEAs, 1<k < Ng,

if Ng < S holds and if the matrix (3% — a¥);;, has full rank (as shown e.g. in
[23, 37]; see also [17] for further mathematical results on such systems of reactions).
More generally, the entropy inequality holds for systems of reversible reactions with
mass-action kinetics which satisfy the so-called condition of detailed balance.

Before sketching our technique and stating our main results, we would like to pro-
vide an overview of the existing literature for equation (1).

For diffusion coefficients A; and advection velocities b; which are independent of the
species 1, existence of globally bounded solutions in case of reactions of the form (7)
and mass-action kinetics has been shown by Mincheva and Siegel [30]; for a more
general result in this direction see the paper by Krautle [26]. If all A; coincide, the
quantity Z§:1 (; —1+1og u; )u; is a subsolution of some parabolic partial differential
equation; in [30] this fact has been utilized to apply a maximum principle, while in
[26] Moser iteration has been used to derive L™ bounds for the solution. However,
as soon as the diffusion coefficients A; depend on the species (which is the case
in most physically relevant situations), this method is not applicable anymore as
the abovementioned quantity ceases to be a subsolution. For diffusion coefficients
which are close to each other, Canizo, Desvillettes and Fellner [5] nevertheless have
proven existence of weak solutions (i.e. with integrable reaction terms) by duality
estimates.

It is therefore the interplay of reactions and species-dependent diffusion which is
responsible for the difficulty of our problem. The results of Pierre and Schmitt
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[35, 36] suggest that in general, given only the entropy inequality (5), for species-
dependent diffusion coefficients we should perhaps not expect existence of bounded
solutions: In [35] it is shown that the L* norm of solutions to reaction-diffusion
equations of the form (1) with b_; = 0 and species-dependent diffusion may blow up
in finite time, even if the so-called dissipation of mass condition

S

(8) Y Ri(w) <0 Vue (RS)®
=1

is satisfied (for existence results given the dissipation of mass condition, see the
overview by Pierre [34]). Although the dissipation of mass condition is not equiva-
lent to our entropy condition, the amount of control on solutions provided by these
conditions does not differ much: the dissipation of mass condition allows controlling
the norm sup, ||u(.,t)||r1, while the entropy condition gives control of the quantity
sup, ||u(.,t)logu(.,t)||f1. Therefore it seems likely that the entropy condition does
not prevent finite-time blowup of the L°° norm of solutions either.

Whether globally bounded solutions exist under more restrictive conditions on the
structure (but not the order) of the reaction terms — e.g. for a single reversible
reaction with mass-action kinetics (4) — is an open problem.

If we have some uniform L' a-priori bound for the reaction terms for approximate
problems, weak solutions exist in many cases as shown by Pierre [33] (even without
the entropy condition).

In case of reaction rates satisfying the mass dissipation condition, an L? estimate has
been derived by Pierre and Schmitt [35, 36] by a duality approach and subsequently
been exploited to prove existence of weak solutions for different cases in which the
reaction rates have at most quadratic growth; see also the papers [5, 9, 12]. Note
that for reaction rates with low-order growth and/or low spatial dimensions, weak
solutions or even bounded (and thus smooth) solutions can often be obtained; see
the previous references and e.g. [4, 6, 19, 20, 24].

For general reaction rates satisfying the mass dissipation condition, global existence
of any kind of solution is also an open problem (which we do not address in the
present paper); see the overview article by Pierre [34].

For reaction-diffusion equations with mass-action kinetics in the framework of semi-
conductor models, we refer the reader to [18, 22] and the references therein.

Note that the entropy estimate also allows for analyzing large-time behavior of
solutions to our reaction-diffusion system; see e.g. [8, 9, 10, 11, 29].

In a recent work, Mielke [28] has shown that formally, reaction-diffusion equations
with reactions of the form (7) and mass action kinetics can even be regarded as a
gradient flow of the entropy with respect to a dissipation functional related to the
Wasserstein distance (see also [27]). However, a rigorous analysis in this direction
in general is still lacking. It would be an interesting question to decide whether the
renormalized solutions constructed in the present paper may also be obtained by
Otto calculus (as introduced in [25, 32]).

Before stating our main results, let us provide a sketch of our method:

e Our notion of renormalized solution requires that for a renormalized solu-
tion u, for any & € C*(]0,00)") with compactly supported derivatives the
function £(u) must satisfy the equation deduced by a formal application of
the chain rule.
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e To prove existence of renormalized solutions, we first show existence of solu-
tions u€ for a regularized approximating problem using a standard Galerkin
approach. The regularization is chosen in such a way that the entropy con-
dition is preserved. The entropy estimate therefore yields a uniform (with
respect to €) bound on u€; more precisely, we have

s s .7
sup Z/QUE(IOE;UHMrI) d:c+Z/O /Q|v\/175\2 dz dt < O(T) .
i=1

te(0,T) ;=1

e In the second step, compactness of the solutions u¢ to the approximate
problem in L'([0, T]; L*(£2)) is shown. We proceed by applying the Aubin-
Lions lemma to the truncations o (u€) of the approximating solutions,
where pF : (RF)® — R is a truncation of the mapping v — v;. The function
©F(v) equals v; in case 25:1 v; < Ej; for Zle v; > 2F the function o (v)
is constant.

The required bounds on the spatial derivatives of o (u€) are inferred
from the entropy estimate (and the chain rule), while the bounds on the
time derivative are deduced by deriving an evolution equation for ¢F (u¢).

Having proven compactness of the families o (u€) in L'([0, T]; L' (Q2)) for
all F, we deduce compactness of u¢; here we additionally need the Llog L
bound inferred from the entropy estimate.

e We then would like to pass to the limit ¢ — 0 in the evolution equation
for &(u€) for any choice of & € C°([0,00)%) with compactly supported
derivatives. The compactness of the v in L1([0,7]; L*(£2)) and the uniform
bounds on the u¢ deduced from the entropy estimate enable us to pass to
the limit in most terms of the equation.

However, due to the nonlinearity of ¢, terms involving products of deriva-
tives of u¢ appear in the equation for {(u€) (note that we only know weak
convergence of V/uf in L*([0,T]; L*(€))). We do not know how to show
convergence of these terms directly and therefore have to resort to a differ-
ent strategy.

e Instead of passing to the limit in the equation for £(u€), we pass to the limit
in the equation for the truncated densities ¢ (u€). Of course, ¥ is just a
special choice of &; therefore the issue with the terms involving products of
derivatives of u¢ remains. However, we can now show that these terms —
which by our uniform bounds on u¢ must (weak-x) converge to some signed
measure in the limit ¢ — 0 — become negligible in the limit of infinite
truncation height F — oo (see below). We therefore obtain an equation
for the truncated densities ¢ (u) which is only satisfied up to some error,
with the error converging to zero as £ — oo.

e To bound the error in the equation for the truncated densities ¢ (u), we

first notice that it is bounded by C Zle SJE , where

T
EF = lim/ / |V u$|? dz dt .
=0Jo J{E<Y, ui<2E}
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The latter quantity tends to zero in the limit of infinite truncation height
FE — oo, as we have

o0 T
lim/ / |V\/ug|? da dt
=0 0o J{k<T, us<k+1}
oo T
< liminf / / |V\/us|? dx dt
€0 kZ:O 0 J{k<Y; us<k+1}
T
= liminf/ / \V/us|? da dt < C(T).
o Ja

e—0
e In the last step, starting with the equations for the truncated densities
©F(u) (which are only satisfied up to some error), we derive an equation
for £(p¥(u)), which again is only satisfied up to some error. Here o (u)
denotes the vector with entries ¢ (u), ..., pE(u). Then passing to the
limit £ — oo, we obtain the desired exact equation for &(u).

Throughout the paper, we shall use standard notation for Sobolev spaces. Further-
more we abbreviate I := [0,00). By L (I;X) we denote the set of all mappings
u : I — X which belong to LP([0,T]; X) for all T > 0. By # we denote the outer
unit normal vector to a domain 2 C R?. The k-dimensional Hausdorff measure is
denoted by H*. By RM(A) we denote the space of Radon measures on A with
the total variation norm || - [[gar(a)- As usual, the Sobolev space H'(Q) is de-
fined to consist of all functions in L?(§2) whose weak first derivatives also belong to
L?(Q). The space of smooth compactly supported functions on a set A is denoted
by C25:(A). By C%!(A) we refer to the class of Lipschitz continuous functions on
A. The notations A and A° are used for the closure and the interior of a set A,
respectively; 0A refers to the boundary of the set A. Given a matrix A € R™*™,

by |A| we denote its spectral norm.

2. MAIN RESULTS

Besides the entropy condition (5) we shall impose the following (modest) restrictions
on our domain, the coefficients, and the reaction rates:

(A1) Let d € N and let Q C R be a bounded Lipschitz domain.

(A2) Assume that A; € [L>(I; L= (€2))]"*?. We denote max; sup,, , | 4| by A.

A3) Suppose that there exists A > 0 such that for all ¢, all x € Q, all ¢t € I and
all v € R? we have (A;(x,t)v,v) > Av|2.

(A4) Assume that b; € [L>(I; L>(Q))]* and that the trace of b; on the spatial

boundary 09 x I exists.
(A5) Tet R, : (R{)® = R be locally Lipschitz for all 1 < i < 5.
(A6) Assume that R;(v) > 0 for any v € (R{)® with v; = 0.

The last condition (A6) serves to guarantee nonnegativity of all concentrations wu;
(as negative concentrations are absurd from a physical point of view). It has a
simple physical interpretation: if species 7 is not present, it cannot be consumed by
reactions.

We impose the following boundary conditions:

(B1) Assume that there exist disjoint open subsets I'r;,, oy of 0N such that
the decomposition 'z, U T oy = 02 holds.
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(B2) Let g; € L*°(T'1, x I) be nonnegative bounded functions. Then we impose
the boundary condition 7 - (4;Vu; — uzl_);) =g;on Iy, x1I.

(B3) Assume that 7 - l_;l > 0 holds on I'py;. We then impose the condition
- A;Vu; =0on Loy X 1.

Condition (B2) (which prescribes the (in-)flow at the boundary) is a typical inflow
boundary condition on I'y,, while condition (B3) (which implies that the diffusive
flux at the boundary vanishes) is a typical outflow boundary condition on I'g,;; see
e.g. [26]. The condition that the advection velocity be pointed outward on 'y
is imposed in order to control the evolution of the total entropy. The condition
that the (in)flux g; be positive on Iy, is necessary to ensure nonnegativity of the
solution.

We introduce the following notion of renormalized solution for equation (1):

Definition 1. Suppose that (A1) to (A6) hold. Let (ug); € L*(Q), 1 <1i < S, be

nonnegative. We say that nonnegative functions u; € L (I; LY () with \J/u; €

loc
L} (I; HY(Q)), 1 < i < S, are a renormalized solution to the reaction-diffusion-

advection equation (1) with initial data ug and boundary conditions (B1) to (B3) if
for every smooth function & : (Rar)s — R with compactly supported derivative DE
and for every 1 € C(Q x I) the equation

| et 100 1) do = | eun)it.0) do - / : [ s G o ar

S
- Z /()T/Qwaiajf(u)(/livui) -Vu; dx dt

©

S T
- ;/0 /Qaiﬁ(u)(AiVui) -V dx dt

S T S T
0 Q i=1 70 Q

ij=1

+§/OT/Q@€<U)R2‘(U)1P dx dt

S T S T
+§:/ / gW@ﬂ@d%“lﬁ—E:/‘/m it by g VOE(u) dHAT dt
i=1 0 Trn i=1 0 Fout
is satisfied for a.e. T > 0.

Note that due to the fact that D¢ is compactly supported, all terms in formula (9)
are well-defined.

Our main result reads as follows:

Theorem 2. Assume that conditions (A1) to (A6) and (B1) are satisfied; suppose
that g; and b; meet the conditions in (B2) and (B3). Assume that the reaction rates
satisfy the entropy inequality (5). Let (ug); € LY () be nonnegative functions with
S5 fo(uo)ilog(ug); da < oo

Then there exists a global (in time) renormalized solution u to equation (1) with
initial data ug and boundary conditions (B1) to (B3); the solution has the additional
regularity u; logu; € LS (I; L1(Q)).

loc
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We now would like to discuss the relation of our notion of renormalized solutions
to the “classical” notion of weak solutions.

To this aim, we introduce a family ¢ of truncations of the mapping v — v;, which

. s
truncate v; when 3 7_, vy, becomes too large. More precisely, we let ¢Z : (RF)” —
Ry, E € N, be a family of functions subject to the following conditions:

(E1) Let o € C2(RY)9).

(E2) Assume that there exists K1 > 0 so that \/u;\/vx|9;0k¢f (v)| < K1 holds
for all j, k, E and all v € (RF)".

(E3) Suppose that for every E the set supp D¢¥ is bounded.

(E4) Assume that limp_,oo Oj9F (v) = §;; holds for all v € (R{)® and all j
(where ¢;; denotes the Kronecker delta).

(E5) Suppose that there exists Ko > 0 such that [0;pF (v)| < Kj holds for every
v € (RF)S, every E, and every j.

(E6) Assume that ¢F (v) = v; holds for any v € (R{)® with Zle v; < E.

(E7) Suppose that we have limp_; oo SUp|, < i |0;0k0F (v)| = 0 for every K € Rt
and every j, k.

Such truncations ¢F satisfying (E1) to (E7) can indeed be constructed: Let ¢ €
C*(R) be a smooth nonincreasing function taking values in [0,1] with ¢ = 1 for
r < 0and ¢ =0 for z > 1. Define

— ZS:U - F ES:U —E
(10) o (v) = v; ¢<'€1Ek> +3E <1¢ <k1Ek>> '

Then one verifies readily that these ¢ satisfy conditions (E1) to (E7). Note that we
shall also use the same family of truncations in the construction of our renormalized
solutions below.

Consider a renormalized solution u. We now show that even though R;(u) ¢
Li .(I; L' () might hold, an appropriately defined sequence of regularized ver-

loc
sions of R;(u) in fact converges to a distribution.

Theorem 3. Let u be a renormalized solution in the sense of Definition 1. Then,
for any sequence of functions ¥ : (RT)S — R subject to conditions (E1) to (E7),
the limits

(11) = lim Zaﬂ% (u)

E—o00
exist in the sense of distributions (on Q% [0,00)). The limits are independent of the

choice of the sequence ©F; moreover, for any ¢ € Ppt(Q xI)and any1 <i< S
the equation

_/( dx_/ /u L de dt
(12) / /AVUZ wdxdwr/ /ulb VY dr dt

+ <Rl(u)’w>D/(Q><I)><'D(QXI)

o0 o0 R
+/ / gitp dHIL dt —/ / by ug o dHYY dt
0 Trin 0 Tout

holds.
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Remark 4. The reaction terms él(u) in fact have better regulafity than being just

a distribution: by equation (12), we see that the distributions R;(u) belong to the
/ !/

space [HL (I; L=(Q))] + [L3S.(I; Wh>(Q))] .

loc

The previous theorem now enables us to relate our notion of renormalized solutions
to the classical notion of weak solutions:

Remark 5. If the reaction terms R;(u) (which are defined pointwise a.e.) belong
to Lt (I; LY(Q)) for all i, by dominated convergence (recall (E4), (E5)) we see that

loc

the distributions R;(u) are given by

(Ri(u / QR W dz dt

for all i € CZ(Q x I). Thus, the concept of Ri(u) is a generalization of the
concept of integrable reaction rates R;(u) and our concept of renormalized solutions
generalizes the concept of weak solutions with reaction terms in L}, .(I; L*(£2)).

Moreover, if we have some u with the property that R( ) is a well-defined distribu-
tion and some v with the property R;(u)— R;(v) € LlOC(I; LY()) for alli, then R(v)
is also well-defined as a distribution and the equality R;(v) = R;(u)+(R;(v)—R;(u))
holds in the sense of distributions.

3. PROOF OF THE MAIN RESULTS

3.1. Existence of solutions for an approximate problem. We now show exis-
tence of weak solutions for a regularized model; note that the regularization which
we use preserves the entropy condition.

Lemma 6. Assume that conditions (A1) to (A6) and (B1) are satisfied. Suppose

that g; and b; satisfy the conditions imposed in (B2) and (B3). Let ¢ > 0. Suppose

that we are given nonnegative (uf); € L=(Q), 1 < i < S. Then there exist u§ €

L (I;HY(Q), 1 < i < S, with u§ € HL (I;(H'(RQ))) such that for all ¢ €
(I; HY(Q)), a.e. (t1,t2) € I?, and all i € {1,...,S} we have

L2
to d
/ <uf, 1/)> dt
no\dt (H(Q)) x H1()

loc
to ta .
(13) = —/ /(AZVuf) -V dx dt +/ / uib; - Vb dx dit
tl tl Q
ta

)
/m 1+e\R 11 RG] ¥ ™

12 t2 o
+/ / ginp dH! dtf/ / - by uS ¢ dHI dt
t1 I'in t1 Tout

with R(u®) denoting the vector with entries R;(u®), 1 < i < S. Moreover, we have
uf(.,0) = u§ in the sense of (H'(£2))'.

All u§ are nonnegative a.e..
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If additionally the entropy inequality (5) holds for our reaction rates R;, we obtain
for a.e. (t1,t2) € I? with ty >ty and a.e. t >0 in case t; =0

S to S 2
/ Z(M —1+logus(.,t2))ui(.,ta) da + c/ / Z ‘V\/ug
) t Sy
s
< (/ > (pi — L+ logus (., t1))us (1) dz+ C- (L —t1)> O t2mt)
Qi

where ¢ and C' denote some constants depending only on A and A as well as ||g,|\Lm
and ||gi||Le and Q (in particular, our ¢ and C do not depend upon ).

dx dt

Proof. The proof is mostly standard material; we therefore omit details.

First of all we extend R(.) to R¥ by defining R(v) := R(max(vy,0),..., max(vs,0)).
This extension obviously preserves the local Lipschitz property of R.

The proof of existence is then accomplished by standard Faedo-Galerkin approxima-
tion. Denote by (e;);en the orthonormal Schauder basis of L?(€2) with e; € H'(2)
consisting of the eigenfunctions of the Laplacian with Neumann boundary con-
ditions on Q2. We use the ansatz ug’k(x,t) = Z§=1 fg’k(t)ej(x) with continuous
functions §fk : I — R; the §fk are determined by setting ffk(O) = [o(u§)ie; dx
and requiring that

/Quf’k(.,t)ej(.) zh

to t2 -
(15) :f/ /(Aivuj’“)-vej dz dt+/ /ug”“bi-v(sj dz dt
t Q
t2 '
dr dt
/t1 /1+6|Ru5k|€] X
ta to .
+/ / giej dH? dt—/ / it by usF e; dHY dt
t1 I'in ty1 Tout

holds for all 1 < j < k,all 1 <7< S, and all 0 < t; < ty. This is a system of
ordinary differential equations which is (locally) solvable as (for fixed k) the right-
hand side depends continuously on (&7 ’k(t)),-j. Global solvability is a consequence
of proving boundedness of the solution, which follows from the standard energy
estimate below.

ta

By first reformulating (15) to admit variable-in-time test functions (this requires
an approximation argument) and then testing with uz’k and taking the sum over 1,
one can derive the standard L? energy estimate which reads

S T S
1
*/ Z(U?k)Q(l‘aT) dl’-i—/ /Z(AiVu?k)~Vu§’k dx dt
2Ja i3 0 I
1 S
€,k\2
<5 J, Dot 0 da
/ /ZuEkb VuEkda:dt—k/ /Z ek Riwh)
1+6\R 1+ €| R(usk)|
// Zgl ug® dn dt - // an A dt
r Tout 51

In j=1
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Note that ‘W;()u)l < e 1. Recall (A1), (A2), (A3), (A4), (A5) and (B3). There-

fore several applications of Young’s inequality and a subsequent application of an
interpolation-trace inequality like (16) below (see e.g. [13]) give

1 S T S
€,k\2 €,k |2
- u;”" ) (x, T dx—i—c/ / Vu,’
o J, L e arve [© 5]
1 S
g—/ S ()2, 0) de
2JaiH
. T S T S
+C’max||bi|\%oo/ /Z|ufk|2 dx dt+/ /Z<|u§’k|2+e*2) dx dt
' j 0 J—
/ / Z (19 + [ug*1?) are=" dt +0
Pin j=1

1 €,k\2
</ Z(ui (2,0 da
S
+c/ /pr’“ﬁ dz dt+Ce*2T+/ / > lgil? an*!
r

In ;=1

dzx dt

/ Zc (11950l 5™ Dl gy + ™ ) gy ) .

Making again use of Young’s inequality and an absorption argument to eliminate
the gradient term in the last integral, a subsequent application of the Gronwall
lemma leads to an a priori estimate of the form

sup /Z M2 (x,t) do+ = / /Z|Vu6k|2dxdt

te[0,T]

CT( /Zpk 2 dx + Ce 2T+C/ /F Z|gl\2 dH* 1dt>

In ;=1

where the constants C' may depend on \, A, 3, S, Q and where Py : L*(Q)) — L?(2)
denotes the projection onto span(ey, ..., ex).

We would now like to derive a uniform estimate on the time derivative of u:k Note
that the ufk satisfy for any ¢ € C*°(Q x [0,T]) the equation

/uekqﬁdx // ¢d dt
//AVUEk VPk¢dxdt+/ / uSFb; - V Py da dt

P

T
+/ / giPed dH" dtf/ / - by upt Prg dHTT dt,
0 Lin 0 Tout

where P, denotes the orthogonal projection in L2(f2) onto span(ey,...,ex). To
obtain this equation, one first shows by approximation that (15) admits a variant
with variable-in-time test functions; then, one tests this equation with Pr¢. Now
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observe that P is also an orthogonal projection in H'() since the e; are eigen-
functions of the Laplacian with Neumann boundary conditions; in particular, Py is
a bounded operator from H!(Q) to H'(Q). Thus, using the above a priori estimate,
we obtain a uniform (with respect to k) bound on Hu:k (@)

Passing to the limit k& — oo, for a subsequence (which we do not relabel) we obtain
weak convergence of u$™" to some u¢ in L2([0, T]; H(Q)) and in H'([0, T]; (H'())").
A subsequent application of the Aubin-Lions Lemma (see [38]) yields strong con-
vergence of uS™ to uf in L2([0,T]; L2()).

These convergence properties are sufficient for passing to the limit & — oo in
equation (15) (for fixed € > 0). We omit the details as they can be found in many
textbooks. Note that we use an interpolation-trace inequality of the form

1 1
(16) lvllz2(a0) < CNV[|Z2(0)lIv]F2(q) + CD)v]lL20)

(see e.g. [13]) to obtain strong convergence of the sequence ug’k in L2([0, T); L*(0%2))
by the uniform boundedness in L2([0,T]; H*(2)) and the strong convergence in
L3([0,T]; L*(Q)). Therefore the limit u$ satisfies the equation (13) and we have
us(.,0) = (u§); in (H(Q))".

K2

Nonnegativity of the u§ is proven by testing the weak formulation of the equation
for u$ (i.e. equation (13)) with min(0, u$) and using (B2), (B3) as well as the fact
that we have R;(v) > 0 in case v; < 0 (see (A6)) and the fact that (uf); > 0.
Since min(u$,0)? is convex, it is possible to rearrange the terms involving the time
derivative using a standard technique (see e.g. [3]), yielding for any 7" > 0

/ min(ug(.,T),0)? dz

/ /)\|me €,0)|? dx dt

—|—||b\|Loo/ /|m1nu 0)V min(u$,0)| dz dt .

Young’s inequality and the Gronwall Lemma allow to conclude.

To derive the entropy estimate (14), we first need to show boundedness of the
solution uf. An L°°([0,T]; L*°(€2)) bound however is derived easily using Moser
iteration: Let k € [1,00) be a real number. Inserting (u$)¥ in the equation for
u§ and taking the sum with respect to ¢ (the required approximation argument to
justify this can be found e.g. in [21]), we obtain by Young’s inequality

s 1 T
/ ) Jug[FT da
o= kTl .

)2 da dt

< _
- k41

+ C max ||b;|[2 - k+l/ /2:|u€|’“rl dx dt
/ /Z\u|kda:dt—|—/ / Zgz\u|k dH*t dt

L



SOLUTIONS TO ENTROPY-DISSIPATING REACTION-DIFFUSION SYSTEMS 13

This yields using Young’s inequality

sup /Zm t)[F Tt der/ /ZWW\’” % dx dt

t€[0,T]

<C/Z| \’“+1dx+c// Z|g|k+1 dHIt dt

Inl 1

+C(e)- T+C- / /Zm F L d dt
k+1/ / u§ M dndt dr
g ZI |

In j—1

Thus, the interpolation-trace inequality (16) (applied to |uj|%, i.e. in particu-
lar the constant in the inequality is independent of k) gives in connection with a
subsequent application of Young’s inequality and an absorption argument

sup /2Z|u t)[F Tt da:+/ /Z|V|u\ 2 da dt
¢

te[0,T

<c/ Z| ()| dﬂc+C’/ /F Z|gz|k+1 dHAT at

In j—1

+C(e)-T+C- / /Zm M1 da dt .

Finally, an application of the Gagliardo-Nirenberg-Sobolev interpolation inequality
to the functions |u§|% yields the estimate

BT
(/ /Z|u £)[PE+D) g dt)
)
s T 5-1 ren 12 FHTD
S(ZC/ </ |ug] 1 d;v) </ ’V|u§|T d:c+/ Jug P+ da;) dt)

=1
<C (1+k) / /Zm H)[F*+Y da dt + O(T /Z\ )[FH da
+C / / Z|gl|k+1 dH dt + Cle, T))

o
for some 5 > 1. The result now follows using Moser iteration: introducing the
abbreviations

Q =max(1, TH*1(69), L4(Q (ZH ug)ill Lo () +Z||gz||L°°(8Q>< 0,7 ))

= (/ /Z\u t)[2%" d;p)lmn,

the previous estimate implies for n € Ny

and

My < (0@)- 8202+ 0@ o)
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which yields (for a possibly larger C. depending also on T')
max(M41,Q,1) < C/2P" (26" max(M,,Q,1).

As the infinite product

H Cel/zﬁn21/ﬂnﬁn/ﬁn

n=0

is finite, we end up with

lim sup max (M,,, @, 1) < C(e, T) max(My, @, 1).

Note that

lim sup M,, = max ]| Loo (@ [0,1Y)-
n

In order to prove the entropy estimate (14), we test (13) with p; +log(u$+¢). Note
that the function u; +log(u$+4) belongs to L2 (I; H'(2)) (since u is nonnegative);
thus it is an admissible test function. The term involving the time derivative can
be rearranged using e.g. a technique in [3] since (v; +0)(p; — 1 +1og(v; +6)) (which
is the antiderivative of u; + log(v; + d)) is convex on [0, 00). We thus get

[ 05 =1+ 080t + )i ) +5) do

+/t2/4(AiV\/u§+5)~V\/u§+5 dx dt
t1 Q

= [ (= 1+ dog(u( ) + D) 12) +) do

+/t1 /2\/ﬁbi-vx/u§+5dmdt

t
: uc)
wi + log(us +6)) dx dt
+ [ T e +ostat +0)

ta
/ / gi (i +log(us +6)) dHI~1 dt
Tin

ta
/ / i by uS (s + log(ul +6)) dHO™t dt .
Fout

Note that by (B3) we have - b; u$ (i +log(u§ +6)) > 0 if p; +log(us +9) > 0 and
7t-b; u (pi+log(us+6)) > —C () (us+1) if p; +log(us +8) < 0 (the latter estimate
holds since v log v is bounded from below and since (A4) is satisfied). This yields an
estimate for the last term. The penultimate term is estimated using the fact that
g; is nonnegative and bounded (see (B2)) which implies that g; (u; +log(u$+9)) <
C(p;) + Cus§ (at least for 6 < 1). Estimating the remaining terms using (A2), (A3),
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(A4) and Young’s inequality, we deduce

/Q< 14 log(ul (o t2) + 8))(ul (o 12) + ) dt
+/ /Q\wm] da dt
s/( — 14 log(us (- 1) + 6)(uS (- 1) + 6) d

ta
/ us dx dt

u)
4] €
/tl 1+e\R ue)|(’“+ og(u§ 4+ 0)) dx dt

t2 t2
// d’}{dldt+0m//ud%dldt
t1 Trn

ta

+/ C(pi) dHY at
ty 1—‘Out

We now pass to the limit § — 0. The only term which may cause difficulties is
the reaction term. Using local Lipschitz continuity of R;(.) (see (A5)), the fact
that u{ is bounded, and the fact that R;(v) > 0 in case v; = 0 (see (A6)), we
deduce that we have R;(u¢) > —Lug, where the Lipschitz constant L depends on
||u|| o (2x[0,77)- This estimate enables us to pass to the limit § — 0 in the reaction
term using Fatou’s lemma. We estimate the boundary integral involving u§ using
an interpolation-trace inequality applied to \/17; and Young’s inequality. Taking
the sum with respect to ¢ and applying the entropy inequality (5), we finally end
up with

/Z i — 1+ log us (., t2))us (., t2) dx—|—c/ /Z‘Vﬁ
</Q;(Ni—1+logu§(.7t1))u§(.,t1) dz+C-(ty—t)+C /Z“ de di

Using the estimate u{ < C + (u; — 1 + logu$)u$ and the Gronwall Lemma, the
entropy estimate is deduced. O

dzx dt

3.2. Existence of renormalized solutions. Having established existence of solu-
tions for our approximate problem, we turn to our proof of existence of renormalized
solutions to the original equations.

Choose (u§);(x) := min((ug);(z),e™1).

In the first step, we show that a subsequence of the solutions u¢ to the approximate
problems (13) with initial data (ug); converges to some limit v as € — 0.

Lemma 7. Suppose that in addition to (A1) to (A6) and (B1) to (B3) the entropy
inequality (5) holds. Let (ug); € LY(Q), 1 < i < S, be nonnegative functions
with [ 7 1 (uo)ilog(ug)i do < oo. Consider a sequence u¢ of solutions to the
approximate problems in Lemma 6, with € converging to zero. Then there exists
a subsequence us (not relabeled) which converges a.e. on  x [0,00) to some limit

€ (LS (I; LY ()] with w;logu; € LS (I; LY(2)) for all 1 < i < S. Moreover,
the convergence \/u — \/u; weakly in L*([0,T]; H(Q)) holds for all T > 0 and all
1<i<8S.



16 JULIAN FISCHER

Proof. Let oF be as in (10). Noting that
S
V(e (u)] =Y 950 (u)Vus§
j=1

and that supp 0;¢F is a compact subset of (R{)¥, by uniform (w.r.t. €) boundedness
of \/u in L2([0,T); HY(Q)) for every T > 0 (this is a consequence of (14)) we see
that pF (u€) is uniformly bounded w.r.t. € in L2([0, T]; H*(Q)) for every fixed T > 0
and every fixed E € N.

Let 1y € C*(Q2x I) be a smooth function. We insert 10;¢F (u€) (with ¢F as defined
in (10)) in the equation for u§ (see (13)) and take the sum with respect to j. This
yields (note that the chain rule for the time derivative can be justified by Lemma 9)

€ € t2 € d
[ eFure o= [ Fr(nde— [ [ o) G do a

ty S d
:/ Z<dtu;,¢aj¢f(ue)> dt

1 =1 (H'(Q))'xH' ()

to s S
(17) :f/t /szqpajawf(uf)mjvu;).vu; dz dt

j=1k=1

to S
—/ /Zajwf(ue)(Ajwj)-w d dt
toJo i
ty s s )
+/ / ¢223j5k90f(u6)u§bj - Vuy, dx dt
t R o=
2 S .
+/ / > 050 (uS)ush; - Vi da dt
t1 Q]:1
t S
: Ry(uf)
DBy )
+/t /QZ@% (u)1+e\R(u€)|¢d$ dt
1 ]—1

to S
+/ / S g5 050F (u) b dH db
tq I

In j=1

ta S .
—/ / > it by uSdief (u) & dHT dt
t1 Iy

Out j—1

=I+IT+1II+1IV+V+VI+VII

for a.e. (t1,t2) € [0,00)? and a.e. ty > 0 in case t; = 0. Using the fact that
supp D¢¥ is a compact subset of (R)® and the fact that /4§ is uniformly (w.r.t.
€) bounded in L2([0,T]; H*(Q)) for every T > 0, we see that » (u€) ist bounded
uniformly in W1([0, T; (W1°°(2))’) for every T > 0 and every fixed E (note that
functions in H!(Q2) have an L? trace on 9%, thus the boundary terms VI and VII
are uniformly bounded in L2([0, T]; (H(£2))")).

An application of the Aubin-Lions Lemma now yields compactness of the sequence
©F(u) in L2([0, T); L*(2)) for every fixed T > 0 and every fixed E € N. By a diago-
nal sequence argument (we do not relabel the subsequence), we may assume that for
every i and every E € N the sequence (pF (u€)). converges a.e. to some measurable
limit wF”. From the uniform boundedness of Zle u§logu§ in L°([0,T7; LY(2))
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which holds for every fixed T' > 0 (this is also a consequence of (14)) we deduce
using (E5) that ¢F (u)log ¢ (u) is also bounded uniformly in L ([0, T]; L'(2))
for every fixed T' > 0; moreover, using (E5) and (E6) we see that the boundedness
is also uniform w.r.t. E. Thus, by Fatou’s lemma we know that w? is a.e. finite
and wF logw? is bounded uniformly (w.r.t. E) in L>([0,7]; L'(12)).

We now prove that the pointwise limit limg_, wZE exists a.e. and defines a mea-
surable function u; with u; logu; € L* ([0, T]; L*(Q)). If for some (2,?) and some B
we have Zlejvf(x,t) = lim¢_,o Zle ©oF (uf(x,t)) < E, then wf (x,t) = w} (x,1)
holds for all £ > E and all j: by our choice of ©F (see (10)) we know that
Zle @f(v) < F implies gof (v) =v; = @f(v) for all j. If we have Zle wf(x, t) <
E, then for € small enough it holds that Zle gaf(uc(x,t)) < E and therefore we

get wF(z,t) = wiE(x,t) for E > E. Since Zle wf is bounded uniformly in
oo . . s

Lo ([0, T]; L*(Q2)), the measure of the set of points (x,t) for which 21 wf(m, t) >

E holds tends to zero as £ — oo; thus, the limit limg . w?(z,t) exists for

a.e. (z,t) € Q x [0,T] and defines a measurable function u;. The estimate

uilogu; € L*([0,T]; L*(Q)) is a consequence of Fatou’s Lemma.

The functions u; are now the natural candidate for being a renormalized solution
of (1).

First we notice that (after possibly passing to another subsequence) u§ converges
a.e. to u;: By uniform boundedness of Zle u§ in L' (€2 x [0,T7]), the measure of
the set of points (z,t) with Zle u$(z,t) > E tends to zero as E — oo, uniformly
in €; thus the measure of the set of points (x,t) for which pf(uf(z,t)) # us(z,1)
holds tends to zero as E — oo, uniformly in e. We have for any 6 > 0

£+ ({(ax,t) € Qx [0, : [u(a, 1) — us(z, £)] > 5})
< ({0 x 0.1 w00 £ pF ) w0 })
+ ({(a) €0 0.7 F @0 - w0l > 3 )

+ Lot ({(z,t) € Qx[0,T]: |wF(z,t) — ui(z, )] > g}) :

where by the previous considerations the first term on the right-hand side converges
to zero as E — oo, uniformly in € > 0. The last term tends to zero as £ — oo by
definition of wu;; it is independent of €. The penultimate term converges to zero as
e — 0 for fixed E. Summing up, we have shown that u§ converges to u; in measure
which implies convergence a.e. for a subsequence.

As u¢logu¢ is bounded uniformly in L>°([0,T]; L*(2)) for every T' > 0, we deduce
that u$ converges to u; strongly in LP([0,T); L*(2)) for every T > 0 and all p > 1.
This in particular implies convergence of \/uif to y/u; in the sense of distributions,
and we obtain that \/u; € L*([0,T]; H'(2)) with

T T
/ / \V/ui|? da dt < liminf/ / IV /uf|? da dt
0o Ja =0 Jo Ja

(the latter liminf being finite due to (14)). In particular, \/u$ converges to \/u;
weakly in L?([0,T]; H'(2)) for every T > 0. O
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In the second step of our proof of existence of renormalized solutions, we show that
the “truncations” ¢F(u) of the limit u which has been constructed in the previous
step satisfy a certain PDE. However, this PDE may differ from the desired PDE
by a defect measure.

Lemma 8. Letuj, 1 < j <8, be the functions constructed in the previous lemma.
Let o, 1 < i < S, be the functions defined in (10). Let 1 € Cx(Q x I). Then
©F(u) satisfies

/ | #Fw wdxﬁ—Awﬂwwumdx

(18) =— /Q oo O duP (z,t)
00 S
_/O /Qzajwf(u)(AjVuj) -V dx dt
S S
/ / D> 00kpf (wyuyb; - Vuy, da dt

j=1k=1

+Ai@2@ﬁwmavwwﬁ
/ /Zaj% (w)yp dx dt
/ /F Zgj 0P (w) ¥ dHEL dt

In j=1

—/ / Zﬁ'gj u;djp (u) ¥ dHI dt
0 r

Out j=1
where p¥ denotes a sequence of signed Radon measures satisfying

(19) Jim (@ % [0,7)) =0

for all'T >0 and all i.

Note that the measure

Z 0;0k0F (u)(A;Vuy) - Vuy, d dt
J,k=1

is called the defect measure (since it is the convergence defect in the sequence of
equations (17) caused by the lack of strong convergence of the spatial derivatives of
the sequence u¢). We shall later show implicitly that it in fact vanishes: in the proof
of Theorem 2, it is shown that (9) holds for our solution candidate u. Inserting
in place of ¢ in equation (9) and subtracting the resulting equation from (18), we
see that we actually have

Z 00k pF (u)(A;Vu,) - Vuy da dt.

J,k=1
Note that however the proof of formula (9) for our u essentially relies on the present
lemma, which just contains the weaker statement that the defect measure vanishes
in the limit £ — oo.
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Proof. Let T > 0 and ¢ € CZ5(2 x [0,T)). For fixed E € N we pass to the
limit ¢ — 0 in (17) for ¢; := 0, ¢t := T. Convergence of the left-hand side and
of the terms II, III, IV, V is immediate by the convergence properties proven
in the previous lemma and by the fact that supp Dy is compact (i.e. in case u®
becomes to large, all terms of the form 9, (u¢) and 9;0xpF (u€) vanish; see (E3)).
Convergence of terms VI and VII is an easy consequence of uniform boundedness
of \/uf in L*([0,T]; H'()), strong convergence of \/uf in L*([0, T]; L*(2)), and the
interpolation-trace inequality (16) (this inequality can be found e.g. in [13]), which
together imply strong convergence of the boundary trace of \/175 to the boundary
trace of \/u; in L?([0,T]; L?(052)).

The only term whose convergence cannot be ensured is term I, as this term is
quadratic in Vu®. In order to deal with this term, we intend to show that it
vanishes in the limit £ — oo. Consider the signed measures

Z 00k pF (u)(A; ;Vus) - Vug dz dt
7,k=1

(20) =4 zsj 5000 F () (Ajv\/vfg) VU da dt |

k=1
Note that we have

_ ST 2
L@ o)y <eny” [ [ ]9 /i
=Jo0 Je

which follows from the definition of 1%, using (A2) and (E2) as well as Young’s
inequality. The uniform boundedness of | /u$ in L*([0,T]; H'(Q2)) for any T >
0 implies that after passing to a subsequence we may assume that ,ufé weak-*

dr dt

converges on {2 x [0,00) to some limit uf as € tends to 0.
It remains to prove (19). We now consider the measures

€

dx dt

Vjie = X{Jurle[K-1K)) ‘V
on  x [0,00). Using (A2) and (E2) we deduce from (20) that
el (@ < 0, 7))

<CAZZZ/ /X{Iu‘le[K 1K)}\/7\/7‘36k807 6)\‘v u;2

j=1k=1K=1

dzx dt

S oo
<CA K (@x[0,T)) - , 19 5 P
< ;Kglvm( x [0,7)) Ivle[mfglgkg@\/w iOkpi” (V)]

By (E3), for fixed E € N only finitely many terms in the series do not vanish. We
may therefore pass to the limit ¢ — 0; using the fact that the measure of open
sets is lower semicontinuous w.r.t. weak-x convergence of measures, we obtain after
passing to a subsequence (the passage to a subsequence in particular ensuring that
the limits in the last line of the next formula exist)

|11(Q2 x [0,T))
(21) Shmmf |ui 1(Q < [0,7))
S o
<CA Z myl . Q X [O,T)) . sup \/ij‘ajakwf(v)‘ .

lole[K —1,K);1<j,k<S
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However, we have

dx dt .

i (@ x[0,7)) //‘v |

K=1

As the latter quantity is bounded uniformly w.r.t. € (recall (14)), we obtain using
Fatou’s lemma (for the counting measure on N; recall that the limits in the next
formula actually exist since we have passed to an appropriate subsequence)

Z hmu (Qx[0,T)) <

By dominated convergence applied to the counting measure on N (which is possible
by (E2) and (E7) as well as the previous estimate), we deduce from (21)

limsup |17 |( % [0, 7))

E—oo

<CA hmy . Q x [0,T)) - lim sup Vi\/Uk 80;&0? v
;Kz::l ' 0.1) E=eo lv\e[Kfl,K);lgj,kgsﬁ\ﬁ| ! el
S oo

=CAY D1 lmule (Qx1[0,7))-0

=1 k=1

=0 .

This finishes the proof of the lemma. O

Finally we can prove our main theorem.

Proof of Theorem 2. In order to show that u is a renormalized solution, we apply
Lemma 9 below — which is some kind of chain rule for the time derivative in a regime
of weak regularity — to the map v := ¢ (u) in order to approximately identify the
weak time derivative of £(p(u)); then we pass to the limit E — oo to deduce the
equation for &(u).

More precisely, choose some T° > 0 arbitrary but fixed; we then prove that wu is
a renormalized solution on [0,7). Let ¢ : R¥ — R be a smooth function with
compactly supported derivatives. Recalling that o (u) satisfies (18), we see that
in Lemma 9 we need to choose

('UO)i = @f(uo),

Vi = 7,U'iE7
i 1= —Zajapz )(A;Vuy) —i-zajcpl w)u;b;,
j=1
s

w; = Z 00kt (wusby - Vur + 3 ot (u) By (u),

J.k=1 j=1

s s
qi : Z j‘Pz XFMX[O T) — Zn b; ujaj@z (u )XFOMX[O,T)'

= =

Obviously, v; is a Radon measure. It is also easily seen that we have w; €
LY (Q x [0,T)) and that ¢; € L*([0,T); L}(9€)). Furthermore, we notice that z; €
L%([0,T); [L?(22)]4). By the chain rule, we have ¢ (u) € L*([0,7); H'()). Thus,
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the assumptions of Lemma 9 hold and we infer that for any ¢ € Cgy,(Q2 x [0,7))
the function &( (u)) must satisfy the estimate

T
‘— | et G dedr— [ 6P v.0) do
0 Q Q

T s S
+/0 /QZZ@'WEW)) 0jpf (u) A;Vu; - Vb da dt

i=1 j=1

T S
+/ / Z 'L/) @cpf(u) AjV”LLj . azakf(cpE(u))alcpkE(u)Vul dx dt
0 Ry iki=1
s s S

T
- /0 /QZZZ W 050 (w)ush; - BidkE(9" () V (of (u)) dar dt

=1 j=1 k=1

T s S B
_/0 /szaif(‘pE(“D 9;0F (uusb; - Voo dz dt

i=1 j=1

T s s S
_/O /QZZZQ/’ 0 (" (u)) 8;0kpF (u)u;b; - Vuy, da dt

=1 j=1k=1

T s S
7/0 /szalf(WE(u)) ¥ 0jpF (u)R;(u) dr dt

i=1 j=1

T S S
_/0 /F DD 09 (w) g5 9508 (u) ¢ dH dt

In j=1 j=1

T s S
0L (9 (w)) 7i - by u;0;0F (u) ¢ dHO" d
+/0 /Fout;; (™ (W) 7 - bj uOjpi” (u) ¢ dH t
S
< COQ)|[¥]|pe- SgpIDé(v)|Z ‘“FKQ % [0,7)) .

i=1

To obtain the desired equation for £(u), we now pass to the limit E — oco. To do so,
we use (10) (which implies (E1) to (ET7)) as well as (19); note that due to (19), the
left-hand side must be zero in the limit, i.e. we obtain an exact equation (and not
an estimate) in the limit. Convergence of the terms in the first line is immediate,
as is convergence of the terms in the second, the fifth, and the last two lines of the
left-hand side (observe that ¢ (u) converges pointwise a.e. to u and that the 9;pF
are bounded by a constant by (E5)).

It remains to deal with the terms in the third, the fourth, the sixth, and the seventh
line. To show convergence of these terms, besides V. /u; € L%([0,T); L*(2)) we
need the following assertion: there exists a constant r such that for all £ > r
the estimate Zf:l u;(z,t) > 7 implies 9;&(pF (u(x,t))) = 0;¢(u(x,t)) = 0 and
0;0k& (9P (u(m,t))) = 0;01E(u(x,t)) = 0. Given this assertion, convergence of the
remaining terms in the previous formula as £ — oo is also immediate since one
factor in the integrals will be zero as soon as max; u;(x,t) becomes too large.

To show this assertion, choose r so large that supp D C Bg-1,.(0). Let E > r. Then
Zle u;(x,t) > r implies Ziszl ©F(u(z,t)) > r (by definition (10)) and therefore
0:£(0® (u(z,t))) = 0 as well as 9;0:¢ (" (u(z,t))) = 0.
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In total, this establishes the result for ¢ € Cgy,(2%[0,T)). Recalling that T > 0 was

arbitrary and using an approximation argument to allow for ¢ € C°°(Q2 x [0,T7)
(i.e. to allow for ¥ to be nonzero at t = T'), we see that u is indeed a global
renormalized solution. (]

Proof of Theorem 3. Choose T > 0 and let 1 € C2%,(Q x [0,7T)). Setting & := pF

cpt
in equation (9) and taking the limit £ — co, we obtain by dominated convergence
(which can be applied due to (E2), (E4), (E5), (E6), (ET))

- [0y do— | [ wgvasa
+0

+ /OOO/Q(AZ-VUZ-) -V dx dt

—0

—/ /uigi-v¢dxdt
0 Q
f/ / gi ¥ dHT dt
0 Trn
+/ / by g dHET dt
Tout

:;}ilnoo/ /Z@% w)y dz dt .

(22)

In particular, the limit R;(u) = limp_q0 Zle 9jpF (u)Rj(u) exists in the sense of
distributions (on Q x I'). Moreover, it is independent of the precise sequence ¥, as

the left-hand side of the previous equation is independent of the precise sequence
E
v U

In the proof of the existence of renormalized solutions, we have used the following
approximate chain rule for the time derivative in a regime of weak regularity.

Lemma 9. Let § be a bounded domain with Lipschitz boundary. Assume thatT > 0
and thatv € L*([0,T); [L*(Q)]°)NL2([0, T); [H(Q2)]); suppose that vy € (L' ().
Let v; € RM(Q x [0,T)), w; € LY[0,T); LY(Q)), z € L*([0,T);[L*()]?), ¢ €
LY([0,T); LY (082)) for 1 <i < S.

Assume that we have for any ¢ € C35(Q x [0,T))

/ /Ul ) da dt— /(vo)i(.)w(.,O) do
L
+/O /mq,»w dH a1 dt—i—/o /in-w dx dt.
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Let £ : RS — R be a smooth Junction with compactly supported first derivatives.
Then we have for all ¢ € Cgp,(Q2 x [0,T7))

|/OT/Q£(v)jtw dx dt*/ﬂ&(vo(.))d)(.,O) dx
- Z:/OT/Qw Oi€(v)w; dx dt — X:/OT /mw 9;€(v)q; dH*" dt
- g/j/ﬁaﬁ(v)zi'vw dz dt — XS:ZS:/OT/Qw 0:0:E(v) 2 - Vg, da dt

1=1 k=1

S
<C()[[¢]| o (sup [DE)]) - > Vil par@xory)-
w i=1

Proof. Making use of a partition of unity on Q, we may assume that either 1 is
compactly supported in Q x [0,7) or that ¢ is compactly supported in U x [0,T)
for some coordinate chart U containing a part of 92.

We first treat the case ¢ € Cg5 (€2 x [0,T)). Let ps denote a standard mollifier
with respect to space (in particular, ps is assumed to be symmetric). Set 5 :=
{z € Q: dist(z,00) > §}. Our assumption implies that for any smooth v with
supp ¥ CC Q5 x [0,00) the equation

—/OT/QW*”Z‘) oy dt—/ﬂ(pa*(vo)i) (.,0) do
:/ Y d(ps * v;)

Qx[0,T)

+/OT/Q¢(,05*wi)dfﬂdt
/OT/Ql/,v.(pé*zi) dz dt

holds; indeed, to see this it is sufficient to use ps * 1) as a test function in the
assumption of the present lemma, use the symmetry of ps and Fubini’s theorem,
and finally integrate by parts in the last term. As a consequence of the previous
equation, Lemma 10 may be applied to 0 := ps * v with

Op 1= ps * Vo,
ﬁi i=Ps ok Vi,

ﬁ)i ::pg*wi—v-(p[;*zi).

Note that obviously 9 € [L*(Q2s)]° and that ©; € RM([0,T); L*(Qs)); furthermore,
we have w; € L1([0,T); L'(Qs)). Thus, Lemma 10 is indeed applicable. Therefore
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we get for any smooth 1 with 1 € Cg5, (25 x [0,T))
T d
[ [t v) G dsdt— [ €(psx o) 0.0 do
0o Ja dt Q

T S
[ [ 300 0ktos o) (ps x i) d
0 Jon

T . S
+/0 /Q;ﬁf 0;€(ps % v) V - (ps * 2;) da dt

s
<|[Y|lL= Slip | DE(u)] Z ||ViHRM(ﬁ><[0,T])'
i=1

Integrating by parts in the last integral, we deduce
r d
[ [ etpse) G dsar [ €psx ) 0.0 do
o Ja Q
T S
f/ / Zw 0;&(ps xv) (ps * w;) dx dt
0 Jy—
T S
[ [ 3o 0itos v (psx22) - V0 dn
0 I

T S S
_/0 /QZZT? 0;0k& (ps xv) (ps * 2i) - V(ps * vg) da dt

=1 k=1

s
< |[Y|[ L sup [DE(u)] Z HViHRM(ﬁx[o,T})'
“ i=1

Passing to the limit § — 0, we infer the assertion of the lemma in case of i €
Con (2 [0,7)).

It remains to consider the case when 1) is supported in some coordinate patch at the
boundary. Let xg € 9€2. Since €2 has a Lipschitz boundary, we now have to treat the
case that 1 is supported in the image U of an open subset V of R(J{ x R?=! under a
bi-Lipschitz homeomorphism 6 : V' — U, where U satisfies xp € U and where after
rotation and translation 6 takes the form 6(z) = (z1 + n(z2,...,%4), T2, .., Tq);
here, n : R~! — R is a Lipschitz function. Thus, in particular we have det D8 = 1
a.e..

Define ©(x,t) := (#(x),t). Applying the change of variables 0 to the equation in
the assumptions of our lemma, we get for any ¢ € Cg5,(Q2 x [0,T)) with suppt C

U x[0,T)
/OT/V@';#Z dx dtf/‘/(f;o)ﬂ/;(.,O) dx
:/w[o,ni du}—f—/oT/Vu?ﬂ; dz dt

T T
+/ /z}-w dz dt+/ / G ¥ dHIY dt,
0o Jv 0 Jo-1(00)



SOLUTIONS TO ENTROPY-DISSIPATING REACTION-DIFFUSION SYSTEMS 25

where we have defined

Gi(-+t) = (g 0 O(, 1)) - 1+ D> (),

)
E(1) = (DO() 2 (00), 1),
U;(A) :==1;(6(A)) for all Borel sets A CV x [0,T).

We set V,,, := {(—x1,22,...,2q4) : x € V} and V, := V UV,,. Then we extend
the quantities ¥;, 0g, w;, and Z; to V, by mirroring on the plane span(é,..., &)
(note that the vector Z; needs to be transformed accordingly). Define 7;(A4) :=
7i(AN(V x[0,7)) + 7 ({(—z1,22,...,xa,t) : (x,t) € AN (V x [0,T))) for any
ACV, x[0,T).

As the previous equation is invariant with respect to mirroring, an analogous equa-
tion holds for the extended quantities and any smooth 15 supported in V,, x [0,T)
(note that however the integrals over the hyperplane span(es, ..., e4) now appear
twice and that 7; is replaced by ;).

Let ps denote a mollifier with respect to space; set V.9 := {z € V, : dist(x,dV,) >

§}. For any ¢ € C, (VP % [0,T)), we may test the equation for the extended ;

with pg * zZJ, which yields using the symmetry of ps and integration by parts in the
term involving Z;

T
. d - T
—/ /(p5*vi)—z/) dx dt—/ (ps * 00)it(.,0) dx
0
:/ d(ps * ;) / / 1/) ps * W;) dx dt
V><[0T
/ / 1/)d1v ps % Z;) dx dt—|—2/ / p(;* (GH*™ |9_1(8Q))) dx dt.

We now intend to apply Lemma 10 below. To do so, we choose V.2 as our domain
and

0; 1= ps * U,
0o 1= ps * Vo,

W; = ps * Wi — div(ps * %) + 2ps * (GH " |o-1(00)),

s

i = PS *ﬁi.

We immediately see that 9; € L'([0,T); L*(V)?)), that 09 € [L*(V?)]®, that ; €
LY([0,T); L*(V?)) and that v; € RM([0,T); L'(V,?)). Thus, Lemma 10 is indeed
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applicable. We thus infer for any 1 € Ce, (V2 x [0,T))

|_/T/ g(pé*a)%ﬁ dx dt—/ E(ps * )., 0) da

//Z¢3§pa*v (ps * ;) dx dt

azl

/ / Zwafp(;*v div(ps * Z;) dx dt

“11

—2/ / Zvjj 0:€(ps * D) (pg*(ql d’1|971(39))) dx dt

azl

2| (V < [0, 7).

-

< 2[[¢)[| L= sup | DE(u)|

i=1

Rearranging, we obtain

T
‘—/ / s ) do dt— [ €(ps » 30}, 0) do
Va

//Zz/’agpé*v (ps * ;) dx dt

azl

//Zagp(;*v ) (ps * Z;) - deacdt
v,

a ¢=1

/ / Z ¥ 0;0,E (ps D) (ps * 2i) - V(ps * V) dx dt

Va i,k=1
o[ S s (et 0))

< 2/[4)]| o sup | D (u IZ vl (@ x [0,T)).

Let ¢ € Ce (V3 % [0,T)) be a test function which is symmetric with respect to

the hyperplane span(és, ..., ¢eg). Passing to the limit 6 — 0 and noting that the
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resulting integrals over V, are equal to twice the integral over V, we end up with

_/OT/Vg(ﬁ)jtzﬁ dx dt—/‘/é(ﬁo)l/;(-ao) dz

/OT/V;;@ 8:€(7) w; de dt

_/T/ iaig(ﬁ) 5V d dt
/'/>%%¢am§)zszdxﬁ

_/OT /el(amiqi 0,6(5) &AM dt

<[] sup | D¢ (u IZ vil(Q x [0,T)).

Note that for any W CC V, one can show that ;& (ps * U) strongly converges
in L2([0,T]; HY(W)) as § — 0; thus, ps * (1)8;(ps * 7)) also converges strongly in
L2([0,T]); HY(W)) for any W CC V,. By an interpolation-trace inequality like (16),
strong convergence of ps * (9;&(ps * 0)1) in L2([0, T]; L2(6~(8Q) N W)) follows for
any open set W CC V,; by boundedness of 8;¢ and 1 and compact support of 1,
this implies convergence of the integral over §~1(9€) as § — 0 using dominated
convergence.

By a standard approximation argument (extension by reflection and subsequent
mollification), this estimate also holds for general test functions ¥ = ¢ o © with
(RS ngi(U x [0,T)). Reversing the change of variables, our lemma is proven. [

Lemma 10. Let Q be a bounded domain. Assume that T > 0 and that v €
LY[0,7); [LY()]°); suppose that vy € (LY(Q))%. Let v; € RM(]0,T); L*(Q)),
1 <4 <8, be L'-valued Radon measures (which may be considered as Radon
measures on Q x [0,T)) and let w; € L'([0,T); L*()) be functions such that we
have for any ¢ € C,(2 x [0,T))

//m ﬁ )mﬁtﬂwmwmm
o] [

Let £ : RY — R be a bounded continuous function with continuous bounded deriva-
tives. Then we have for all 1 € C55, (2 x [0,T))

T
’— [ [ ettt b ar - [ g0 ao
0 Q Q
S T
- ;/O /91/}(-715) i (v(., 1)) w; d dt

S
<|[¢ |z (sup | DE()]) - D vl raroxfo,ry) -
u

=1
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Proof. We extend v, w;, v; to (— T T) by defining w;(x,t) = 0 for t < 0, v;(A) :=
vi(AN0,T)) for AC (=T,T), v(x,t) = vo(x) for t < 0. We then have

/ / v; (. o t) dx dt
Q

:/ wdui—k/ /wiz/)da:dt
Qx(~=T,T) -rJa

for any ¢ € C25, (Qx(—T,T)) since fET Jovi( ) (., t) dudt = [o,(v0)i(.)¥(.,0) da
(as v(.,t) = vo(.) for t < 0).

Let ps denote a usual mollifier with respect to time. Using ps * 1 as a test function,

due to the symmetry of ps we get for any 1 € Cgp, (2 x (=T + 26, T — 26))

4 d
[ s wutao) oo dods
-TJQ
T
:/ p5*¢dyi+/ /(p(;*wi)wda:dt.
Qx(=T,T) -TJa

This implies ps * v € C1((=T + 8, T — §); L' (2)); moreover, we obtain the repre-
sentation 4 (ps xv;)(.,t) = (ps * wi) (., t) + (ps * 1) (., t) (the equality holding in the
L' (Q) sense). By the chain rule, we get for any ¢ € C2%,(Q x (=T + 25, T — 26))

cpt
d
/ /5,05*1) )£1/)( t) dx dt

s s
E/QX( - 0:&(ps * v) P d(l)(s*ui)-l-iz_;/_T/Q@ig(p&*y)z/;(pé*wi) de di .

Passing to the limit § — 0, we deduce for any ¢ € CZ5, (2 x (=T, T))

‘ //g ) da dt — Z/ /ag Y w; d dt

S
<J|9[lL - Sup|3§ Z Vil Rarox (—11)) -
i=1
This implies the lemma since fET Jo §()Lap(.,t) da dt = [&(vo)¥(.,0) dz (recall
that v(.,t) = vg(.) for ¢t < 0) and since w;(.,t) = O for t < 0. O

4. CONCLUSION AND OPEN PROBLEMS

We have introduced a notion of renormalized solutions for reaction-diffusion-advection
equations with entropy-dissipating reaction rates and proven existence of such
renormalized solutions for initial data in the Llog L Orlicz class.

However, there are numerous related problems which remain open. In particular,
the following questions remain unsolved:

e Does our notion of solution guarantee uniqueness? Can a stronger notion
of solution be defined sufficient for proving uniqueness? This is probably a
difficult problem, as already in the case of solutions which satisfy R(u) € L*,
but u ¢ L%, the question seems to be largely open (see the overview by
Pierre [34]).
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e In case that the equation may be regarded formally as a gradient flow of
the entropy, is it possible to construct renormalized solutions using some
kind of (Otto calculus-like) steepest-descent scheme, i.e. is it possible to
make the formal considerations by Mielke [28] rigorous?

e Can we prove convergence of solutions to a steady state? Does R(u) belong
to some LP space for large times, at least in case of no-flux boundary
conditions?

e Is there a similar notion of solution in case we do not have the entropy
inequality, but just the dissipation of mass condition? In this case, it seems
to be difficult to give a meaning to the term (A;Vu;) - Vu; in (9) as the
dissipation of mass condition does not yield any control on the spatial
derivatives.

e [s it possible to construct solutions with weak initial trace, i.e. measure-
valued initial data?

e Can the existence result be extended to Dirichlet boundary conditions? To
provide a positive answer to this question, one would first need to find a way
to control the evolution of the total entropy in case of Dirichlet boundary
conditions. Apart from Dirichlet boundary conditions corresponding to
an equilibrium state of the reactions or certain special reaction terms, in
general this issue seems to be an open problem.
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