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Abstract. In the present work we introduce a notion of renormalized solution
for reaction-diffusion systems with entropy-dissipating reactions. We establish

global existence of renormalized solutions. In case of integrable reaction terms

our notion of renormalized solution reduces to the usual notion of weak so-
lution. Our existence result in particular covers all reaction-diffusion systems

involving a single reversible reaction with mass-action kinetics and (possibly

species-dependent) Fick-law diffusion; more generally, it covers the case of
systems of reversible reactions with mass-action kinetics which satisfy the de-

tailed balance condition. For such equations existence of any kind of solution

in general was an open problem, thereby motivating the study of renormalized
solutions.

1. Introduction

In this paper, we are concerned with reaction-diffusion-advection equations of the
form

d

dt
ui = ∇ · (Ai∇ui)−∇ · (ui~bi) +Ri(u) ∀i ∈ {1, . . . , S} ,(1)

where S denotes the number of chemical species, ui denotes the concentration

of species i, Ai denotes the (species-dependent) diffusion tensor, ~bi denotes the
(species-dependent) drift, andRi denotes the net production/consumption of species
i due to reactions.

Consider a general reversible chemical reaction

α1A1 + . . .+ αSAS 
 β1A1 + . . .+ βSAS ,(2)

where Ai denote the different chemical species and where αi, βi are nonnegative
integers. In many physically realistic situations the reaction rates then are either
given by or at least approximated well by mass action kinetics, i.e. we have

Ri(u) = (βi − αi)

(
c1

S∏
k=1

uαkk − c2
S∏
k=1

uβkk

)
,(3)

where c1, c2 > 0 are reaction constants. The simplest corresponding reaction-
diffusion equation then reads

d

dt
ui = ai∆ui + (βi − αi)

(
c1

S∏
k=1

uαkk − c2
S∏
k=1

uβkk

)
∀i ∈ {1, . . . , S}(4)

with ai > 0 denoting the species-dependent diffusion constants. To the best of
our knowledge, global existence in time of any kind of solution to this equation in
general has been an open problem, even for smooth initial data and e.g. periodic
or homogeneous Neumann boundary conditions. The main difficulty is the lack of
control of the reaction terms Ri(u), which may grow very fast as |u| → ∞ due
to the possibly large powers of u appearing in (3); the known energy estimates
are not even sufficient to guarantee boundedness of the reaction terms Ri(u) in
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L1(Ω× [0, T ]). Thus Ri(u) is a priori not even known to define a distribution. It is
therefore not obvious how to define a notion of solution for which global solutions
exist.

An important consequence of the structure of the reaction terms in (3) is the ex-
istence of an S-tuple of constants µi ∈ R, i ∈ {1, . . . , S}, such that the so-called
entropy inequality

S∑
i=1

Ri(u)(µi + log ui) ≤ 0 ∀u ∈
(
R+

0

)S
(5)

is satisfied. Note that this inequality is equivalent to requiring that the entropy
estimate

d

dt

S∑
i=1

(µi − 1 + log ui)ui ≤ 0

be satisfied for any solution u of the system of ODEs

d

dt
ui = Ri(u) ∀i .

For our reaction-diffusion equation (4), in case of periodic or homogeneous Neu-
mann boundary conditions the entropy inequality (5) formally implies that

d

dt

ˆ S∑
i=1

(µi − 1 + log ui)ui dx ≤ −c
ˆ S∑

i=1

|∇
√
ui| dx .(6)

In particular, no blowup of the L logLOrlicz norm of solutions may occur. However,
the entropy estimate (6) is the only known energy estimate for our equation (4),
apart from an L2(Ω × [0, T ]) bound discovered by Pierre and Schmitt [36]. It has
therefore not been known whether there exists a notion of weak solution for which
global solutions can be constructed, at least if the powers of u occuring in (3)
exceed 2.

The general situation – having energy estimates which prevent global blowup of
solutions, which however are insufficient for defining a notion of weak solution –
therefore resembles the situation of the Boltzmann equation; this suggest that the
concept of renormalized solutions as introduced by DiPerna and Lions [14, 15, 16]
might apply to our case. Let us briefly explain this concept. For a single equation,
given a smooth one-to-one mapping ξ : R → R, a renormalized solution to a
PDE is a function u with the property that ξ(u) solves the PDE deduced by a
formal application of the chain rule. For example, a renormalized solution u to the
transport equation

∂tu+∇ · (u~b) = 0

would have to satisfy

∂tξ(u) +∇ · (ξ(u)~b) + (ξ′(u)u− ξ(u))∇ ·~b = 0

in a suitable weak sense. More generally, one considers a suitable family of (now
no longer necessarily one-to-one) mappings ξk and requires that

∂tξk(u) +∇ · (ξk(u)~b) + (ξ′k(u)u− ξk(u))∇ ·~b = 0

be satisfied for all k. Here, one e.g. may choose the ξk as some kind of truncation
of the identity map; note that in such a case, in the latter equation all terms are

well-defined distributions if u, ~b, ∇ ·~b just belong to L1.
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We would like to emphasize that renormalized solutions have found widespread use
in the theory of PDEs, in particular also for elliptic and parabolic equations; see
e.g. [1, 2, 7, 31, 39].

For certain cases of (4) with reaction rates with at most quartic growth, renormal-
ized solutions with defect measure have been constructed by Desvillettes, Fellner,
Pierre, and Vovelle [12]. However, for reactions of higher order, global existence
of any kind of solution has remained an open problem. In the present paper, we
introduce a suitable definition of renormalized solutions which enables us to prove
global existence of solutions. In case of integrable reaction rates, we demonstrate
that our notion of solution reduces to the usual notion of weak solution.

The main novelty of our notion of renormalized solutions is that our mappings ξ
for which an evolution equation is imposed on ξ(u1, . . . , uS) now depend on all
concentrations u1, . . . , uS at the same time, not just on a single one. This idea,
albeit quite natural, apparently has not been exploited previously: in the literature
only renormalized solutions for parabolic equations seem to have been considered
which impose evolution equations for ξ(u1), ξ(u2), . . . , ξ(uS); yet such a notion of
solution does not eliminate the need for growth restrictions of the reaction terms.

From now on, we shall consider a more general situation: we now deal with the
full equation (1), imposing only modest restrictions on the coefficients and the
domain. Our main assumption on the reaction terms Ri (apart from local Lipschitz
continuity) will be the existence of constants µi ∈ R, 1 ≤ i ≤ S, such that the
entropy inequality (5) is satisfied. Besides the case of a single reversible reaction
with mass action kinetics (as described by (2), (3)), many systems of reversible
reactions with mass-action kinetics satisfy this entropy inequality and thus are
covered by our result: In particular, the entropy inequality holds for all systems of
NR reactions of the form

αk1A1 + . . .+ αkSAS 
 βk1A1 + . . .+ βkSAS , 1 ≤ k ≤ NR,(7)

if NR ≤ S holds and if the matrix (βki − αki )ik has full rank (as shown e.g. in
[23, 37]; see also [17] for further mathematical results on such systems of reactions).
More generally, the entropy inequality holds for systems of reversible reactions with
mass-action kinetics which satisfy the so-called condition of detailed balance.

Before sketching our technique and stating our main results, we would like to pro-
vide an overview of the existing literature for equation (1).

For diffusion coefficients Ai and advection velocities bi which are independent of the
species i, existence of globally bounded solutions in case of reactions of the form (7)
and mass-action kinetics has been shown by Mincheva and Siegel [30]; for a more
general result in this direction see the paper by Kräutle [26]. If all Ai coincide, the

quantity
∑S
i=1(µi−1+log ui)ui is a subsolution of some parabolic partial differential

equation; in [30] this fact has been utilized to apply a maximum principle, while in
[26] Moser iteration has been used to derive L∞ bounds for the solution. However,
as soon as the diffusion coefficients Ai depend on the species (which is the case
in most physically relevant situations), this method is not applicable anymore as
the abovementioned quantity ceases to be a subsolution. For diffusion coefficients
which are close to each other, Canizo, Desvillettes and Fellner [5] nevertheless have
proven existence of weak solutions (i.e. with integrable reaction terms) by duality
estimates.

It is therefore the interplay of reactions and species-dependent diffusion which is
responsible for the difficulty of our problem. The results of Pierre and Schmitt
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[35, 36] suggest that in general, given only the entropy inequality (5), for species-
dependent diffusion coefficients we should perhaps not expect existence of bounded
solutions: In [35] it is shown that the L∞ norm of solutions to reaction-diffusion

equations of the form (1) with ~bi = 0 and species-dependent diffusion may blow up
in finite time, even if the so-called dissipation of mass condition

S∑
i=1

Ri(u) ≤ 0 ∀u ∈
(
R+

0

)S
(8)

is satisfied (for existence results given the dissipation of mass condition, see the
overview by Pierre [34]). Although the dissipation of mass condition is not equiva-
lent to our entropy condition, the amount of control on solutions provided by these
conditions does not differ much: the dissipation of mass condition allows controlling
the norm supt ||u(., t)||L1 , while the entropy condition gives control of the quantity
supt ||u(., t) log u(., t)||L1 . Therefore it seems likely that the entropy condition does
not prevent finite-time blowup of the L∞ norm of solutions either.

Whether globally bounded solutions exist under more restrictive conditions on the
structure (but not the order) of the reaction terms – e.g. for a single reversible
reaction with mass-action kinetics (4) – is an open problem.

If we have some uniform L1 a-priori bound for the reaction terms for approximate
problems, weak solutions exist in many cases as shown by Pierre [33] (even without
the entropy condition).

In case of reaction rates satisfying the mass dissipation condition, an L2 estimate has
been derived by Pierre and Schmitt [35, 36] by a duality approach and subsequently
been exploited to prove existence of weak solutions for different cases in which the
reaction rates have at most quadratic growth; see also the papers [5, 9, 12]. Note
that for reaction rates with low-order growth and/or low spatial dimensions, weak
solutions or even bounded (and thus smooth) solutions can often be obtained; see
the previous references and e.g. [4, 6, 19, 20, 24].

For general reaction rates satisfying the mass dissipation condition, global existence
of any kind of solution is also an open problem (which we do not address in the
present paper); see the overview article by Pierre [34].

For reaction-diffusion equations with mass-action kinetics in the framework of semi-
conductor models, we refer the reader to [18, 22] and the references therein.

Note that the entropy estimate also allows for analyzing large-time behavior of
solutions to our reaction-diffusion system; see e.g. [8, 9, 10, 11, 29].

In a recent work, Mielke [28] has shown that formally, reaction-diffusion equations
with reactions of the form (7) and mass action kinetics can even be regarded as a
gradient flow of the entropy with respect to a dissipation functional related to the
Wasserstein distance (see also [27]). However, a rigorous analysis in this direction
in general is still lacking. It would be an interesting question to decide whether the
renormalized solutions constructed in the present paper may also be obtained by
Otto calculus (as introduced in [25, 32]).

Before stating our main results, let us provide a sketch of our method:

• Our notion of renormalized solution requires that for a renormalized solu-
tion u, for any ξ ∈ C∞([0,∞)S) with compactly supported derivatives the
function ξ(u) must satisfy the equation deduced by a formal application of
the chain rule.
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• To prove existence of renormalized solutions, we first show existence of solu-
tions uε for a regularized approximating problem using a standard Galerkin
approach. The regularization is chosen in such a way that the entropy con-
dition is preserved. The entropy estimate therefore yields a uniform (with
respect to ε) bound on uε; more precisely, we have

sup
t∈(0,T )

S∑
i=1

ˆ
Ω

uεi(log uεi + µi − 1) dx+

S∑
i=1

ˆ T

0

ˆ
Ω

|∇
√
uεi |

2 dx dt ≤ C(T ) .

• In the second step, compactness of the solutions uε to the approximate
problem in L1([0, T ];L1(Ω)) is shown. We proceed by applying the Aubin-
Lions lemma to the truncations ϕEi (uε) of the approximating solutions,
where ϕEi : (R+

0 )S → R is a truncation of the mapping v 7→ vi. The function

ϕEi (v) equals vi in case
∑S
i=1 vi < E; for

∑S
i=1 vi ≥ 2E the function ϕEi (v)

is constant.
The required bounds on the spatial derivatives of ϕEi (uε) are inferred

from the entropy estimate (and the chain rule), while the bounds on the
time derivative are deduced by deriving an evolution equation for ϕEi (uε).

Having proven compactness of the families ϕEi (uε) in L1([0, T ];L1(Ω)) for
all E, we deduce compactness of uε; here we additionally need the L logL
bound inferred from the entropy estimate.

• We then would like to pass to the limit ε → 0 in the evolution equation
for ξ(uε) for any choice of ξ ∈ C∞([0,∞)S) with compactly supported
derivatives. The compactness of the uε in L1([0, T ];L1(Ω)) and the uniform
bounds on the uε deduced from the entropy estimate enable us to pass to
the limit in most terms of the equation.

However, due to the nonlinearity of ξ, terms involving products of deriva-
tives of uε appear in the equation for ξ(uε) (note that we only know weak
convergence of ∇

√
uεi in L2([0, T ];L2(Ω))). We do not know how to show

convergence of these terms directly and therefore have to resort to a differ-
ent strategy.

• Instead of passing to the limit in the equation for ξ(uε), we pass to the limit
in the equation for the truncated densities ϕEi (uε). Of course, ϕEi is just a
special choice of ξ; therefore the issue with the terms involving products of
derivatives of uε remains. However, we can now show that these terms –
which by our uniform bounds on uε must (weak-∗) converge to some signed
measure in the limit ε → 0 – become negligible in the limit of infinite
truncation height E → ∞ (see below). We therefore obtain an equation
for the truncated densities ϕEi (u) which is only satisfied up to some error,
with the error converging to zero as E →∞.

• To bound the error in the equation for the truncated densities ϕEi (u), we

first notice that it is bounded by C
∑S
j=1 EEj , where

EEi := lim
ε→0

ˆ T

0

ˆ
{E≤

∑
j u

ε
j<2E}

|∇
√
uεi |

2 dx dt .
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The latter quantity tends to zero in the limit of infinite truncation height
E →∞, as we have

∞∑
k=0

lim
ε→0

ˆ T

0

ˆ
{k≤

∑
j u

ε
j<k+1}

|∇
√
uεi |

2 dx dt

≤ lim inf
ε→0

∞∑
k=0

ˆ T

0

ˆ
{k≤

∑
j u

ε
j<k+1}

|∇
√
uεi |

2 dx dt

= lim inf
ε→0

ˆ T

0

ˆ
Ω

|∇
√
uεi |

2 dx dt ≤ C(T ).

• In the last step, starting with the equations for the truncated densities
ϕEi (u) (which are only satisfied up to some error), we derive an equation
for ξ(ϕE(u)), which again is only satisfied up to some error. Here ϕE(u)
denotes the vector with entries ϕE1 (u), . . . , ϕES (u). Then passing to the
limit E →∞, we obtain the desired exact equation for ξ(u).

Throughout the paper, we shall use standard notation for Sobolev spaces. Further-
more we abbreviate I := [0,∞). By Lploc(I;X) we denote the set of all mappings
u : I → X which belong to Lp([0, T ];X) for all T > 0. By ~n we denote the outer
unit normal vector to a domain Ω ⊂ Rd. The k-dimensional Hausdorff measure is
denoted by Hk. By RM(A) we denote the space of Radon measures on A with
the total variation norm || · ||RM(A). As usual, the Sobolev space H1(Ω) is de-

fined to consist of all functions in L2(Ω) whose weak first derivatives also belong to
L2(Ω). The space of smooth compactly supported functions on a set A is denoted
by C∞cpt(A). By C0,1(A) we refer to the class of Lipschitz continuous functions on

A. The notations A and A◦ are used for the closure and the interior of a set A,
respectively; ∂A refers to the boundary of the set A. Given a matrix A ∈ Rn×m,
by |A| we denote its spectral norm.

2. Main Results

Besides the entropy condition (5) we shall impose the following (modest) restrictions
on our domain, the coefficients, and the reaction rates:

(A1) Let d ∈ N and let Ω ⊂ Rd be a bounded Lipschitz domain.

(A2) Assume that Ai ∈ [L∞(I;L∞(Ω))]
d×d

. We denote maxi supx,t |Ai| by Λ.
(A3) Suppose that there exists λ > 0 such that for all i, all x ∈ Ω, all t ∈ I and

all v ∈ Rd we have 〈Ai(x, t)v, v〉 ≥ λ|v|2.

(A4) Assume that ~bi ∈ [L∞(I;L∞(Ω))]
d

and that the trace of ~bi on the spatial
boundary ∂Ω× I exists.

(A5) Let Ri :
(
R+

0

)S → R be locally Lipschitz for all 1 ≤ i ≤ S.

(A6) Assume that Ri(v) ≥ 0 for any v ∈ (R+
0 )S with vi = 0.

The last condition (A6) serves to guarantee nonnegativity of all concentrations ui
(as negative concentrations are absurd from a physical point of view). It has a
simple physical interpretation: if species i is not present, it cannot be consumed by
reactions.

We impose the following boundary conditions:

(B1) Assume that there exist disjoint open subsets ΓIn, ΓOut of ∂Ω such that
the decomposition ΓIn ∪ ΓOut = ∂Ω holds.
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(B2) Let gi ∈ L∞(ΓIn × I) be nonnegative bounded functions. Then we impose

the boundary condition ~n · (Ai∇ui − ui~bi) = gi on ΓIn × I.

(B3) Assume that ~n · ~bi ≥ 0 holds on ΓOut. We then impose the condition
~n ·Ai∇ui = 0 on ΓOut × I.

Condition (B2) (which prescribes the (in-)flow at the boundary) is a typical inflow
boundary condition on ΓIn, while condition (B3) (which implies that the diffusive
flux at the boundary vanishes) is a typical outflow boundary condition on ΓOut; see
e.g. [26]. The condition that the advection velocity be pointed outward on ΓOut
is imposed in order to control the evolution of the total entropy. The condition
that the (in)flux gi be positive on ΓIn is necessary to ensure nonnegativity of the
solution.

We introduce the following notion of renormalized solution for equation (1):

Definition 1. Suppose that (A1) to (A6) hold. Let (u0)i ∈ L1(Ω), 1 ≤ i ≤ S, be
nonnegative. We say that nonnegative functions ui ∈ L∞loc(I;L1(Ω)) with

√
ui ∈

L2
loc(I;H1(Ω)), 1 ≤ i ≤ S, are a renormalized solution to the reaction-diffusion-

advection equation (1) with initial data u0 and boundary conditions (B1) to (B3) if
for every smooth function ξ : (R+

0 )S → R with compactly supported derivative Dξ

and for every ψ ∈ C∞(Ω× I) the equation

ˆ
Ω

ξ(u(., T ))ψ(., T ) dx−
ˆ

Ω

ξ(u0)ψ(., 0) dx−
ˆ T

0

ˆ
Ω

ξ(u)
d

dt
ψ dx dt

=−
S∑

i,j=1

ˆ T

0

ˆ
Ω

ψ∂i∂jξ(u)(Ai∇ui) · ∇uj dx dt

−
S∑
i=1

ˆ T

0

ˆ
Ω

∂iξ(u)(Ai∇ui) · ∇ψ dx dt

(9)

+

S∑
i,j=1

ˆ T

0

ˆ
Ω

ψ∂i∂jξ(u)ui~bi · ∇uj dx dt+

S∑
i=1

ˆ T

0

ˆ
Ω

∂iξ(u)ui~bi · ∇ψ dx dt

+

S∑
i=1

ˆ T

0

ˆ
Ω

∂iξ(u)Ri(u)ψ dx dt

+

S∑
i=1

ˆ T

0

ˆ
ΓIn

giψ∂iξ(u) dHd−1 dt−
S∑
i=1

ˆ T

0

ˆ
ΓOut

~n ·~bi ui ψ∂iξ(u) dHd−1 dt

is satisfied for a.e. T > 0.

Note that due to the fact that Dξ is compactly supported, all terms in formula (9)
are well-defined.

Our main result reads as follows:

Theorem 2. Assume that conditions (A1) to (A6) and (B1) are satisfied; suppose

that gi and ~bi meet the conditions in (B2) and (B3). Assume that the reaction rates
satisfy the entropy inequality (5). Let (u0)i ∈ L1(Ω) be nonnegative functions with∑S
i=1

´
Ω

(u0)i log(u0)i dx <∞.

Then there exists a global (in time) renormalized solution u to equation (1) with
initial data u0 and boundary conditions (B1) to (B3); the solution has the additional
regularity ui log ui ∈ L∞loc(I;L1(Ω)).
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We now would like to discuss the relation of our notion of renormalized solutions
to the “classical” notion of weak solutions.

To this aim, we introduce a family ϕEi of truncations of the mapping v 7→ vi, which

truncate vi when
∑S
k=1 vk becomes too large. More precisely, we let ϕEi :

(
R+

0

)S →
R+

0 , E ∈ N, be a family of functions subject to the following conditions:

(E1) Let ϕEi ∈ C2((R+
0 )S).

(E2) Assume that there exists K1 > 0 so that
√
vj
√
vk|∂j∂kϕEi (v)| ≤ K1 holds

for all j, k, E and all v ∈ (R+
0 )S .

(E3) Suppose that for every E the set suppDϕEi is bounded.
(E4) Assume that limE→∞ ∂jϕ

E
i (v) = δij holds for all v ∈ (R+

0 )S and all j
(where δij denotes the Kronecker delta).

(E5) Suppose that there exists K2 > 0 such that |∂jϕEi (v)| ≤ K2 holds for every
v ∈ (R+

0 )S , every E, and every j.

(E6) Assume that ϕEi (v) = vi holds for any v ∈ (R+
0 )S with

∑S
j=1 vj < E.

(E7) Suppose that we have limE→∞ sup|v|≤K |∂j∂kϕEi (v)| = 0 for every K ∈ R+

and every j, k.

Such truncations ϕEi satisfying (E1) to (E7) can indeed be constructed: Let φ ∈
C∞(R) be a smooth nonincreasing function taking values in [0, 1] with φ ≡ 1 for
x < 0 and φ ≡ 0 for x > 1. Define

ϕEi (v) := vi φ

(∑S
k=1 vk − E

E

)
+ 3E

(
1− φ

(∑S
k=1 vk − E

E

))
.(10)

Then one verifies readily that these ϕEi satisfy conditions (E1) to (E7). Note that we
shall also use the same family of truncations in the construction of our renormalized
solutions below.

Consider a renormalized solution u. We now show that even though Ri(u) /∈
L1
loc(I;L1(Ω)) might hold, an appropriately defined sequence of regularized ver-

sions of Ri(u) in fact converges to a distribution.

Theorem 3. Let u be a renormalized solution in the sense of Definition 1. Then,
for any sequence of functions ϕEi : (R+

0 )S → R+
0 subject to conditions (E1) to (E7),

the limits

R̃i(u) := lim
E→∞

S∑
j=1

∂jϕ
E
i (u)Rj(u)(11)

exist in the sense of distributions (on Ω× [0,∞)). The limits are independent of the
choice of the sequence ϕEi ; moreover, for any ψ ∈ C∞cpt(Ω × I) and any 1 ≤ i ≤ S
the equation

−
ˆ

Ω

(u0)iψ(., 0) dx−
ˆ ∞

0

ˆ
Ω

ui
d

dt
ψ dx dt

=−
ˆ ∞

0

ˆ
Ω

(Ai∇ui) · ∇ψ dx dt+

ˆ ∞
0

ˆ
Ω

ui~bi · ∇ψ dx dt(12)

+
〈
R̃i(u), ψ

〉
D′(Ω×I)×D(Ω×I)

+

ˆ ∞
0

ˆ
ΓIn

giψ dHd−1 dt−
ˆ ∞

0

ˆ
ΓOut

~n ·~bi ui ψ dHd−1 dt

holds.
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Remark 4. The reaction terms R̃i(u) in fact have better regularity than being just

a distribution: by equation (12), we see that the distributions R̃i(u) belong to the

space
[
H1
loc(I;L∞(Ω))

]′
+
[
L∞loc(I;W 1,∞(Ω))

]′
.

The previous theorem now enables us to relate our notion of renormalized solutions
to the classical notion of weak solutions:

Remark 5. If the reaction terms Ri(u) (which are defined pointwise a.e.) belong
to L1

loc(I;L1(Ω)) for all i, by dominated convergence (recall (E4), (E5)) we see that

the distributions R̃i(u) are given by

〈R̃i(u), ψ〉 =

ˆ
I

ˆ
Ω

Ri(u)ψ dx dt

for all ψ ∈ C∞cpt(Ω × I). Thus, the concept of R̃i(u) is a generalization of the
concept of integrable reaction rates Ri(u) and our concept of renormalized solutions
generalizes the concept of weak solutions with reaction terms in L1

loc(I;L1(Ω)).

Moreover, if we have some u with the property that R̃(u) is a well-defined distribu-

tion and some v with the property Ri(u)−Ri(v) ∈ L1
loc(I;L1(Ω)) for all i, then R̃(v)

is also well-defined as a distribution and the equality R̃i(v) = R̃i(u)+(Ri(v)−Ri(u))
holds in the sense of distributions.

3. Proof of the Main Results

3.1. Existence of solutions for an approximate problem. We now show exis-
tence of weak solutions for a regularized model; note that the regularization which
we use preserves the entropy condition.

Lemma 6. Assume that conditions (A1) to (A6) and (B1) are satisfied. Suppose

that gi and ~bi satisfy the conditions imposed in (B2) and (B3). Let ε > 0. Suppose
that we are given nonnegative (uε0)i ∈ L∞(Ω), 1 ≤ i ≤ S. Then there exist uεi ∈
L2
loc(I;H1(Ω)), 1 ≤ i ≤ S, with uεi ∈ H1

loc(I; (H1(Ω))′) such that for all ψ ∈
L2
loc(I;H1(Ω)), a.e. (t1, t2) ∈ I2, and all i ∈ {1, . . . , S} we have

ˆ t2

t1

〈
d

dt
uεi , ψ

〉
(H1(Ω))′×H1(Ω)

dt

=−
ˆ t2

t1

ˆ
Ω

(Ai∇uεi) · ∇ψ dx dt+

ˆ t2

t1

ˆ
Ω

uεi
~bi · ∇ψ dx dt(13)

+

ˆ t2

t1

ˆ
Ω

Ri(u
ε)

1 + ε|R(uε)|
ψ dx dt

+

ˆ t2

t1

ˆ
ΓIn

giψ dHd−1 dt−
ˆ t2

t1

ˆ
ΓOut

~n ·~bi uεi ψ dHd−1 dt ,

with R(uε) denoting the vector with entries Ri(u
ε), 1 ≤ i ≤ S. Moreover, we have

uε(., 0) = uε0 in the sense of (H1(Ω))′.

All uεi are nonnegative a.e..
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If additionally the entropy inequality (5) holds for our reaction rates Ri, we obtain
for a.e. (t1, t2) ∈ I2 with t2 > t1 and a.e. t2 > 0 in case t1 = 0

ˆ
Ω

S∑
i=1

(µi − 1 + log uεi(., t2))uεi(., t2) dx+ c

ˆ t2

t1

ˆ
Ω

S∑
i=1

∣∣∣∇√uεi ∣∣∣2 dx dt(14)

≤

(ˆ
Ω

S∑
i=1

(µi − 1 + log uεi(., t1))uεi(., t1) dx+ C · (t2 − t1)

)
· eC·(t2−t1) ,

where c and C denote some constants depending only on λ and Λ as well as ||~bi||L∞
and ||gi||L∞ and Ω (in particular, our c and C do not depend upon ε).

Proof. The proof is mostly standard material; we therefore omit details.

First of all we extend R(.) to RS by defining R(v) := R(max(v1, 0), . . . ,max(vS , 0)).
This extension obviously preserves the local Lipschitz property of R.

The proof of existence is then accomplished by standard Faedo-Galerkin approxima-
tion. Denote by (ej)j∈N the orthonormal Schauder basis of L2(Ω) with ej ∈ H1(Ω)
consisting of the eigenfunctions of the Laplacian with Neumann boundary con-

ditions on Ω. We use the ansatz uε,ki (x, t) =
∑k
j=1 ξ

j,k
i (t)ej(x) with continuous

functions ξj,ki : I → R; the ξj,ki are determined by setting ξj,ki (0) =
´

Ω
(uε0)iej dx

and requiring thatˆ
Ω

uε,ki (., t)ej(.) dx

∣∣∣∣t2
t1

=−
ˆ t2

t1

ˆ
Ω

(Ai∇uε,ki ) · ∇ej dx dt+

ˆ t2

t1

ˆ
Ω

uε,ki
~bi · ∇ej dx dt(15)

+

ˆ t2

t1

ˆ
Ω

Ri(u
ε,k)

1 + ε|R(uε,k)|
ej dx dt

+

ˆ t2

t1

ˆ
ΓIn

giej dHd−1 dt−
ˆ t2

t1

ˆ
ΓOut

~n · ~bi uε,ki ej dHd−1 dt

holds for all 1 ≤ j ≤ k, all 1 ≤ i ≤ S, and all 0 ≤ t1 ≤ t2. This is a system of
ordinary differential equations which is (locally) solvable as (for fixed k) the right-

hand side depends continuously on (ξj,ki (t))ij . Global solvability is a consequence
of proving boundedness of the solution, which follows from the standard energy
estimate below.

By first reformulating (15) to admit variable-in-time test functions (this requires

an approximation argument) and then testing with uε,ki and taking the sum over i,
one can derive the standard L2 energy estimate which reads

1

2

ˆ
Ω

S∑
i=1

(uε,ki )2(x, T ) dx+

ˆ T

0

ˆ
Ω

S∑
i=1

(Ai∇uε,ki ) · ∇uε,ki dx dt

≤1

2

ˆ
Ω

S∑
i=1

(uε,ki )2(x, 0) dx

+

ˆ T

0

ˆ
Ω

S∑
i=1

uε,ki
~bi · ∇uε,ki dx dt+

ˆ T

0

ˆ
Ω

S∑
i=1

uε,ki
Ri(u

ε,k)

1 + ε|R(uε,k)|
dx dt

+

ˆ T

0

ˆ
ΓIn

S∑
i=1

gi u
ε,k
i dHd−1 dt−

ˆ T

0

ˆ
ΓOut

S∑
i=1

~n ·~bi (uε,ki )2 dHd−1 dt .
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Note that
∣∣∣ Ri(u)

1+ε|R(u)|

∣∣∣ ≤ ε−1. Recall (A1), (A2), (A3), (A4), (A5) and (B3). There-

fore several applications of Young’s inequality and a subsequent application of an
interpolation-trace inequality like (16) below (see e.g. [13]) give

1

2

ˆ
Ω

S∑
i=1

(uε,ki )2(x, T ) dx+ c

ˆ T

0

ˆ
Ω

S∑
i=1

|∇uε,ki |
2 dx dt

≤1

2

ˆ
Ω

S∑
i=1

(uε,ki )2(x, 0) dx

+ C max
i
||~bi||2L∞

ˆ T

0

ˆ
Ω

S∑
i=1

|uε,ki |
2 dx dt+

ˆ T

0

ˆ
Ω

S∑
i=1

(
|uε,ki |

2 + ε−2
)
dx dt

+

ˆ T

0

ˆ
ΓIn

S∑
i=1

(
|gi|2 + |uε,ki |

2
)
dHd−1 dt+ 0

≤1

2

ˆ
Ω

S∑
i=1

(uε,ki )2(x, 0) dx

+ C

ˆ T

0

ˆ
Ω

S∑
i=1

|uε,ki |
2 dx dt+ Cε−2T +

ˆ T

0

ˆ
ΓIn

S∑
i=1

|gi|2 dHd−1 dt

+

ˆ T

0

S∑
i=1

C
(
||∇uε,ki (., t)||L2(Ω)||uε,ki (., t)||L2(Ω) + ||uε,ki (., t)||2L2(Ω)

)
dt.

Making again use of Young’s inequality and an absorption argument to eliminate
the gradient term in the last integral, a subsequent application of the Gronwall
lemma leads to an a priori estimate of the form

sup
t∈[0,T ]

ˆ
Ω

S∑
i=1

(uε,ki )2(x, t) dx+
c

2

ˆ T

0

ˆ
Ω

S∑
i=1

|∇uε,ki |
2 dx dt

≤eCT
(
C

ˆ
Ω

S∑
i=1

(Pk(uε0)i)
2 dx+ Cε−2T + C

ˆ T

0

ˆ
ΓIn

S∑
i=1

|gi|2 dHd−1 dt

)
,

where the constants C may depend on λ, Λ, β, S, Ω and where Pk : L2(Ω)→ L2(Ω)
denotes the projection onto span(e1, . . . , ek).

We would now like to derive a uniform estimate on the time derivative of uε,ki . Note

that the uε,ki satisfy for any φ ∈ C∞(Ω× [0, T ]) the equation

ˆ
Ω

uε,ki φ dx

∣∣∣∣T
0

−
ˆ T

0

ˆ
Ω

uε,ki
d

dt
φ dx dt

=−
ˆ T

0

ˆ
Ω

(Ai∇uε,ki ) · ∇Pkφ dx dt+

ˆ T

0

ˆ
Ω

uε,ki
~bi · ∇Pkφ dx dt

+

ˆ T

0

ˆ
Ω

Ri(u
ε,k)

1 + ε|R(uε,k)|
Pkφ dx dt

+

ˆ T

0

ˆ
ΓIn

giPkφ dHd−1 dt−
ˆ T

0

ˆ
ΓOut

~n · ~bi uε,ki Pkφ dHd−1 dt,

where Pk denotes the orthogonal projection in L2(Ω) onto span(e1, . . . , ek). To
obtain this equation, one first shows by approximation that (15) admits a variant
with variable-in-time test functions; then, one tests this equation with Pkφ. Now
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observe that Pk is also an orthogonal projection in H1(Ω) since the ej are eigen-
functions of the Laplacian with Neumann boundary conditions; in particular, Pk is
a bounded operator from H1(Ω) to H1(Ω). Thus, using the above a priori estimate,

we obtain a uniform (with respect to k) bound on ||uε,ki ||H1([0,T ];(H1(Ω))′).

Passing to the limit k →∞, for a subsequence (which we do not relabel) we obtain

weak convergence of uε,ki to some uεi in L2([0, T ];H1(Ω)) and inH1([0, T ]; (H1(Ω))′).
A subsequent application of the Aubin-Lions Lemma (see [38]) yields strong con-

vergence of uε,ki to uεi in L2([0, T ];L2(Ω)).

These convergence properties are sufficient for passing to the limit k → ∞ in
equation (15) (for fixed ε > 0). We omit the details as they can be found in many
textbooks. Note that we use an interpolation-trace inequality of the form

||v||L2(∂Ω) ≤ C(Ω)||∇v||
1
2

L2(Ω)||v||
1
2

L2(Ω) + C(Ω)||v||L2(Ω)(16)

(see e.g. [13]) to obtain strong convergence of the sequence uε,ki in L2([0, T ];L2(∂Ω))
by the uniform boundedness in L2([0, T ];H1(Ω)) and the strong convergence in
L2([0, T ];L2(Ω)). Therefore the limit uεi satisfies the equation (13) and we have
uεi(., 0) = (uε0)i in (H1(Ω))′.

Nonnegativity of the uεi is proven by testing the weak formulation of the equation
for uεi (i.e. equation (13)) with min(0, uεi) and using (B2), (B3) as well as the fact
that we have Ri(v) ≥ 0 in case vi ≤ 0 (see (A6)) and the fact that (uε0)i ≥ 0.
Since min(uεi , 0)2 is convex, it is possible to rearrange the terms involving the time
derivative using a standard technique (see e.g. [3]), yielding for any T > 0

ˆ
Ω

1

2
min(uεi(., T ), 0)2 dx

≤−
ˆ T

0

ˆ
Ω

λ|∇min(uεi , 0)|2 dx dt

+ ||~bi||L∞
ˆ T

0

ˆ
Ω

|min(uεi , 0)∇min(uεi , 0)| dx dt .

Young’s inequality and the Gronwall Lemma allow to conclude.

To derive the entropy estimate (14), we first need to show boundedness of the
solution uεi . An L∞([0, T ];L∞(Ω)) bound however is derived easily using Moser
iteration: Let k ∈ [1,∞) be a real number. Inserting (uεi)

k in the equation for
uεi and taking the sum with respect to i (the required approximation argument to
justify this can be found e.g. in [21]), we obtain by Young’s inequality

ˆ
Ω

S∑
i=1

1

k + 1
|uεi |k+1 dx

∣∣∣∣∣
T

0

≤− c

k + 1

ˆ T

0

ˆ
Ω

S∑
i=1

|∇|uεi |
k+1
2 |2 dx dt

+ C max
i
||~bi||2L∞ · (k + 1)

ˆ T

0

ˆ
Ω

S∑
i=1

|uεi |k+1 dx dt

+ C(ε)

ˆ T

0

ˆ
Ω

S∑
i=1

|uεi |k dx dt+

ˆ T

0

ˆ
ΓIn

S∑
i=1

gi|uεi |k dHd−1 dt .
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This yields using Young’s inequality

sup
t∈[0,T ]

ˆ
Ω

S∑
i=1

|uεi(., t)|k+1 dx+

ˆ T

0

ˆ
Ω

S∑
i=1

|∇|uεi |
k+1
2 |2 dx dt

≤C
ˆ

Ω

S∑
i=1

|(uε0)i(., t)|k+1 dx+ C

ˆ T

0

ˆ
ΓIn

S∑
i=1

|gi|k+1 dHd−1 dt

+ C(ε) · T + C · (k + 1)2

ˆ T

0

ˆ
Ω

S∑
i=1

|uεi |k+1 dx dt

+ C · (k + 1)

ˆ T

0

ˆ
ΓIn

S∑
i=1

|uεi |k+1 dHd−1 dt .

Thus, the interpolation-trace inequality (16) (applied to |uεi |
k+1
2 , i.e. in particu-

lar the constant in the inequality is independent of k) gives in connection with a
subsequent application of Young’s inequality and an absorption argument

sup
t∈[0,T ]

ˆ
Ω

S∑
i=1

|uεi(., t)|k+1 dx+

ˆ T

0

ˆ
Ω

S∑
i=1

|∇|uεi |
k+1
2 |2 dx dt

≤C
ˆ

Ω

S∑
i=1

|(uε0)i(., t)|k+1 dx+ C

ˆ T

0

ˆ
ΓIn

S∑
i=1

|gi|k+1 dHd−1 dt

+ C(ε) · T + C · (k + 1)2

ˆ T

0

ˆ
Ω

S∑
i=1

|uεi |k+1 dx dt .

Finally, an application of the Gagliardo-Nirenberg-Sobolev interpolation inequality

to the functions |uεi |
k+1
2 yields the estimate(ˆ T

0

ˆ
Ω

S∑
i=1

|uεi(., t)|β(k+1) dx dt

) 1
β(k+1)

≤

(
S∑
i=1

C

ˆ T

0

(ˆ
Ω

|uεi |k+1 dx

)β−1(ˆ
Ω

∣∣∣∇|uεi | k+1
2

∣∣∣2 dx+

ˆ
Ω

|uεi |k+1 dx

)
dt

) 1
β(k+1)

≤
(
C(T ) · (1 + k)2

ˆ T

0

ˆ
Ω

S∑
i=1

|uεi(., t)|k+1 dx dt+ C(T )

ˆ
Ω

S∑
i=1

|(uε0)i(., t)|k+1 dx

+ C(T )

ˆ T

0

ˆ
∂Ω

S∑
i=1

|gi|k+1 dHd−1 dt+ C(ε, T )

) 1
k+1

for some β > 1. The result now follows using Moser iteration: introducing the
abbreviations

Q := max(1, THd−1(∂Ω),Ld(Ω)) ·

(
S∑
i=1

||(uε0)i||L∞(Ω) +

S∑
i=1

||gi||L∞(∂Ω×[0,T ))

)
and

Mn :=

(ˆ T

0

ˆ
Ω

S∑
i=1

|uεi(., t)|2β
n

dx

)1/2βn

,

the previous estimate implies for n ∈ N0

Mn+1 ≤
(
C(T ) · (2βn)2M2βn

n + C(T )Q2βn + C(ε, T )
)1/2βn
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which yields (for a possibly larger Cε depending also on T )

max(Mn+1, Q, 1) ≤ C1/2βn

ε (2βn)1/βn max(Mn, Q, 1).

As the infinite product

∞∏
n=0

C1/2βn

ε 21/βnβn/β
n

is finite, we end up with

lim sup
n

max (Mn, Q, 1) ≤ C(ε, T ) max(M0, Q, 1).

Note that

lim sup
n

Mn = max
i
||uεi ||L∞(Ω×[0,T )).

In order to prove the entropy estimate (14), we test (13) with µi+log(uεi +δ). Note
that the function µi+log(uεi+δ) belongs to L2

loc(I;H1(Ω)) (since uεi is nonnegative);
thus it is an admissible test function. The term involving the time derivative can
be rearranged using e.g. a technique in [3] since (vi+ δ)(µi−1+ log(vi+ δ)) (which
is the antiderivative of µi + log(vi + δ)) is convex on [0,∞). We thus get

ˆ
Ω

(µi − 1 + log(uεi(., t2) + δ))(uεi(., t2) + δ) dx

+

ˆ t2

t1

ˆ
Ω

4(Ai∇
√
uεi + δ) · ∇

√
uεi + δ dx dt

=

ˆ
Ω

(µi − 1 + log(uεi(., t1) + δ))(uεi(., t1) + δ) dx

+

ˆ t2

t1

ˆ
Ω

2
uεi√
uεi + δ

~bi · ∇
√
uεi + δ dx dt

+

ˆ t2

t1

ˆ
Ω

Ri(u
ε)

1 + ε|R(uε)|
(µi + log(uεi + δ)) dx dt

+

ˆ t2

t1

ˆ
ΓIn

gi (µi + log(uεi + δ)) dHd−1 dt

−
ˆ t2

t1

ˆ
ΓOut

~n ·~bi uεi (µi + log(uεi + δ)) dHd−1 dt .

Note that by (B3) we have ~n ·~bi uεi (µi+ log(uεi + δ)) ≥ 0 if µi+ log(uεi + δ) ≥ 0 and

~n·~bi uεi (µi+log(uεi+δ)) ≥ −C(µi)(u
ε
i+1) if µi+log(uεi+δ) ≤ 0 (the latter estimate

holds since v log v is bounded from below and since (A4) is satisfied). This yields an
estimate for the last term. The penultimate term is estimated using the fact that
gi is nonnegative and bounded (see (B2)) which implies that gi (µi+ log(uεi + δ)) ≤
C(µi) +Cuεi (at least for δ < 1). Estimating the remaining terms using (A2), (A3),
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(A4) and Young’s inequality, we deduceˆ
Ω

(µi − 1 + log(uεi(., t2) + δ))(uεi(., t2) + δ) dx

+ c

ˆ t2

t1

ˆ
Ω

∣∣∣∇√uεi + δ
∣∣∣2 dx dt

≤
ˆ

Ω

(µi − 1 + log(uεi(., t1) + δ))(uεi(., t1) + δ) dx

+ C

ˆ t2

t1

ˆ
Ω

uεi dx dt

+

ˆ t2

t1

ˆ
Ω

Ri(u
ε)

1 + ε|R(uε)|
(µi + log(uεi + δ)) dx dt

+

ˆ t2

t1

ˆ
ΓIn

C(µi) dHd−1 dt+ C(µi)

ˆ t2

t1

ˆ
∂Ω

uεi dHd−1 dt

+

ˆ t2

t1

ˆ
ΓOut

C(µi) dHd−1 dt

We now pass to the limit δ → 0. The only term which may cause difficulties is
the reaction term. Using local Lipschitz continuity of Ri(.) (see (A5)), the fact
that uεi is bounded, and the fact that Ri(v) ≥ 0 in case vi = 0 (see (A6)), we
deduce that we have Ri(u

ε) ≥ −Luεi , where the Lipschitz constant L depends on
||uε||L∞(Ω×[0,T ]). This estimate enables us to pass to the limit δ → 0 in the reaction
term using Fatou’s lemma. We estimate the boundary integral involving uεi using
an interpolation-trace inequality applied to

√
uεi and Young’s inequality. Taking

the sum with respect to i and applying the entropy inequality (5), we finally end
up with

ˆ
Ω

S∑
i=1

(µi − 1 + log uεi(., t2))uεi(., t2) dx+ c

ˆ t2

t1

ˆ
Ω

S∑
i=1

∣∣∣∇√uεi ∣∣∣2 dx dt

≤
ˆ

Ω

S∑
i=1

(µi − 1 + log uεi(., t1))uεi(., t1) dx+ C · (t2 − t1) + C

ˆ t2

t1

ˆ
Ω

S∑
i=1

uεi dx dt .

Using the estimate uεi ≤ C + (µi − 1 + log uεi)u
ε
i and the Gronwall Lemma, the

entropy estimate is deduced. �

3.2. Existence of renormalized solutions. Having established existence of solu-
tions for our approximate problem, we turn to our proof of existence of renormalized
solutions to the original equations.

Choose (uε0)i(x) := min((u0)i(x), ε−1).

In the first step, we show that a subsequence of the solutions uε to the approximate
problems (13) with initial data (uε0)i converges to some limit u as ε→ 0.

Lemma 7. Suppose that in addition to (A1) to (A6) and (B1) to (B3) the entropy
inequality (5) holds. Let (u0)i ∈ L1(Ω), 1 ≤ i ≤ S, be nonnegative functions

with
´

Ω

∑S
i=1(u0)i log(u0)i dx < ∞. Consider a sequence uε of solutions to the

approximate problems in Lemma 6, with ε converging to zero. Then there exists
a subsequence uε (not relabeled) which converges a.e. on Ω × [0,∞) to some limit
u ∈ [L∞loc(I;L1(Ω))]S with ui log ui ∈ L∞loc(I;L1(Ω)) for all 1 ≤ i ≤ S. Moreover,

the convergence
√
uεi ⇀

√
ui weakly in L2([0, T ];H1(Ω)) holds for all T > 0 and all

1 ≤ i ≤ S.
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Proof. Let ϕEi be as in (10). Noting that

∇[ϕEi (uε)] =

S∑
j=1

∂jϕ
E
i (uε)∇uεj

and that supp ∂jϕ
E
i is a compact subset of (R+

0 )S , by uniform (w.r.t. ε) boundedness
of
√
uεj in L2([0, T ];H1(Ω)) for every T > 0 (this is a consequence of (14)) we see

that ϕEi (uε) is uniformly bounded w.r.t. ε in L2([0, T ];H1(Ω)) for every fixed T > 0
and every fixed E ∈ N.

Let ψ ∈ C∞(Ω×I) be a smooth function. We insert ψ∂jϕ
E
i (uε) (with ϕEi as defined

in (10)) in the equation for uεj (see (13)) and take the sum with respect to j. This
yields (note that the chain rule for the time derivative can be justified by Lemma 9)

ˆ
Ω

ϕEi (uε(., t2))ψ dx−
ˆ

Ω

ϕEi (uε(., t1))ψ dx−
ˆ t2

t1

ˆ
Ω

ϕEi (uε)
d

dt
ψ dx dt

=

ˆ t2

t1

S∑
j=1

〈
d

dt
uεj , ψ∂jϕ

E
i (uε)

〉
(H1(Ω))′×H1(Ω)

dt

=−
ˆ t2

t1

ˆ
Ω

S∑
j=1

S∑
k=1

ψ∂j∂kϕ
E
i (uε)(Aj∇uεj) · ∇uεk dx dt(17)

−
ˆ t2

t1

ˆ
Ω

S∑
j=1

∂jϕ
E
i (uε)(Aj∇uεj) · ∇ψ dx dt

+

ˆ t2

t1

ˆ
Ω

ψ

S∑
j=1

S∑
k=1

∂j∂kϕ
E
i (uε)uεj

~bj · ∇uεk dx dt

+

ˆ t2

t1

ˆ
Ω

S∑
j=1

∂jϕ
E
i (uε)uεj

~bj · ∇ψ dx dt

+

ˆ t2

t1

ˆ
Ω

S∑
j=1

∂jϕ
E
i (uε)

Rj(u
ε)

1 + ε|R(uε)|
ψ dx dt

+

ˆ t2

t1

ˆ
ΓIn

S∑
j=1

gj ∂jϕ
E
i (uε) ψ dHd−1 dt

−
ˆ t2

t1

ˆ
ΓOut

S∑
j=1

~n ·~bj uεj∂jϕEi (uε) ψ dHd−1 dt

=:I + II + III + IV + V + V I + V II

for a.e. (t1, t2) ∈ [0,∞)2 and a.e. t2 > 0 in case t1 = 0. Using the fact that
suppDϕEi is a compact subset of (R+

0 )S and the fact that
√
uεj is uniformly (w.r.t.

ε) bounded in L2([0, T ];H1(Ω)) for every T > 0, we see that ϕEi (uε) ist bounded
uniformly in W 1,1([0, T ]; (W 1,∞(Ω))′) for every T > 0 and every fixed E (note that
functions in H1(Ω) have an L2 trace on ∂Ω, thus the boundary terms V I and V II
are uniformly bounded in L2([0, T ]; (H1(Ω))′)).

An application of the Aubin-Lions Lemma now yields compactness of the sequence
ϕEi (uε) in L2([0, T ];L2(Ω)) for every fixed T > 0 and every fixed E ∈ N. By a diago-
nal sequence argument (we do not relabel the subsequence), we may assume that for
every i and every E ∈ N the sequence (ϕEi (uε))ε converges a.e. to some measurable

limit wEi . From the uniform boundedness of
∑S
j=1 u

ε
j log uεj in L∞([0, T ];L1(Ω))
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which holds for every fixed T > 0 (this is also a consequence of (14)) we deduce
using (E5) that ϕEi (uε) logϕEi (uε) is also bounded uniformly in L∞([0, T ];L1(Ω))
for every fixed T > 0; moreover, using (E5) and (E6) we see that the boundedness
is also uniform w.r.t. E. Thus, by Fatou’s lemma we know that wEi is a.e. finite
and wEi logwEi is bounded uniformly (w.r.t. E) in L∞([0, T ];L1(Ω)).

We now prove that the pointwise limit limE→∞ wEi exists a.e. and defines a mea-
surable function ui with ui log ui ∈ L∞([0, T ];L1(Ω)). If for some (x, t) and some E

we have
∑S
j=1 w

E
j (x, t) = limε→0

∑S
j=1 ϕ

E
j (uε(x, t)) < E, then wẼj (x, t) = wEj (x, t)

holds for all Ẽ > E and all j: by our choice of ϕEi (see (10)) we know that∑S
j=1 ϕ

E
j (v) < E implies ϕEj (v) = vj = ϕẼj (v) for all j. If we have

∑S
j=1 w

E
j (x, t) <

E, then for ε small enough it holds that
∑S
j=1 ϕ

E
j (uε(x, t)) < E and therefore we

get wEi (x, t) = wẼi (x, t) for Ẽ > E. Since
∑S
j=1 w

E
j is bounded uniformly in

L∞([0, T ];L1(Ω)), the measure of the set of points (x, t) for which
∑S
j=1 w

E
j (x, t) ≥

E holds tends to zero as E → ∞; thus, the limit limE→∞ wEi (x, t) exists for
a.e. (x, t) ∈ Ω × [0, T ] and defines a measurable function ui. The estimate
ui log ui ∈ L∞([0, T ];L1(Ω)) is a consequence of Fatou’s Lemma.

The functions ui are now the natural candidate for being a renormalized solution
of (1).

First we notice that (after possibly passing to another subsequence) uεi converges

a.e. to ui: By uniform boundedness of
∑S
j=1 u

ε
j in L1(Ω × [0, T ]), the measure of

the set of points (x, t) with
∑S
j=1 u

ε
j(x, t) ≥ E tends to zero as E →∞, uniformly

in ε; thus the measure of the set of points (x, t) for which ϕEi (uε(x, t)) 6= uεi(x, t)
holds tends to zero as E →∞, uniformly in ε. We have for any δ > 0

Ld+1

({
(x, t) ∈ Ω× [0, T ] : |uεi(x, t)− ui(x, t)| > δ

})
≤Ld+1

({
(x, t) ∈ Ω× [0, T ] : uεi(x, t) 6= ϕEi (uε)(x, t)

})
+ Ld+1

({
(x, t) ∈ Ω× [0, T ] : |ϕEi (uε)(x, t)− wEi (x, t)| > δ

2

})
+ Ld+1

({
(x, t) ∈ Ω× [0, T ] : |wEi (x, t)− ui(x, t)| >

δ

2

})
,

where by the previous considerations the first term on the right-hand side converges
to zero as E → ∞, uniformly in ε > 0. The last term tends to zero as E → ∞ by
definition of ui; it is independent of ε. The penultimate term converges to zero as
ε→ 0 for fixed E. Summing up, we have shown that uεi converges to ui in measure
which implies convergence a.e. for a subsequence.

As uεi log uεi is bounded uniformly in L∞([0, T ];L1(Ω)) for every T > 0, we deduce
that uεi converges to ui strongly in Lp([0, T ];L1(Ω)) for every T > 0 and all p ≥ 1.
This in particular implies convergence of

√
uεi to

√
ui in the sense of distributions,

and we obtain that
√
ui ∈ L2([0, T ];H1(Ω)) with

ˆ T

0

ˆ
Ω

|∇
√
ui|2 dx dt ≤ lim inf

ε→0

ˆ T

0

ˆ
Ω

|∇
√
uεi |

2 dx dt

(the latter lim inf being finite due to (14)). In particular,
√
uεi converges to

√
ui

weakly in L2([0, T ];H1(Ω)) for every T > 0. �
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In the second step of our proof of existence of renormalized solutions, we show that
the “truncations” ϕEi (u) of the limit u which has been constructed in the previous
step satisfy a certain PDE. However, this PDE may differ from the desired PDE
by a defect measure.

Lemma 8. Let uj, 1 ≤ j ≤ S, be the functions constructed in the previous lemma.

Let ϕEi , 1 ≤ i ≤ S, be the functions defined in (10). Let ψ ∈ C∞cpt(Ω × I). Then

ϕEi (u) satisfies

−
ˆ ∞

0

ˆ
Ω

ϕEi (u)
d

dt
ψ dx dt−

ˆ
Ω

ϕEi (u0)ψ(., 0) dx

=−
ˆ

Ω×[0,∞)

ψ dµEi (x, t)(18)

−
ˆ ∞

0

ˆ
Ω

S∑
j=1

∂jϕ
E
i (u)(Aj∇uj) · ∇ψ dx dt

+

ˆ ∞
0

ˆ
Ω

ψ

S∑
j=1

S∑
k=1

∂j∂kϕ
E
i (u)uj~bj · ∇uk dx dt

+

ˆ ∞
0

ˆ
Ω

S∑
j=1

∂jϕ
E
i (u)uj~bj · ∇ψ dx dt

+

ˆ ∞
0

ˆ
Ω

S∑
j=1

∂jϕ
E
i (u)Rj(u)ψ dx dt

+

ˆ ∞
0

ˆ
ΓIn

S∑
j=1

gj ∂jϕ
E
i (u) ψ dHd−1 dt

−
ˆ ∞

0

ˆ
ΓOut

S∑
j=1

~n ·~bj uj∂jϕEi (u) ψ dHd−1 dt ,

where µEi denotes a sequence of signed Radon measures satisfying

lim
E→∞

|µEi |(Ω× [0, T )) = 0(19)

for all T > 0 and all i.

Note that the measure

µEi −
S∑

j,k=1

∂j∂kϕ
E
i (u)(Aj∇uj) · ∇uk dx dt

is called the defect measure (since it is the convergence defect in the sequence of
equations (17) caused by the lack of strong convergence of the spatial derivatives of
the sequence uε). We shall later show implicitly that it in fact vanishes: in the proof
of Theorem 2, it is shown that (9) holds for our solution candidate u. Inserting ϕEi
in place of ξ in equation (9) and subtracting the resulting equation from (18), we
see that we actually have

µEi =

S∑
j,k=1

∂j∂kϕ
E
i (u)(Aj∇uj) · ∇uk dx dt.

Note that however the proof of formula (9) for our u essentially relies on the present
lemma, which just contains the weaker statement that the defect measure vanishes
in the limit E →∞.
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Proof. Let T > 0 and ψ ∈ C∞cpt(Ω × [0, T )). For fixed E ∈ N we pass to the
limit ε → 0 in (17) for t1 := 0, t2 := T . Convergence of the left-hand side and
of the terms II, III, IV , V is immediate by the convergence properties proven
in the previous lemma and by the fact that suppDϕEi is compact (i.e. in case uε

becomes to large, all terms of the form ∂jϕ
E
i (uε) and ∂j∂kϕ

E
i (uε) vanish; see (E3)).

Convergence of terms V I and V II is an easy consequence of uniform boundedness
of
√
uεi in L2([0, T ];H1(Ω)), strong convergence of

√
uεi in L2([0, T ];L2(Ω)), and the

interpolation-trace inequality (16) (this inequality can be found e.g. in [13]), which
together imply strong convergence of the boundary trace of

√
uεi to the boundary

trace of
√
ui in L2([0, T ];L2(∂Ω)).

The only term whose convergence cannot be ensured is term I, as this term is
quadratic in ∇uε. In order to deal with this term, we intend to show that it
vanishes in the limit E →∞. Consider the signed measures

µEi,ε :=

S∑
j,k=1

∂j∂kϕ
E
i (uε)(Aj∇uεj) · ∇uεk dx dt

=4
S∑

j,k=1

√
uεj
√
uεk∂j∂kϕ

E
i (uε)

(
Aj∇

√
uεj

)
· ∇
√
uεk dx dt .(20)

Note that we have

|µEi,ε|(Ω× [0, T )) ≤ CΛ

S∑
j=1

ˆ T

0

ˆ
Ω

∣∣∣∇√uεj∣∣∣2 dx dt

which follows from the definition of µEi,ε using (A2) and (E2) as well as Young’s

inequality. The uniform boundedness of
√
uεj in L2([0, T ];H1(Ω)) for any T >

0 implies that after passing to a subsequence we may assume that µEi,ε weak-∗
converges on Ω× [0,∞) to some limit µEi as ε tends to 0.

It remains to prove (19). We now consider the measures

νKj,ε := χ{|uε|∈[K−1,K)}

∣∣∣∇√uεj∣∣∣2 dx dt

on Ω× [0,∞). Using (A2) and (E2) we deduce from (20) that

|µEi,ε|(Ω× [0, T ))

≤CΛ

S∑
j=1

S∑
k=1

∞∑
K=1

ˆ T

0

ˆ
Ω

χ{|uε|∈[K−1,K)}

√
uεj
√
uεk
∣∣∂j∂kϕEi (uε)

∣∣ ∣∣∣∇√uεj∣∣∣2 dx dt

≤CΛ

S∑
l=1

∞∑
K=1

νKl,ε
(
Ω× [0, T )

)
· sup
|v|∈[K−1,K);1≤j,k≤S

√
vj
√
vk
∣∣∂j∂kϕEi (v)

∣∣ .
By (E3), for fixed E ∈ N only finitely many terms in the series do not vanish. We
may therefore pass to the limit ε → 0; using the fact that the measure of open
sets is lower semicontinuous w.r.t. weak-∗ convergence of measures, we obtain after
passing to a subsequence (the passage to a subsequence in particular ensuring that
the limits in the last line of the next formula exist)

|µEi |(Ω× [0, T ))

≤ lim inf
ε→0

|µEi,ε|(Ω× [0, T ))(21)

≤CΛ

S∑
l=1

∞∑
K=1

lim
ε→0

νKl,ε
(
Ω× [0, T )

)
· sup
|v|∈[K−1,K);1≤j,k≤S

√
vj
√
vk
∣∣∂j∂kϕEi (v)

∣∣ .
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However, we have

∞∑
K=1

νKj,ε
(
Ω× [0, T )

)
=

ˆ T

0

ˆ
Ω

∣∣∣∇√uεj∣∣∣2 dx dt .

As the latter quantity is bounded uniformly w.r.t. ε (recall (14)), we obtain using
Fatou’s lemma (for the counting measure on N; recall that the limits in the next
formula actually exist since we have passed to an appropriate subsequence)

∞∑
K=1

lim
ε→0

νKj,ε
(
Ω× [0, T )

)
<∞ .

By dominated convergence applied to the counting measure on N (which is possible
by (E2) and (E7) as well as the previous estimate), we deduce from (21)

lim sup
E→∞

|µEi |(Ω× [0, T ))

≤CΛ

S∑
l=1

∞∑
K=1

lim
ε→0

νKl,ε
(
Ω× [0, T )

)
· lim
E→∞

sup
|v|∈[K−1,K);1≤j,k≤S

√
vj
√
vk
∣∣∂j∂kϕEi (v)

∣∣
=CΛ

S∑
l=1

∞∑
K=1

lim
ε→0

νKl,ε
(
Ω× [0, T )

)
· 0

=0 .

This finishes the proof of the lemma. �

Finally we can prove our main theorem.

Proof of Theorem 2. In order to show that u is a renormalized solution, we apply
Lemma 9 below – which is some kind of chain rule for the time derivative in a regime
of weak regularity – to the map v := ϕE(u) in order to approximately identify the
weak time derivative of ξ(ϕE(u)); then we pass to the limit E →∞ to deduce the
equation for ξ(u).

More precisely, choose some T > 0 arbitrary but fixed; we then prove that u is
a renormalized solution on [0, T ). Let ξ : RS → R be a smooth function with
compactly supported derivatives. Recalling that ϕE(u) satisfies (18), we see that
in Lemma 9 we need to choose

(v0)i := ϕEi (u0),

νi := −µEi ,

zi := −
S∑
j=1

∂jϕ
E
i (u)(Aj∇uj) +

S∑
j=1

∂jϕ
E
i (u)uj~bj ,

wi :=

S∑
j,k=1

∂j∂kϕ
E
i (u)uj~bj · ∇uk +

S∑
j=1

∂jϕ
E
i (u)Rj(u),

qi :=

S∑
j=1

gj∂jϕ
E
i (u)χΓIn×[0,T ) −

S∑
j=1

~n ·~bjuj∂jϕEi (u)χΓOut×[0,T ).

Obviously, νi is a Radon measure. It is also easily seen that we have wi ∈
L1(Ω × [0, T )) and that qi ∈ L1([0, T );L1(∂Ω)). Furthermore, we notice that zi ∈
L2([0, T ); [L2(Ω)]d). By the chain rule, we have ϕEi (u) ∈ L2([0, T );H1(Ω)). Thus,
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the assumptions of Lemma 9 hold and we infer that for any ψ ∈ C∞cpt(Ω × [0, T ))

the function ξ(ϕE(u)) must satisfy the estimate

∣∣∣∣∣−
ˆ T

0

ˆ
Ω

ξ(ϕE(u))
d

dt
ψ dx dt−

ˆ
Ω

ξ(ϕE(u0)) ψ(., 0) dx

+

ˆ T

0

ˆ
Ω

S∑
i=1

S∑
j=1

∂iξ(ϕ
E(u)) ∂jϕ

E
i (u) Aj∇uj · ∇ψ dx dt

+

ˆ T

0

ˆ
Ω

S∑
i,j,k,l=1

ψ ∂jϕ
E
i (u) Aj∇uj · ∂i∂kξ(ϕE(u))∂lϕ

E
k (u)∇ul dx dt

−
ˆ T

0

ˆ
Ω

S∑
i=1

S∑
j=1

S∑
k=1

ψ ∂jϕ
E
i (u)uj~bj · ∂i∂kξ(ϕE(u))∇(ϕEk (u)) dx dt

−
ˆ T

0

ˆ
Ω

S∑
i=1

S∑
j=1

∂iξ(ϕ
E(u)) ∂jϕ

E
i (u)uj~bj · ∇ψ dx dt

−
ˆ T

0

ˆ
Ω

S∑
i=1

S∑
j=1

S∑
k=1

ψ ∂iξ(ϕ
E(u)) ∂j∂kϕ

E
i (u)uj~bj · ∇uk dx dt

−
ˆ T

0

ˆ
Ω

S∑
i=1

S∑
j=1

∂iξ(ϕ
E(u)) ψ ∂jϕ

E
i (u)Rj(u) dx dt

−
ˆ T

0

ˆ
ΓIn

S∑
i=1

S∑
j=1

∂iξ(ϕ
E(u)) gj ∂jϕ

E
i (u) ψ dHd−1 dt

+

ˆ T

0

ˆ
ΓOut

S∑
i=1

S∑
j=1

∂iξ(ϕ
E(u)) ~n ·~bj uj∂jϕEi (u) ψ dHd−1 dt

∣∣∣∣∣
≤ C(Ω)||ψ||L∞ sup

v
|Dξ(v)|

S∑
i=1

|µEi |(Ω× [0, T )) .

To obtain the desired equation for ξ(u), we now pass to the limit E →∞. To do so,
we use (10) (which implies (E1) to (E7)) as well as (19); note that due to (19), the
left-hand side must be zero in the limit, i.e. we obtain an exact equation (and not
an estimate) in the limit. Convergence of the terms in the first line is immediate,
as is convergence of the terms in the second, the fifth, and the last two lines of the
left-hand side (observe that ϕE(u) converges pointwise a.e. to u and that the ∂jϕ

E
i

are bounded by a constant by (E5)).

It remains to deal with the terms in the third, the fourth, the sixth, and the seventh
line. To show convergence of these terms, besides ∇√ui ∈ L2([0, T );L2(Ω)) we
need the following assertion: there exists a constant r such that for all E > r

the estimate
∑S
i=1 ui(x, t) ≥ r implies ∂iξ(ϕ

E(u(x, t))) = ∂iξ(u(x, t)) = 0 and
∂i∂kξ(ϕ

E(u(x, t))) = ∂i∂kξ(u(x, t)) = 0. Given this assertion, convergence of the
remaining terms in the previous formula as E → ∞ is also immediate since one
factor in the integrals will be zero as soon as maxi ui(x, t) becomes too large.

To show this assertion, choose r so large that suppDξ ⊂ BS−1r(0). Let E > r. Then∑S
i=1 ui(x, t) ≥ r implies

∑S
i=1 ϕ

E
i (u(x, t)) ≥ r (by definition (10)) and therefore

∂iξ(ϕ
E(u(x, t))) = 0 as well as ∂i∂kξ(ϕ

E(u(x, t))) = 0.
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In total, this establishes the result for ψ ∈ C∞cpt(Ω×[0, T )). Recalling that T > 0 was

arbitrary and using an approximation argument to allow for ψ ∈ C∞(Ω × [0, T ])
(i.e. to allow for ψ to be nonzero at t = T ), we see that u is indeed a global
renormalized solution. �

Proof of Theorem 3. Choose T > 0 and let ψ ∈ C∞cpt(Ω × [0, T )). Setting ξ := ϕEi
in equation (9) and taking the limit E →∞, we obtain by dominated convergence
(which can be applied due to (E2), (E4), (E5), (E6), (E7))

−
ˆ

Ω

(u0)i(.)ψ(., 0) dx−
ˆ ∞

0

ˆ
Ω

ui
d

dt
ψ dx dt

+ 0

+

ˆ ∞
0

ˆ
Ω

(Ai∇ui) · ∇ψ dx dt

− 0(22)

−
ˆ ∞

0

ˆ
Ω

ui~bi · ∇ψ dx dt

−
ˆ ∞

0

ˆ
ΓIn

gi ψ dHd−1 dt

+

ˆ ∞
0

ˆ
ΓOut

~n ·~bi ui ψ dHd−1 dt

= lim
E→∞

ˆ ∞
0

ˆ
Ω

S∑
j=1

∂jϕ
E
i (u)Rj(u)ψ dx dt .

In particular, the limit R̃i(u) = limE→∞
∑S
j=1 ∂jϕ

E
i (u)Rj(u) exists in the sense of

distributions (on Ω× I). Moreover, it is independent of the precise sequence ϕEi , as
the left-hand side of the previous equation is independent of the precise sequence
ϕEi . �

In the proof of the existence of renormalized solutions, we have used the following
approximate chain rule for the time derivative in a regime of weak regularity.

Lemma 9. Let Ω be a bounded domain with Lipschitz boundary. Assume that T > 0
and that v ∈ L1([0, T ); [L1(Ω)]S)∩L2([0, T ); [H1(Ω)]S); suppose that v0 ∈ (L1(Ω))S.
Let νi ∈ RM(Ω × [0, T )), wi ∈ L1([0, T );L1(Ω)), zi ∈ L2([0, T ); [L2(Ω)]d), qi ∈
L1([0, T );L1(∂Ω)) for 1 ≤ i ≤ S.

Assume that we have for any ψ ∈ C∞cpt(Ω× [0, T ))

−
ˆ T

0

ˆ
Ω

vi(., t)
d

dt
ψ(., t) dx dt−

ˆ
Ω

(v0)i(.)ψ(., 0) dx

=

ˆ
Ω×[0,T )

ψ dνi +

ˆ T

0

ˆ
Ω

wiψ dx dt

+

ˆ T

0

ˆ
∂Ω

qiψ dHd−1 dt+

ˆ T

0

ˆ
Ω

zi · ∇ψ dx dt.
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Let ξ : RS → R be a smooth function with compactly supported first derivatives.
Then we have for all ψ ∈ C∞cpt(Ω× [0, T ))

∣∣∣∣∣−
ˆ T

0

ˆ
Ω

ξ(v)
d

dt
ψ dx dt−

ˆ
Ω

ξ(v0(.))ψ(., 0) dx

−
S∑
i=1

ˆ T

0

ˆ
Ω

ψ ∂iξ(v)wi dx dt−
S∑
i=1

ˆ T

0

ˆ
∂Ω

ψ ∂iξ(v)qi dHd−1 dt

−
S∑
i=1

ˆ T

0

ˆ
Ω

∂iξ(v)zi · ∇ψ dx dt−
S∑
i=1

S∑
k=1

ˆ T

0

ˆ
Ω

ψ ∂i∂kξ(v)zi · ∇vk dx dt

∣∣∣∣∣
≤C(Ω)||ψ||L∞(sup

u
|Dξ(u)|) ·

S∑
i=1

||νi||RM(Ω×[0,T )).

Proof. Making use of a partition of unity on Ω, we may assume that either ψ is
compactly supported in Ω × [0, T ) or that ψ is compactly supported in U × [0, T )
for some coordinate chart U containing a part of ∂Ω.

We first treat the case ψ ∈ C∞cpt(Ω × [0, T )). Let ρδ denote a standard mollifier
with respect to space (in particular, ρδ is assumed to be symmetric). Set Ωδ :=
{x ∈ Ω : dist(x, ∂Ω) > δ}. Our assumption implies that for any smooth ψ with
suppψ ⊂⊂ Ωδ × [0,∞) the equation

−
ˆ T

0

ˆ
Ω

(ρδ ∗ vi)
d

dt
ψ dx dt−

ˆ
Ω

(ρδ ∗ (v0)i) ψ(., 0) dx

=

ˆ
Ω×[0,T )

ψ d(ρδ ∗ νi)

+

ˆ T

0

ˆ
Ω

ψ (ρδ ∗ wi) dx dt

−
ˆ T

0

ˆ
Ω

ψ ∇ · (ρδ ∗ zi) dx dt

holds; indeed, to see this it is sufficient to use ρδ ∗ ψ as a test function in the
assumption of the present lemma, use the symmetry of ρδ and Fubini’s theorem,
and finally integrate by parts in the last term. As a consequence of the previous
equation, Lemma 10 may be applied to v̂ := ρδ ∗ v with

v̂0 := ρδ ∗ v0,

ν̂i := ρδ ∗ νi,
ŵi := ρδ ∗ wi −∇ · (ρδ ∗ zi).

Note that obviously v̂0 ∈ [L1(Ωδ)]
S and that ν̂i ∈ RM([0, T );L1(Ωδ)); furthermore,

we have ŵi ∈ L1([0, T );L1(Ωδ)). Thus, Lemma 10 is indeed applicable. Therefore
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we get for any smooth ψ with ψ ∈ C∞cpt(Ωδ × [0, T ))∣∣∣∣∣−
ˆ T

0

ˆ
Ω

ξ(ρδ ∗ v)
d

dt
ψ dx dt−

ˆ
Ω

ξ(ρδ ∗ v0) ψ(., 0) dx

−
ˆ T

0

ˆ
Ω

S∑
i=1

ψ ∂iξ(ρδ ∗ v) (ρδ ∗ wi) dx dt

+

ˆ T

0

ˆ
Ω

S∑
i=1

ψ ∂iξ(ρδ ∗ v) ∇ · (ρδ ∗ zi) dx dt

∣∣∣∣∣
≤ ||ψ||L∞ sup

u
|Dξ(u)|

S∑
i=1

||νi||RM(Ω×[0,T ]).

Integrating by parts in the last integral, we deduce∣∣∣∣∣−
ˆ T

0

ˆ
Ω

ξ(ρδ ∗ v)
d

dt
ψ dx dt−

ˆ
Ω

ξ(ρδ ∗ v0) ψ(., 0) dx

−
ˆ T

0

ˆ
Ω

S∑
i=1

ψ ∂iξ(ρδ ∗ v) (ρδ ∗ wi) dx dt

−
ˆ T

0

ˆ
Ω

S∑
i=1

∂iξ(ρδ ∗ v) (ρδ ∗ zi) · ∇ψ dx dt

−
ˆ T

0

ˆ
Ω

S∑
i=1

S∑
k=1

ψ ∂i∂kξ(ρδ ∗ v) (ρδ ∗ zi) · ∇(ρδ ∗ vk) dx dt

∣∣∣∣∣
≤ ||ψ||L∞ sup

u
|Dξ(u)|

S∑
i=1

||νi||RM(Ω×[0,T ]).

Passing to the limit δ → 0, we infer the assertion of the lemma in case of ψ ∈
C∞cpt(Ω× [0, T )).

It remains to consider the case when ψ is supported in some coordinate patch at the
boundary. Let x0 ∈ ∂Ω. Since Ω has a Lipschitz boundary, we now have to treat the
case that ψ is supported in the image U of an open subset V of R+

0 ×Rd−1 under a
bi-Lipschitz homeomorphism θ : V → U , where U satisfies x0 ∈ U and where after
rotation and translation θ takes the form θ(x) = (x1 + η(x2, . . . , xd), x2, . . . , xd);
here, η : Rd−1 → R is a Lipschitz function. Thus, in particular we have detDθ ≡ 1
a.e..

Define Θ(x, t) := (θ(x), t). Applying the change of variables θ to the equation in
the assumptions of our lemma, we get for any ψ ∈ C∞cpt(Ω× [0, T )) with suppψ ⊂
U × [0, T )

−
ˆ T

0

ˆ
V

ṽi
d

dt
ψ̃ dx dt−

ˆ
V

(ṽ0)iψ̃(., 0) dx

=

ˆ
V×[0,T )

ψ̃ dν̃i +

ˆ T

0

ˆ
V

w̃iψ̃ dx dt

+

ˆ T

0

ˆ
V

z̃i · ∇ψ̃ dx dt+

ˆ T

0

ˆ
θ−1(∂Ω)

q̃i ψ̃ dHd−1 dt,
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where we have defined

ψ̃ := ψ ◦Θ,

ṽ := v ◦Θ,

ṽ0 := v0 ◦ θ,
w̃i := wi ◦Θ,

q̃i(., t) := (qi ◦Θ(., t)) ·
√

1 + |Dη|2(.),

z̃i(., t) := (Dθ(.))−1zi(θ(.), t),

ν̃i(A) := νi(Θ(A)) for all Borel sets A ⊂ V × [0, T ).

We set Vm := {(−x1, x2, . . . , xd) : x ∈ V } and Va := V ∪ Vm. Then we extend
the quantities ṽi, ṽ0, w̃i, and z̃i to Va by mirroring on the plane span(~e2, . . . , ~ed)
(note that the vector z̃i needs to be transformed accordingly). Define ν̂i(A) :=
ν̃i
(
A ∩ (V × [0, T ))

)
+ ν̃i

(
{(−x1, x2, . . . , xd, t) : (x, t) ∈ A} ∩ (V × [0, T ))

)
for any

A ⊂ Va × [0, T ).

As the previous equation is invariant with respect to mirroring, an analogous equa-
tion holds for the extended quantities and any smooth ψ̃ supported in Va × [0, T )
(note that however the integrals over the hyperplane span(e2, . . . , ed) now appear
twice and that ν̃i is replaced by ν̂i).

Let ρδ denote a mollifier with respect to space; set V δa := {x ∈ Va : dist(x, ∂Va) >

δ}. For any ψ̃ ∈ C∞cpt(V δa × [0, T )), we may test the equation for the extended ṽi

with ρδ ∗ ψ̃, which yields using the symmetry of ρδ and integration by parts in the
term involving z̃i

−
ˆ T

0

ˆ
Va

(ρδ ∗ ṽi)
d

dt
ψ̃ dx dt−

ˆ
Va

(ρδ ∗ ṽ0)iψ̃(., 0) dx

=

ˆ
Va×[0,T )

ψ̃ d(ρδ ∗ ν̂i) +

ˆ T

0

ˆ
Va

ψ̃ (ρδ ∗ w̃i) dx dt

−
ˆ T

0

ˆ
Va

ψ̃ div(ρδ ∗ z̃i) dx dt+ 2

ˆ T

0

ˆ
Va

ψ̃
(
ρδ ∗ (q̃iHd−1|θ−1(∂Ω))

)
dx dt.

We now intend to apply Lemma 10 below. To do so, we choose V δa as our domain
and

v̂i := ρδ ∗ ṽi,
v̂0 := ρδ ∗ ṽ0,

ŵi := ρδ ∗ w̃i − div(ρδ ∗ z̃i) + 2ρδ ∗ (q̃iHd−1|θ−1(∂Ω)),

ˆ̂νi := ρδ ∗ ν̂i.

We immediately see that v̂i ∈ L1([0, T );L1(V δa )), that v̂0 ∈ [L1(V δa )]S , that ŵi ∈
L1([0, T );L1(V δa )) and that ˆ̂νi ∈ RM([0, T );L1(V δa )). Thus, Lemma 10 is indeed
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applicable. We thus infer for any ψ̃ ∈ C∞cpt(V δa × [0, T ))

∣∣∣∣∣−
ˆ T

0

ˆ
Va

ξ(ρδ ∗ ṽ)
d

dt
ψ̃ dx dt−

ˆ
Va

ξ(ρδ ∗ ṽ0)ψ̃(., 0) dx

−
ˆ T

0

ˆ
Va

S∑
i=1

ψ̃ ∂iξ(ρδ ∗ ṽ) (ρδ ∗ w̃i) dx dt

+

ˆ T

0

ˆ
Va

S∑
i=1

ψ̃ ∂iξ(ρδ ∗ ṽ) div(ρδ ∗ z̃i) dx dt

− 2

ˆ T

0

ˆ
Va

S∑
i=1

ψ̃ ∂iξ(ρδ ∗ ṽ)
(
ρδ ∗ (q̃iHd−1|θ−1(∂Ω))

)
dx dt

∣∣∣∣∣
≤ 2||ψ̃||L∞ sup

u
|Dξ(u)|

S∑
i=1

|ν̃i|(V × [0, T )).

Rearranging, we obtain

∣∣∣∣∣−
ˆ T

0

ˆ
Va

ξ(ρδ ∗ ṽ)
d

dt
ψ̃ dx dt−

ˆ
Va

ξ(ρδ ∗ ṽ0)ψ̃(., 0) dx

−
ˆ T

0

ˆ
Va

S∑
i=1

ψ̃ ∂iξ(ρδ ∗ ṽ) (ρδ ∗ w̃i) dx dt

−
ˆ T

0

ˆ
Va

S∑
i=1

∂iξ(ρδ ∗ ṽ) (ρδ ∗ z̃i) · ∇ψ̃ dx dt

−
ˆ T

0

ˆ
Va

S∑
i,k=1

ψ̃ ∂i∂kξ(ρδ ∗ ṽ) (ρδ ∗ z̃i) · ∇(ρδ ∗ ṽk) dx dt

− 2

ˆ T

0

ˆ
θ−1(∂Ω)

S∑
i=1

q̃i

(
ρδ ∗

(
∂iξ(ρδ ∗ ṽ) ψ̃

))
dHd−1 dt

∣∣∣∣∣
≤ 2||ψ̃||L∞ sup

u
|Dξ(u)|

S∑
i=1

|νi|(Ω× [0, T )).

Let ψ̃ ∈ C∞cpt(V
δ
a × [0, T )) be a test function which is symmetric with respect to

the hyperplane span(~e2, . . . , ~ed). Passing to the limit δ → 0 and noting that the
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resulting integrals over Va are equal to twice the integral over V , we end up with∣∣∣∣∣−
ˆ T

0

ˆ
V

ξ(ṽ)
d

dt
ψ̃ dx dt−

ˆ
V

ξ(ṽ0)ψ̃(., 0) dx

−
ˆ T

0

ˆ
V

S∑
i=1

ψ̃ ∂iξ(ṽ) w̃i dx dt

−
ˆ T

0

ˆ
V

S∑
i=1

∂iξ(ṽ) z̃i · ∇ψ̃ dx dt

−
ˆ T

0

ˆ
V

S∑
i,k=1

ψ̃ ∂i∂kξ(ṽ) z̃i · ∇ṽk dx dt

−
ˆ T

0

ˆ
θ−1(∂Ω)

S∑
i=1

q̃i ∂iξ(ṽ) ψ̃ dHd−1 dt

∣∣∣∣∣
≤||ψ̃||L∞ sup

u
|Dξ(u)|

S∑
i=1

|νi|(Ω× [0, T )).

Note that for any W ⊂⊂ Va one can show that ψ̃∂iξ(ρδ ∗ ṽ) strongly converges

in L2([0, T ];H1(W )) as δ → 0; thus, ρδ ∗ (ψ̃∂iξ(ρδ ∗ ṽ)) also converges strongly in
L2([0, T ];H1(W )) for any W ⊂⊂ Va. By an interpolation-trace inequality like (16),

strong convergence of ρδ ∗ (∂iξ(ρδ ∗ ṽ)ψ̃) in L2([0, T ];L2(θ−1(∂Ω)∩W )) follows for

any open set W ⊂⊂ Va; by boundedness of ∂iξ and ψ̃ and compact support of ψ̃,
this implies convergence of the integral over θ−1(∂Ω) as δ → 0 using dominated
convergence.

By a standard approximation argument (extension by reflection and subsequent

mollification), this estimate also holds for general test functions ψ̃ = ψ ◦ Θ with

ψ ∈ C0,1
cpt(U × [0, T )). Reversing the change of variables, our lemma is proven. �

Lemma 10. Let Ω be a bounded domain. Assume that T > 0 and that v ∈
L1([0, T ); [L1(Ω)]S); suppose that v0 ∈ (L1(Ω))S. Let νi ∈ RM([0, T );L1(Ω)),
1 ≤ i ≤ S, be L1-valued Radon measures (which may be considered as Radon
measures on Ω × [0, T )) and let wi ∈ L1([0, T );L1(Ω)) be functions such that we
have for any ψ ∈ C∞cpt(Ω× [0, T ))

−
ˆ T

0

ˆ
Ω

vi(., t)
d

dt
ψ(., t) dx dt−

ˆ
Ω

(v0)i(.)ψ(., 0) dx

=

ˆ
Ω×[0,T )

ψ dνi +

ˆ T

0

ˆ
Ω

wiψ dx dt .

Let ξ : RS → R be a bounded continuous function with continuous bounded deriva-
tives. Then we have for all ψ ∈ C∞cpt(Ω× [0, T ))∣∣∣∣∣−

ˆ T

0

ˆ
Ω

ξ(v(., t))
d

dt
ψ(., t) dx dt−

ˆ
Ω

ξ(v0(.))ψ(., 0) dx

−
S∑
i=1

ˆ T

0

ˆ
Ω

ψ(., t) ∂iξ(v(., t))wi dx dt

∣∣∣∣∣
≤||ψ||L∞(sup

u
|Dξ(u)|) ·

S∑
i=1

||νi||RM(Ω×[0,T )) .
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Proof. We extend v, wi, νi to (−T, T ) by defining wi(x, t) = 0 for t < 0, νi(A) :=
νi(A ∩ [0, T )) for A ⊂ (−T, T ), v(x, t) = v0(x) for t < 0. We then have

−
ˆ T

−T

ˆ
Ω

vi(., t)
d

dt
ψ(., t) dx dt

=

ˆ
Ω×(−T,T )

ψ dνi +

ˆ T

−T

ˆ
Ω

wiψ dx dt

for any ψ ∈ C∞cpt(Ω×(−T, T )) since
´ 0

−T
´

Ω
vi(., t)

d
dtψ(., t) dx dt =

´
Ω

(v0)i(.)ψ(., 0) dx

(as v(., t) = v0(.) for t ≤ 0).

Let ρδ denote a usual mollifier with respect to time. Using ρδ ∗ψ as a test function,
due to the symmetry of ρδ we get for any ψ ∈ C∞cpt(Ω× (−T + 2δ, T − 2δ))

−
ˆ T

−T

ˆ
Ω

(ρδ ∗ vi(., t))
d

dt
ψ(., t) dx dt

=

ˆ
Ω×(−T,T )

ρδ ∗ ψ dνi +

ˆ T

−T

ˆ
Ω

(ρδ ∗ wi) ψ dx dt .

This implies ρδ ∗ v ∈ C1((−T + δ, T − δ);L1(Ω)); moreover, we obtain the repre-
sentation d

dt (ρδ ∗ vi)(., t) = (ρδ ∗wi)(., t) + (ρδ ∗ νi)(., t) (the equality holding in the

L1(Ω) sense). By the chain rule, we get for any ψ ∈ C∞cpt(Ω× (−T + 2δ, T − 2δ))

−
ˆ T

−T

ˆ
Ω

ξ((ρδ ∗ v)(., t))
d

dt
ψ(., t) dx dt

=

S∑
i=1

ˆ
Ω×(−T,T )

∂iξ(ρδ ∗ v) ψ d(ρδ ∗ νi) +

S∑
i=1

ˆ T

−T

ˆ
Ω

∂iξ(ρδ ∗ v) ψ (ρδ ∗ wi) dx dt .

Passing to the limit δ → 0, we deduce for any ψ ∈ C∞cpt(Ω× (−T, T ))∣∣∣∣∣−
ˆ T

−T

ˆ
Ω

ξ(v(., t))
d

dt
ψ(., t) dx dt−

S∑
i=1

ˆ T

−T

ˆ
Ω

∂iξ(v) ψ wi dx dt

∣∣∣∣∣
≤||ψ||L∞ · sup

i,u
|∂iξ(u)| ·

S∑
i=1

||νi||RM(Ω×(−T,T )) .

This implies the lemma since
´ 0

−T
´

Ω
ξ(v) ddtψ(., t) dx dt =

´
ξ(v0)ψ(., 0) dx (recall

that v(., t) = v0(.) for t ≤ 0) and since wi(., t) = 0 for t < 0. �

4. Conclusion and Open Problems

We have introduced a notion of renormalized solutions for reaction-diffusion-advection
equations with entropy-dissipating reaction rates and proven existence of such
renormalized solutions for initial data in the L logL Orlicz class.

However, there are numerous related problems which remain open. In particular,
the following questions remain unsolved:

• Does our notion of solution guarantee uniqueness? Can a stronger notion
of solution be defined sufficient for proving uniqueness? This is probably a
difficult problem, as already in the case of solutions which satisfy R(u) ∈ L1,
but u /∈ L∞, the question seems to be largely open (see the overview by
Pierre [34]).
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• In case that the equation may be regarded formally as a gradient flow of
the entropy, is it possible to construct renormalized solutions using some
kind of (Otto calculus-like) steepest-descent scheme, i.e. is it possible to
make the formal considerations by Mielke [28] rigorous?
• Can we prove convergence of solutions to a steady state? Does R(u) belong

to some Lp space for large times, at least in case of no-flux boundary
conditions?
• Is there a similar notion of solution in case we do not have the entropy

inequality, but just the dissipation of mass condition? In this case, it seems
to be difficult to give a meaning to the term (Ai∇ui) · ∇uj in (9) as the
dissipation of mass condition does not yield any control on the spatial
derivatives.

• Is it possible to construct solutions with weak initial trace, i.e. measure-
valued initial data?

• Can the existence result be extended to Dirichlet boundary conditions? To
provide a positive answer to this question, one would first need to find a way
to control the evolution of the total entropy in case of Dirichlet boundary
conditions. Apart from Dirichlet boundary conditions corresponding to
an equilibrium state of the reactions or certain special reaction terms, in
general this issue seems to be an open problem.
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