THE CHOICE OF REPRESENTATIVE VOLUMES IN THE
APPROXIMATION OF EFFECTIVE PROPERTIES OF RANDOM
MATERIALS

JULIAN FISCHER

ABSTRACT. The effective large-scale properties of materials with random het-
erogeneities on a small scale are typically determined by the method of repre-
sentative volumes: A sample of the random material is chosen — the represen-
tative volume — and its effective properties are computed by the cell formula.
Intuitively, for a fixed sample size it should be possible to increase the accu-
racy of the method by choosing a material sample which captures the statistical
properties of the material particularly well: For example, for a composite ma-
terial consisting of two constituents, one would select a representative volume
in which the volume fraction of the constituents matches closely with their vol-
ume fraction in the overall material. Inspired by similar attempts in material
science, Le Bris, Legoll, and Minvielle have designed a selection approach for
representative volumes which performs remarkably well in numerical examples
of linear materials with moderate contrast. In the present work, we provide a
rigorous analysis of this selection approach for representative volumes in the
context of stochastic homogenization of linear elliptic equations. In particu-
lar, we prove that the method essentially never performs worse than a random
selection of the material sample and may perform much better if the selection
criterion for the material samples is chosen suitably.

1. INTRODUCTION

The most widely employed method for determining the effective large-scale prop-
erties of a material with random heterogeneities on a small scale is the method of
representative volumes. It basically proceeds by taking a small sample of the ma-
terial — a “representative volume element” (RVE) — and determining the properties
of the sample by the cell formula. The criteria for the choice of the representative
volume have been the subject of an ongoing debate; while in principle increas-
ing the size of the material sample increases the accuracy of the approximation
of the material properties, this comes at a correspondingly larger computational
cost. It has been conjectured that for a fixed size of the material sample, selecting
a material sample which captures certain statistical properties of the material in
a particularly good way may be beneficial: For example, for a composite material
consisting of two constituent materials, one would try to select a material sam-
ple for which the volume fraction of each constituent material within the sample
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FIGURE 1. Among the six depicted material samples, the method
of Le Bris, Legoll, and Minvielle in its simplest realization would
choose either the first sample or the fifth sample as the representa-
tive volume element and discard the others, as the volume fraction
of the inclusions in the first and the fifth sample is closest to the
overall material average. Note that in the depicted material sam-
ples the volume fraction of the inclusions is proportional to the
number of inclusions, as all inclusions are of equal size. For a bet-
ter illustration of the method, both the size and the number of the
depicted samples have been chosen much smaller than in actual
computations.

matches the overall volume fraction of this constituent in the composite as closely as
possible (see Figure 1). Alternatively, for linear materials one might try to match
the averaged material coefficient in the sample with the average taken over the
full material. There have been efforts in material science and mechanics towards
replicating further statistical properties of the material in a representative volume,
an approach called “special quasirandom structures” [80, 81, 84] or “statistically
similar representative volume elements” [15, 16, 17, 18, 27, 79]. A particularly suc-
cessful approach in this direction has been developed for linear materials by Le Bris,
Legoll, and Minvielle [62]; their method proceeds by considering a large number of
material samples, evaluating one or more cheaply computable statistical quantities
of the samples (like, for example, the spatial average of the coefficient), and then
choosing the sample as the representative volume that is most representative for
the material as measured by these quantities. In the present work, in the context
of stochastic homogenization of linear elliptic PDEs we provide the first rigorous
justification of these approaches’.

For materials with random heterogeneities on small scales, the approximation
of the effective material coefficient by the method of representative volumes is a

INote that for one-dimensional linear elliptic PDEs — a case in which homogenization is linear
in the inverse of the coefficient and thus independent of the geometry of the material — an analysis
has directly been provided in [62].
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random quantity itself, as the outcome depends on the sample of the material. In
the setting of linear elliptic PDEs with random coefficient fields — which corresponds
to the setting of heat conduction, electrical currents, or electrostatics in a material
with random microstructure — , Gloria and Otto [51, 52, 46] have investigated the
structure of the error of the approximation of the effective material coefficient by
the method of representative volumes: The leading-order contribution to the error
(with respect to the size of the RVE) consists of random fluctuations; in expectation
the approximation of effective coeflicients by the method of representative volumes
is accurate to higher order, i. e. the systematic error of the RVE method is of higher
order?. For a given size of the RVE — which corresponds to a fixed computational
effort —, the accuracy of the RVE method may therefore be increased significantly by
reducing the variance of the approximations of the effective coefficient. It is precisely
such a reduction of the variance by which the selection approach for representative
volumes of Le Bris, Legoll, and Minvielle [62] achieves its gain in accuracy.

For linear elliptic PDEs with random coefficients and moderate ellipticity con-
trast, the reduction of the variance by the ansatz of Le Bris, Legoll, and Minvielle
[62] is particularly remarkable: By selecting the representative volume according
to the criterion that the averaged coefficient in the RVE should be particularly
close to the averaged coefficient in the overall material, in numerical examples with
ellipticity contrast ~ 5 they observed a variance reduction by a factor of ~ 10.
Going beyond this simple selection criterion, they devised a criterion based on an
expansion of the effective coefficient in the regime of small ellipticity contrast, which
numerically achieves a remarkable variance reduction factor of ~ 60 even for a mod-
erate ellipticity contrast ~ 5. Note that this basically corresponds to the gain of
about one order of magnitude in accuracy for a negligible additional computational
cost and implementation effort.

However, the analysis of the selection approach for representative volumes has
been restricted to the one-dimensional setting [62], in which the homogenization
of linear elliptic PDEs is linear in the inverse coefficient and therefore independent
of the geometry of the material. Besides the highly nonlinear dependence of the
effective coefficient on the heterogeneous coefficient field in dimensions d > 2, one
of the main challenges in the analysis of the selection method for representative vol-
umes is the fact that it is only expected to increase the accuracy by a (though often
very large) constant factor, at least for a fixed set of statistical quantities by which
the selection is performed. At the same time, the available error estimates for the
representative volume element method in stochastic homogenization are only opti-
mal up to constant factors. For this reason, the analysis of the selection approach
for representative volumes necessitates a fine-grained analysis of the structure of
fluctuations in stochastic homogenization.

1.1. Stochastic homogenization of linear elliptic PDEs: A brief outline.
The subject of the present contribution is the rigorous justification of the selection
method for representative volumes by Le Bris, Legoll, and Minvielle [62] in the
context of linear elliptic equations

(1) -V (aVu) = f

2At least if a suitable periodization of the probability distribution of the coefficient field is
available, see below for an explanation of this concept.
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with random coefficient fields a on R? for arbitrary spatial dimension d. Note
that this setting describes e.g. heat conduction or electrostatics in a random ma-
terial. Our assumptions on the probability distribution of the coefficient field a are
standard in the theory of stochastic homogenization: We assume just uniform ellip-
ticity and boundedness, stationarity, and finite range of dependence (see conditions
(A1)-(A3) below). In particular, our analysis includes the case of a two-material
composite with random non-overlapping inclusions as depicted in Figure 1.

The theory of stochastic homogenization of linear elliptic PDEs predicts that for
coefficient fields with only short-range correlations on a scale ¢ < 1 the solution
u to the equation with random coefficient field (1) may be approximated by the
solution upem of an effective equation of the form

(2) -V (ahomvuhom) = fa

where apom € R%*? is a constant effective coefficient which describes the effective

behavior of the material. In this context of linear materials, the method of repre-
sentative volumes is employed to compute the effective coefficient apom.

Let us describe the method of representative volumes for the approximation of
the effective material coefficient apom in more detail. It proceeds by choosing a
sample of the material, say, a cube with side length Le for some L > 1, uniformly
at random. Roughly speaking — for the moment passing silently over the question
of boundary conditions —, by solving the equation for the homogenization corrector
¢; associated with the i-th coordinate direction on the representative volume

(3) ~V - (ale; +V¢;)) =0 on [0, Le]®

(e; € R? denoting the i-th vector of the standard basis) one may obtain an approx-
imation a®VF for the effective coefficient anom in terms of the averaged fluxes

(4) aVEe, ::][ ale; + V) du.
[0,Le]d

This expression is also known in homogenization as the cell formula. As already
mentioned before, the approximation a®VF for the effective material coefficient anom
is a random variable itself, as it depends on the realization of the random coefficient
field a on the sample volume [0, Le]?. It has been proven by Gloria and Otto [52, 53]
and also observed in numerical computations that the main contribution to the error
of the RVE method is caused by the random fluctuations of the approximation a®VE,
while the systematic error is of higher order: For spatial dimensions d > 1 one has

(5) VVar ¢RVE < [,=4/2
but
(6) |E[a™F] — anom| < L™%|1log L.

As a consequence, a reduction of the fluctuations of the approximations a®VF would

lead to an increase in accuracy of the approximation for the effective coefficient
Ghom- It has been observed numerically by Le Bris, Legoll, and Minvielle [62]
and shall be proven below rigorously that the selection approach for representative
volumes achieves its gain in accuracy precisely by reducing the fluctuations of the
approximations for the effective coefficients.
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1.2. Informal summary of our main results. In the present work, we prove
that in the setting of stochastic homogenization of linear elliptic equations the
selection approach for representative volumes by Le Bris, Legoll, and Minvielle [62]

e essentially never performs worse than a completely random selection of the
representative volume element, but may perform much better for suitable
selection criteria,

e basically maintains the order of the systematic error of the approximation
for the effective coefficient, and

e reduces also the error in the approximation for the effective coefficient that
may occur with a given low probability, i.e. reduces also the “outliers” of
the approximation for the effective coefficient.

As mentioned before, in the setting of linear elliptic PDEs the method of representa-
tive volumes is employed to obtain an approximation a®VE for the effective (homog-
enized) coefficient apom. The role of “material samples” is assumed by realizations
of the random coefficient field a : [0, Le]? — RX4  on which the computation of
the approximations a®VF is based.

The selection approach for representative volumes proposed in [62] then proceeds
as follows: At first, one or more statistical quantities F are chosen which assign a
real number F(a) € R to any realization a : [0, Le]? — R%*?. Note that the simplest
statistical quantity proposed in [62] is the spatial average F(a) := f[o’ Led adx.
Next, one considers a sequence of independent samples of the random coefficient
field until a sample meets the selection criterion

(7) |F(a) — E[F(a)]| <& \/Var F(a)

for some chosen parameter § with CL~%?|log L|® < § < 1. Finally, the approx-
imation for the effective coeflicient is computed by solving the equation for the
homogenization corrector (3) and using the cell formula (4) for this sample of the
random coefficient field.

To give a flavor of our main result, let us formulate it informally in the case of
a single statistical quantity F(a). We denote the approximation for the effective
coefficient by the standard representative volume element method (without selection
of material samples) by a®VE and the approximation for the effective coefficient by
the selection approach for representative volumes by a*"RVE_ In this case, our
main theorems Theorem 2 and Theorem 3 may be summarized as follows:

e The systematic error of the approximation a**"FVE is essentially (up to

powers of log L and some prefactors) of the same order as the systematic
error of the standard representative volume element method a®VF: We have

C 3/2
N L log L|C.

’E[asel—RVE} _ ahom‘ <

The quantity « will be discussed below.

e The fluctuations of the approximation a are reduced by the fraction
of the variance of a®V¥ that is explained by F(a): More precisely, we derive
the estimate

sel-RVE

sel-RVE COr3 /

V. 21 Var
= <1— (1= 8| pr(ay e + = L™/ |log |

Var aRVE
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where pr(q)qrve € [—1,1] denotes the correlation coefficient of F(a) and

a®VE given by
Cov[a®™VE, F(a)]
PF(a),aRVE ‘=
(@), V/Var F(a)Var ¢RVE’
and where rv,, := Va‘f/i;;‘””: denotes the ratio between the expected order of

RVE and the actual magnitude of fluctuations. Note that

seLRVE converges to zero as the size

fluctuations of a
the last term in the estimate on Var a
L of the representative volume increases.

e The probability of “outliers” is reduced by the selection method just as
suggested by the variance reduction, at least in an “intermediate” region
between the “bulk” and the “outer tail” of the probability distribution:
One has a moderate-deviations-type estimate of the form

|- RVE
|a?j - ahom,ij’

IP[ 2 8]
\/(1 — |pF(a),avve|? 4 62) Var a%vE + L—4/2-8

Co C C 28

< <1+ TP + 5Lﬁ>P[|N1| > s+ 3 exp(—L*")
for any s > C' max{(1—|p|?)}/25=*,5(1—|p|>)~/?} and some 8 = B(d) > 0,
where N7 denotes the centered normal distribution with unit variance.

e In the above bounds, & := (1 — [pF(q),erve|*) " denotes (essentially) the
condition number of the covariance matrix Var (a®VE, F(a)). For the case
that the correlation |pz(4) 4rve| is close to one, we derive bounds which are
independent of k but come at the cost of a lower rate of convergence in L,

namely
‘E[asel—R\/E] — hom| < %L—d/Q—d/S‘ log L|C
and
e e

Our estimate on the variance reduction achieved by the selection approach for rep-
resentative volumes is implicit in the sense that it is determined by the correlation
coeflicient

PR Cov[a®VE, F(a)] .
(@) \/Var F(a)Var aRVE

In fact, the failure of the correlation coefficient pz(,) orve to be nonzero also implies
the failure of gaining accuracy by the selection approach for the representative
volumes (see Theorem 4): In such a case of vanishing correlation, the method of
Le Bris, Legoll, and Minvielle [62] is not superior (but essentially also not inferior)
to the standard method of choosing a representative volume randomly.

This raises the question whether such a degeneracy of the correlation coefficient
can occur for “natural” choices of the statistical quantity F(a). In Theorem 4,
we shall prove that even for a “natural” choice like F(a) := Jf[o,a L) adx there is

a priori no guarantee that there is a nonzero correlation between a®E and F(a):
We construct an example of a probability distribution of a for which the covariance
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FicUrRe 2. For a multivariate Gaussian probability distribution,
conditioning on the event of one variable being close to its expec-
tation reduces the variance of the other variable, provided that
the two random variables are nontrivially correlated. In our set-
ting, conditioning on the event “spatial average of coeflicient field
is close to its expectation” reduces the variance of the random vari-
able “approximation for the effective conductivity” a®VE, as their
joint probability distribution is close to a multivariate Gaussian.

of a™F and the average of the coefficient field fa in fact vanishes, while the

variances Var Jc[o,a [)a @ dr and Var a®VF are nondegenerate.

However, the failure of the variance reduction approaches to effectively reduce
the variance is presumably limited to rather artificial examples: We prove that the
covariance of a®VF and the average of the coefficient field § a is positive for coeffi-
cient fields which are obtained from iid random variables by applying a “monotone”
function, see Proposition 5.

1.3. Outline of our strategy. The basic idea underlying our analysis of the selec-
tion approach for representative volumes is the observation that the joint probability
distribution of the approximation for the effective coefficient a®VF and one or more
statistical quantities F(a) like the average of the coefficient field F(a) := f[07 L]t @

is close to a multivariate Gaussian, up to an error of the order L=%log L|¢ in a
suitable notion of distance between probability measures. The selection of repre-
sentative volumes by the criterion (7) — which amounts to conditioning on the event
|F(a) —E[F(a)]| < d4/Var F(a) — then reduces the variance of the probability dis-
tribution of a®VE by the variance explained by the statistical quantity F(a), up
to error terms due to the deviation of the probability distribution from a multi-
variate Gaussian and the non-perfectness of the conditioning & > 0, see Figure 2.
Note that for an ideal multivariate Gaussian distribution, the expected value of the
approximation a®VF would be left unchanged under conditioning since the crite-
rion (7) is symmetric around E[F(a)], i.e. the conditioning would not introduce a
bias. As a consequence, for our approximate multivariate Gaussian (a®VE, F(a))
the expectation of a®VF is changed under conditioning only by the distance of our
probability distribution to a multivariate Gaussian, which is a higher-order term.
Note that both the reduction of the variance by conditioning and the estimate on
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the bias introduced by the conditioning rely crucially on the fact that our proba-
bility distribution is close to a multivariate Gaussian (and not another probability
distribution): It is obvious from the picture in Figure 2 that a probability dis-
tribution other than a multivariate Gaussian could introduce a large bias under
conditioning and even an increase in variance. Our analysis of the selection ap-
proach for representative volumes by Le Bris, Legoll, and Minvielle [62] is a first
practical application of the beautiful theory of fluctuations in stochastic homoge-
nization, which has been developed in recent years and which our work both draws
ideas from and contributes to.

The underlying reason for the convergence of the joint probability distribution
of a®™F and one or more functionals F(a) towards a multivariate Gaussian is a
central limit theorem for suitable collections of vector-valued random variables: We
show that the approximation a®VF for the effective coefficient apom — and also the
functionals F(a) that are used in the work of Le Bris, Legoll, and Minvielle [62] —
may be written as a sum of random variables with a local dependence structure with
multiple levels, see Definition 6 and Proposition 7. For such sums of vector-valued
random variables with multilevel local dependence, a proof of quantitative normal
approximation is provided in the companion article [41] (see also Theorem 9 below).
To the best of our knowledge such quantitative normal approximation results were
previously known only for sums of random variables with local dependence structure
[32, 33, 78] (corresponding more or less to just the lowest level of random variables
in Figure 4 below), a framework into which the approximation for the effective
coefficient a®VE does not fit. Note that the sharp boundaries of the region defined
by the selection criterion (7) (see also the sharp boundaries in Figure 2) necessitate
the use of a rather strong (though standard) distance between probability measures
for our quantitative normal approximation result (see Definition 8); in particular,
a stronger notion of distance between probability measures than the 1-Wasserstein
distance must be used.

As a by-product, our work also provides a proof of quantitative normal approx-
imation for a®VF in a different setting than available in the literature so far: To
the best of our knowledge, the results on quantitative normal approximation for
a®™VE in the literature always rely on an assumption that the coefficient field a is
obtained as a function of iid random variables [37, 50, 75] or that the probability
distribution of a is subject to a second-order Poincaré inequality like in [36]. In
contrast, our result holds under the assumption of finite range of dependence, in
which to the best of our knowledge only a qualitative normal approximation result
had been known [6].

The companion article [41] also provides a result on moderate deviations in the
sense of Kramers for sums of random variables with multilevel local dependence
structure, see Theorem 10. Our result on the reduction of the error by the selection
approach for representative volumes in the case of unlikely events (Theorem 3) is
based on this moderate deviations theorem.

Our counterexample for the variance reduction — which shows that even “natu-
ral” statistical quantities like the spatial average F(a) := J[[o, Leje @ dx do not neces-

sarily explain a positive fraction of the variance of a®VF — is based on the nonlinear

dependence of the effective coefficient in periodic homogenization on the underlying
coeflicient field: More precisely, our counterexample consists of an interpolation be-
tween a standard random checkerboard and a random checkerboard with two types
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of tiles, one tile type being a constant coefficient field and one tile type being a
second-order laminate microstructure. See Section 6 for details of the construction.

1.4. Computation of effective properties of random materials: A more
detailed look. In the homogenization of periodic linear materials — i.e. in the
homogenization of the linear elliptic PDE (1) with periodic coefficient field a in the
sense a(x) = a(x + ¢k) for all k € Z? — it is possible to compute the effective coef-
ficient anom by exploiting the periodicity of the coefficient field, basically reducing
the problem to solving a PDE — the PDE for the homogenization corrector — on a
single periodicity cell: For a period of length e, the effective coefficient is given by
the cell formula

Ahom€; - €; ::][ ale; + V) - ejdx
[0,e]¢

with the homogenization corrector ¢; defined as the unique e-periodic solution with
zero average to the PDE

-V (a(ei + ng%)) =0.
As a consequence, in periodic homogenization the numerical computation of the
effective coefficient anom typically requires only modest effort.

In contrast, in stochastic homogenization this simplification is no longer possible
due to the absence of a periodic structure in the random coefficient field a® R
R4 and the computation of the effective coefficient becomes a computationally
costly problem: The effective coefficient in stochastic homogenization is given by
the infinite volume limit cell formula®

Ahom€; - €5 = lim ][ aRd(ei + Vgﬁ%’Dir) cejdx
L—o00 [0,Le]d
with qb?’Dir denoting the solution to the corrector problem with Dirichlet boundary
conditions

-V (aRd(ei + Vcﬁ?’Dir)) =0 in [0, Le]?,
P =0 on 9|0, Le]?.

In practice, in order to approximate the effective coefficient anom a representative
volume [0, Le]? of finite size must be chosen. However, the approximation of the
effective coefficient by the standard cell formula with Dirichlet boundary conditions
for the corrector

. ~RVE L R? L,Dir
Ahom€i * €j X ADy, €; - €} .—][ a® (e; +Ve;""") - ejdx
[0,Le)d

is only of first-order accuracy E[|aRYE — apom|?]*/? < L™ due to the presence of a

boundary layer: The artificial Dirichlet boundary condition leads to the creation of
a boundary layer in an O(g)-neighborhood of the boundary 9[0, Le]?. The limita-
tion to first-order accuracy is present even in the systematic error E[a®VE] — apom.
Note that while replacing the volume average in the cell formula by an average
taken strictly in the interior of the representative volume typically increases the
accuracy [82], for general probability distributions it does not increase the order of
convergence due to global effects of the boundary layer. To achieve the convergence

3This limit is to be read in an almost sure sense: By ergodicity, for almost every realization of
a this limit exists and is equal to a matrix which is independent of the realization.
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rates |E[a®VE] — apom| < L% log L|¢ and E[|a®VE — apom|?]Y/? < L2 stated in
(6) and (5), the boundary layer phenomenon must necessarily be addressed by the
use of a more careful approximation technique than the method of correctors with
Dirichlet boundary data.

One possibility of avoiding the creation of boundary layers is the use of a so-called
“periodization” of the probability distribution: Given a probability distribution of
coeflicient fields aRd, one first fixes the size Le of the desired representative volume
and then attempts to construct a probability distribution of Le-periodic coefficient
fields a such that the law of al, o 114 (i. e the law of a restricted to some box of

half the size of the representative volume) coincides with the law of aRd|w +[0,1 Le)e

for any z € R?. For one realization of the periodized probability distribution of
coefficient fields a one may then solve the corrector equation —V - (a(e; +V¢;)) = 0
with periodic boundary conditions on 9[0, Le]? and define the approximation a®VE
for the effective coefficient apom as

(8) a®VEe; ::][ a(e; + V) de.
[0,Le)d

This approximation a®VE then has the desired approximation properties (5) and (6).
Note that this construction requires the knowledge of the probability distribution
of a®" and must be done in a case-by-case basis; it is therefore not feasible in all
practical situations.

To give an example, random non-overlapping inclusions like in Figure 1 may be
constructed by considering a Poisson point process on R% x [0, 1], ordering the points
(zr, yx) € RY x [0, 1] with respect to their last coordinate yy., and then successively
placing inclusions in R? centered at the z; and with diameter ¢ if the “previous”
points z;, I < k, have a distance of at least ¢ from zy, (i.e. |x;— x| > €). The result
of such a construction is shown in Figure 3a. For this probability distribution, one
may define a periodization in a natural way by considering a Poisson point process
on [0, Le)? x [0, 1] and defining an Le-periodic coefficient field with non-overlapping
inclusions in the obvious way, replacing the Euclidean distance |z; — x| by the
periodicity-adjusted distance |z; — g |per := inf, eza |2; — 2 + Lez|. A sample from
the periodized probability distribution is shown in Figure 3b.

If no periodization of the probability distribution is available — for example if
only samples from the probability distribution are available and the underlying
probability distribution is not known, like in applications where one has access to
samples of the materials — , one has to resort to an alternative means of increasing
the rate of convergence of the method of representative volumes. One feasible
option is to “screen” the effect of the boundary by introducing a “massive” term in
the PDE for the homogenization corrector [24, 45, 52]: Fixing a scale VT ~ L

log L>
one replaces the equation for the homogenization corrector by the PDE
1
—V - (™ (e + Vol + 0T =0 in [0, Le],
ol =0 on 90, Le]®

and approximates the effective coefficient apom by

1 d
RVE R L)1
om€i ~ = T €; ) d s
Ahom€i R ' e f[O,LE]dnd‘r /[O’Lg]dna (ei + Vo7 )dx
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FIGURE 3. (a) An example of random spherical inclusions dis-
tributed according to a Poisson point process, with overlapping
inclusions removed. (b) A sample from the corresponding peri-
odization of the probability distribution (rescaled); the periodicity
cell is indicated by black lines.

where 7 is a smooth nonnegative weight supported in the slightly smaller box
[§Le, (1 — L)Le]?. In up to four spatial dimensions d < 4, this approximation
also admits error estimates of the form

V' Var ¢RVE < L=9/2

and
|E[aRVE] - ahom| < L %(log L)°.

Due to the already substantial length of the present paper, we shall limit our-
selves to the analysis of the selection approach for representative volumes in the
context of periodizations of the probability distribution and defer the analysis of
the screening approach to a future work.

Generally speaking, in the method of representative volumes the equation for
the homogenization corrector may be solved by any numerical algorithm that is
feasible for the given size of the representative volume: For example, standard
finite element methods may be employed for representative volumes of moderate
size, while for very large representative volumes one may use appropriate instances
of modern computational homogenization methods like the multiscale finite element
method, heterogeneous multiscale methods, and related approaches (see e. g. [1, 14,
28, 38, 59, 58, 69]) or the local orthogonal decomposition method by Malqvist and
Peterseim [68].

Note that besides the modern numerical homogenization methods — which are in
principle applicable to any elliptic PDE involving a heterogeneous coefficient field
— , there have been numerous numerical works on the more specific problem of the
approximation of effective coeflicients in stochastic homogenization, see for example
[13, 31, 39, 40, 60, 70, 77].

1.5. The selection approach for representative volumes by Le Bris, Legoll,
and Minvielle. Let us describe the selection approach for representative volumes
by Le Bris, Legoll, and Minvielle [62] in more detail. The selection approach for
representative volumes achieves its gain in accuracy of approximations a®VF for
the effective coefficient apom (as compared to the standard representative volume
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element method with completely random choice of the material sample) by selecting
only those realizations of the random coefficient field a\[07 Lej¢ which capture some
important statistical properties of the coefficient field @ in an exceptionally good
way: For example, in the simplest setting Le Bris, Legoll, and Minvielle [62] propose
to restrict one’s attention to realizations of the coefficient field a for which the
average on [0, Le]? is exceptionally close to its expected value in the sense

][ adr — E [][ a d:c}
[0,Le]d [0,Le)d

for some § < 1. Note that for generic realizations of a only

][ adr — K [][ a dx}
[0,Le]d [0,Le]d

is true by the central limit theorem for the averages f[07 Leja @ dzx and the finite range
of dependence .

On a numerical level, such a selection approach typically provides an increase
in computational efficiency if the accuracy is indeed increased by conditioning on
the event (9): Usually, the most expensive step in the computation of the approx-
imations a®VF is the computation of the homogenization corrector as the solution
to the PDE (3). In contrast, the generation of random coefficient fields a and the
evaluation of the average of a is typically cheap. Therefore it is often worth gener-
ating about % independent realizations of a to obtain on average one realization of
a which satisfies (9); for this single realization, the corrector equation (3) is solved
numerically and the approximation a®F for the effective coefficient is computed.
This strategy is also applicable to situations in which the probability distribution
of the coefficient field is not known, but one has only access to a large number of
samples of the coefficient field, like in applications in which one has access to data
from actual material samples.

The selection criterion (9) based on the average of the coefficient field in the
material sample is the first out of two selection criteria proposed by Le Bris, Legoll,
and Minvielle [62]. In order to reduce the variance of a®VE further, they propose to
consider several such statistical quantities at the same time, for example in addition
to the spatial average

(9) < §L™4?

~ L—d/2

the quantities
(10) (Fa—point)ij(a) ::][ aVv; - ej dx dy
[0,Le]d
for some (approximation of the) solution v; to the constant-coefficient equation
—Av; =V - (ae;),

and require that all of these statistical quantities be close to their expectation at
the same time. The quantities (10) arise as a second-order correction to the effec-
tive conductivity a®VE in the expansion in the regime of small ellipticity contrast:
Expanding the homogenization corrector ¢; and the approximate effective conduc-
tivity a®VE as a power series in v for the family of coefficient fields

a =Id+va,
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we deduce
¢i = @) +vo; + 1297 + O(v®)

with ¢? = 0, ¢! = v;, and ¢? defined as the solution to another PDE. As a
consequence, for the approximation of the effective conductivity we obtain

a®™VEe, :][ ae; +vaVu; + 2 1d V7 + O(v*) dx
[0,Le]d

:][ ae; + vaVu; dr + O(1%)
[0,Le]d

where in the last step we have used the periodicity of ¢?. To see that the contri-
bution of v; is actually of second order in v, one uses again ¢ = Id +va and the
periodicity of v;.

By selecting the representative volumes by the two criteria (9) and

(11) ]:27point - E[—Féfpoint] S SL_d/2

at the same time, in the model problem of the random checkerboard with an ellip-
ticity ratio of 5 Le Bris, Legoll, and Minvielle were able to reduce the variance of
the approximations a*"®VE for the effective conductivity by a factor of 50, com-
pared to the approximations a®VF by the standard representative volume element
method.

Another remarkable feature of the selection approach for representative volumes
by Le Bris, Legoll, and Minvielle is its compatibility with the vast majority of
numerical homogenization methods: As the selection approach for representative
volumes operates at the level of the choice of the coefficient field a, it may be
combined with essentially any numerical discretization method for the corrector
problem (59). Note that there exist many numerical homogenization methods that
are particularly well-adapted to certain geometries of the microstructure; the selec-
tion approach for representative volumes may be employed in most of these methods
to achieve a further speedup.

The selection approach for representative volumes is only one out of several
variance reduction concepts in the context of stochastic homogenization: Blanc,
Costaouec, Le Bris, and Legoll [22, 23, 25] have succeeded in reducing the vari-
ance by the method of antithetic variables; note that however for this approach
the achievable variance reduction factor is much more limited. The method of
control variates has also been demonstrated to be successful in the context of the
computation of effective coefficients in stochastic homogenization [25, 63].

1.6. A brief overview of quantitative stochastic homogenization. For the
sake of completeness, let us give a short overview of the tremendous progress that
has been achieved in the quantitative theory of stochastic homogenization in recent
years. The earliest (non-optimal) quantitative homogenization results for linear
elliptic equations are due to Yurinskii [83]. A decade later, Naddaf and Spencer
[74] introduced the use of spectral gap inequalities in stochastic homogenization
and derived optimal fluctuation estimates in the regime of small ellipticity contrast
[la —Id||L~ < 1, i.e. in a perturbative setting. Another decade later, Caffarelli
and Souganidis derived the first — though only logarithmic — rates of convergence
for nonlinear stochastic homogenization problems [30]. Gloria and Otto [51, 52]
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and Gloria, Neukamm, and Otto [47] succeeded in the derivation of optimal ho-
mogenization rates for discrete linear elliptic equations with i.i.d. random conduc-
tances. Subsequently, these results were generalized to elliptic equations on R? and
correlated probability distributions by Gloria, Neukamm and Otto [48, 49]. For
coefficient fields a whose correlations decay quickly on scales larger than ¢ > 0,
these quantitative estimates for the homogenization error — that is, for the differ-
ence between the solutions to the PDE with the random coefficient field (1) and its
homogenized approximation (2) — read

C(@Hf”mﬁ/@ for d = 2,

12 - om PS
(12) = thoml | {C(a)||f||L25 for d > 3,

with C(a) satisfying stretched exponential moment bounds and for suitable p = p(d).
Armstrong and Smart [9] were the first to obtain power-law rates of convergence
for nonlinear equations, deriving and employing an Avellanda-Lin type regularity
estimate [12]; see also Armstrong and Mourrat [8]. Their estimates also come with
optimal — almost Gaussian — stochastic moment bounds. Recently, the progress
in stochastic homogenization culminated in the derivation of the optimal homoge-
nization rates with optimal stochastic moment bounds by Armstrong, Kuusi, and
Mourrat [5] and Gloria and Otto [53]: For finite range of dependence ¢, a quanti-
tative error bound for the homogenization error of the form (12) holds true with
a random constant C(a) with almost Gaussian moments E[exp(C(a)?~°/C(6))] < 2
for any § > 0.

Higher-order approximation results in terms of homogenized problems have been
derived in [19, 20, 21, 54, 67], relying on the concept of higher-order correctors which
was first used in the stochastic homogenization context in [42] to establish Liouville
principles of arbitrary order in the spirit of Avellaneda and Lin’s result in periodic
homogenization [11]. Further works in quantitative stochastic homogenization in-
clude the analysis of nondivergence form equations [7], a regularity theory up to
the boundary [43], degenerate elliptic equations [2, 44], and the homogenization
of parabolic equations [3, 64]. Recently, Armstrong and Dario [4] and Dario [35]
succeeded in establishing quantitative homogenization for supercritical Bernoulli
bond percolation on the standard lattice.

The fluctuations of the mathematical objects arising in the stochastic homoge-
nization of linear elliptic PDEs have been the subject of a beautiful series of works,
starting with the work of Nolen [75] and a subsequent work of Gloria and Nolen
[50] on quantitative normal approximation for (a single component of) the approx-
imation of the effective conductivity a®E and a work of Mourrat and Otto [72] on
the correlation structure of fluctuations in the homogenization corrector ¢;. Mour-
rat and Nolen [71] have shown a quantitative normal approximation result for the
fluctuations of the corrector. Gu and Mourrat [55] have derived a description of
fluctuations in the solutions to the equation with random coefficient field (1). Re-
cently, a pathwise description of fluctuations of the solutions to the equation with
random coefficient field (1) — namely, in terms of deterministic linear functionals
of the so-called homogenization commutator E := (a — anom)(e; + Vé;), a random
field converging (for ¢ — 0) towards white noise, — was developed by Duerinckx,
Gloria, and Otto [37]. As far as quantitative normal approximation results are
concerned, all of these works work under the assumption of i.i.d. coefficients (in the
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discrete setting) or second-order Poincaré inequalities. To the best of our knowl-
edge, the present work provides the first quantitative description of fluctuations
(though so far limited to the approximation of the effective conductivity a®VF)
when the decorrelation in the coeflicient field is quantified by the assumption of
finite range of dependence instead of functional inequalities.

Note that despite its long history [34, 61, 65, 76], the qualitative theory of sto-
chastic homogenization has also been a very active area of research in the past
years, see e. g. [10, 26, 56, 57]; however, due to the substantial length of the present
manuscript we shall not provide a more detailed discussion and refer the reader to
these references instead.

Notation. Throughout the paper, we shall use standard notation for Sobolev
spaces and weak derivatives; for a space-time function v(zx,s), we denote by Vv
its spatial gradient (in the weak sense) and by Osv its (weak) time derivative.

The notation f, fdx = ﬁ{z

positive but finite Lebesgue measure. The space of measurable functions f with
1 flzr = (Jga [P dz)'/P < 0o will be denoted by LP. By L} = we denote the space
of functions f with fx{.j<r) € L for all R < co. We shall also use the weighted

space Lj of functions with || f][zr := ([pa | f(2)[Ph(2) dx)'/P < oo for a nonnegative

is used for the average integral over a set B of

measurable weight function h. By H'(R?) we denote as usual the Sobolev space
of functions v € L2(R?) with Vv € L2(R9); similarly, H} (R?) is the space of

loc

functions v with v € L2 (RY) and Vv € L? (R%). For a Banach space X we
denote by LP([0,T]; X) the usual Lebesgue-Bochner space.

As usual, we shall denote by C and ¢ constants whose value may change from
occurrence to occurrence. We are going to use the notation C(a) and similar ex-
pressions to denote a random constant subject to suitable moment bounds; again,
the precise value of C(a) may change from occurrence to occurrence.

For a vector v € R™ we denote by |v| its Euclidean norm. We denote the identity
matrix in RV*Y by Id or Idy. For a matrix A € R™*™ we shall denote by |A] its
natural norm |A| := max, ,erm |v|=|w|=1 [V Aw| and by A* its transpose (as all our
matrices are real). For z € R? we denote by |7|s = max; |z;| its supremum norm.
By |z —y|per respectively (for sets) distper (U, V'), we denote the periodicity-adjusted
distance (in the context of the torus [0, Le]?). By |z — y[B* and dist2 (z,vy), we
denote the corresponding distances associated with the maximum norm. For a
positive definite matrix A, we denote by k(A) its condition number.

Given a positive definite symmetric matrix A € R¥*Y | we denote the Gaussian
with covariance matrix A by

Na(z) = ! — 1/\_133 . a:)

————F—— = €X
(2m)N/2/det A p( 2

For v > 0, we equip the space of random variables X with stretched exponential
moment E[exp(|X|7/a)] < oo for some a = a(X) > 0 with the norm || X||expy :=
sup, >, p~ /VE[|X|P]'/P. For a discussion of this choice of norm, see Appendix B.

For a map f: RY — V into a normed vector space V, we denote for any r > 0
by osc; f(0) = SUDP, yef|s—wo|<r} [F(T) — f(y)|v its oscillation in the ball of radius
r around xg.

The conditional expectation of a random variable X given Y is denoted by
E[X|Y].
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2. MAIN RESULTS

In the present work, we establish a rigorous justification of the selection approach
for representative volumes by Le Bris, Legoll, and Minvielle [62] in the context
of stochastic homogenization of linear elliptic PDEs for quite general probability
distributions of the coefficient field a®*: Our only assumptions on the probability
distribution of the coefficient field a®’ : R? — R2*4 are uniform ellipticity and
boundedness, stationarity, and finite range of dependence, which is a standard set
of assumptions in stochastic homogenization [9, 53] (note that we equip the space
of uniformly elliptic and bounded coefficient fields with the topology of Murat and
Tartar’s H-convergence [73]). Let us remark that all of our results and proofs are
also valid in the case of strongly elliptic systems, upon adapting the notation in the
obvious way.

(A1) Uniform ellipticity of a coefficient field a as usual means that there exists
a positive real number A > 0 such that almost surely we have a(x)v-v >
Alv]? for a.e. x € R? and every v € R?. Furthermore we assume uniform
boundedness in the sense that almost surely |a(z)v| < $|v| holds for a.e.
z € R? and every v € R%.

(A2) Stationarity means that the law of the shifted coefficient field a(- +z) must
coincide with the law of a(-) for every € R%. On a heuristic level, this
means that “the probability distribution of a is everywhere the same” or,
in other words, that the material is spatially statistically homogeneous.

(A3) Finite range of dependence ¢ means that for any two Borel sets A, B C R¢
with dist(A, B) > ¢ the restrictions a|4 and a|p must be stochastically
independent. In particular, this assumption restricts the correlations in the
coeflicient field to the scale ¢ < 1.

Note that these assumptions include e. g. the case of a two-material composite with
random (either overlapping or non-overlapping) inclusions of diameter ¢, the centers
distributed according to a Poisson point process (up to removal in case of overlap);
see Figure 3a. Further examples include coefficient fields a®° (z) := &(a(z)) that
arise by pointwise application of a nonlinear function ¢ : R4*4 — R4 t0 a (tensor-
valued) stationary Gaussian random field a with finite range of dependence ¢ and
integrable correlations, provided that the function ¢ is Lipschitz and takes values
in the set of uniformly elliptic and bounded matrices.

For the approximation of the effective coefficient apom, it is of advantage to work
with a so-called periodization of the stationary ensemble of random coefficient fields
a®* (employing terminology from statistical mechanics, a probability measure on
the space of coefficient fields shall also be called an ensemble of coefficient fields). By
a periodization of an ensemble of coefficient fields a®" we understand an ensemble
of coefficient fields a which are almost surely LeZ%periodic for some L > 1 and for
which the probability distribution of a on each cube of size of half the period %

coincides with the probability distribution of the original coefficient field aRd, i.e.
for which the probability distribution of a|w+[0, Le/2)e coincides with the distribution

of aRd\H[O,LE/Q]d for all # € R?. For such a periodization, the condition (A3) is
replaced by the following conditions (A3,), (A3p), (A3.):

(A3,) The coefficient field a is almost surely LeZ?-periodic.
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(A3y) There exists a finite range of dependence € > 0 such that for any two mea-
surable LeZ?-periodic sets A, B C R¢ with dist(A4, B) > ¢ the restrictions
ala and a|p are stochastically independent.

(A3.) For any z¢ € R? the law of the restriction a|w0+[_%,%]d coincides with the

corresponding law for some (non-periodic) ensemble of coefficient fields a®*
satisfying (A1)-(A3).
Furthermore, to include examples like the random checkerboard in our analysis, we
need the following notion of discrete stationarity.

(A2’) We say that our probability distribution of coefficient fields a satisfies dis-
crete stationarity if the law of the shifted coefficient field a(- 4+ ) coincides
with the law of a(-) for every shift x € eZ.

Our main assumptions stated in Assumption 1 below consist of two parts: First,
we assume that the probability distribution of coefficient fields a®” satisfies the stan-
dard assumptions from stochastic homogenization and that there exists a suitable
periodization a of the probability distribution. Second, we require the statistical
quantities F(a) to admit a “multilevel local dependence structure decomposition”
as introduced in Definition 6 below. Let us remark that both the spatial average

Favgla) ::][ adx
[0,Le]d

and the higher-order quantity Fs_peint(a) considered by Le Bris, Legoll, and Min-
vielle [62] as defined in (10) satisfy the conditions in Definition 6; a proof of this
fact is provided in Proposition 7 below. As a consequence, both the spatial average
Favg(a) and the higher-order quantity Fo_point(a) may be chosen as the statistical
quantities by which the selection of representative volumes is performed in our main
theorems Theorem 2 and Theorem 3.

Assumption 1 (Assumptions and Notation). Consider a probability distribution

of random coefficient fields a®" on R?, d > 1, which satisfies the conditions of
ellipticity, stationarity, and finite range of dependence (A1)-(A3). Let L > 2 and
suppose that there exists an Le-periodization a of the probability distribution of a®’
subject to (A1), (A2), (A3,) - (AS.). Denote by a®VE the approzimation for the
effective coefficient anom by the standard representative volume element method with
a material sample of size [0, Le]?, i. e. set

a®™VEe, ::][ a(e; + V@) dzx
[0,Le)d
with ¢; being the unique Le-periodic solution with vanishing average to the corrector
equation
-V - (ale; + V¢;)) = 0.

Let F(a) = (Fi(a),...,Fn(a)) be a collection of statistical quantities of the co-
efficient field a which are subject to the conditions of Definition 6 with K < Cy,
B < Cyl|log L|®°, and v > ¢q for some 0 < cg, Cy < 0o. Suppose that the covariance
matriz of F(a) is nondegenerate and bounded in the natural scaling in the sense

(13) L~%1d < Var F(a) < CoL?1d.
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For any 1 < i,j < d introduce the condition number k;; of the covariance matriz
of (a;s®, F(a))

)

ki = r(Var (a%VE,}"(a)))
and the ratio rvar,i; between the expected order of fluctuations and the actual fluc-
RVE

tuations of the approximation a;;

Lfd
RVE "

Var a;;

TVar,ij ‘=

Denote by C' a constant depending on d, X\, v, N, and Cy.

Under the above assumptions, the selection approach for representative volumes
to capture certain statistical properties of the material in the representative volume
particularly well — as proposed by Le Bris, Legoll, and Minvielle [62] — leads to the
following increase in accuracy of the computed material coefficients.

Theorem 2 (Justification of the Selection Approach for Representative Volumes).
Let the assumptions and notations of Assumption 1 be in place. Denote by a*"RVE
the approximation for the effective coefficient anom by the selection approach for
representative volumes introduced by Le Bris, Legoll, and Minvielle [62] in the case
of a representative volume of size Le. Suppose that the representative volumes
a‘[07LE]d are selected from the periodized probability distribution according to the
criterion

(14) | F(a) — E[F(a)]| < 6L~/

for some § € (0,1]. Let the selection criterion be chosen not too strict in the sense
that 6N > C’L‘d/2| logL|C(d’“”CO). Then the selection approach for representative
volumes is subject to the following error analysis:

a) The systematic error of the approximation a*"RVE gatisfies the estimate
Cr3/?
(15) ’E[asel'RVE} — Ghom| < 5;\’] L™ log L|¢4),
sel-RVE

b) The variance of the approzimation a s estimated from above by

Var a?C-I‘RVE Cm?-/ QTVari' B
(16) < mvE < L= (1= 0M)pl® + —55— LL=2|log L|€@)

)

where |p|? is the fraction of the variance of a%-VE explained by the F(a), that is, |p|?
is the maximum of the squared correlation coefficient between a%-VE and any linear
combination of the Fn(a). The explained fraction of the variance is given by the

formula

Cov[a%VEJ:(a)] - (Var F(a))~! Cov[F(a),alVF]

9 ij
RVE
Var a;;j

(17) |pl? =

¢) The probability that a randomly chosen coefficient field a satisfies the selection
criterion (14) is at least

(18) P[|F(a) - E[F(a)]| < 6L~ 2] > ¢(N)s".



THE CHOICE OF REPRESENTATIVE VOLUMES FOR RANDOM MATERIALS 19

sel-RVE

d) The systematic error and the variance of a may be estimated independently

of ki;j at the price of lower rate of convergence in L

C
(19) ’]E[asel—RVE] _ ahom‘ < 57NL—d/2—d/8| logL|C<dW)
and
Var a$¢-RVE Crvasi
(0) e <1 (=Pl + =L log LT,

ij

The previous theorem states that the approximation of effective coefficients by
the selection approach for representative volumes is essentially at least as accurate
as a random selection of samples (except for a possible additional relative error of
the order CL~%/ 2|log L|¢, which however converges to zero quickly as L increases),
at least when measuring the mean-square error. If the selection is based on a
statistical quantity F(a) which is capable of explaining a large part of the variance
of aV®, the selection approach achieves a much better accuracy than a random
selection of samples (namely, by a factor of about /1 — |p|?).

However, the previous theorem only provides a statement about the reduction
of the mean-square error by the selection approach for representative volumes. A
natural question is whether this reduction of the error also applies to rare events:
More precisely, if we fix a small probability p > 0, is the bound on the error
\a?jfl‘RVE — @hom,i;| which holds with probability 1 — p also improved as suggested by
the variance reduction estimate (16)? The following theorem shows that this is in
fact true for “moderate deviations”, i.e. basically for probabilities p > exp(—L?)
for some 5 > 0. More precisely, the theorem is to be read as follows: Up to error
terms that converge to zero as L — oo and s — oo, the probability of a;f;f‘l‘RVE
deviating from anom,i; by more than s times the ideally reduced standard deviation

\/ (1 — |p|?)Var a;%F behaves like the probability of a normal distribution deviating

from its mean by more than s standard deviations, at least in some regime s < L%/3.

Theorem 3. Let the assumptions and notations of Theorem 2 be in place. Suppose
in addition L > C'. Then the selection approach for representative volumes leads to
a reduction of the “outliers” of the probability distribution of a**"®VE in the sense
of the moderate-deviations-type bound

(21) P ‘CL?;LRVE — ahom’ij’ -
\/(1 + 7&13;'25)(1 — |p|?)Var a;VF + CL=4-5
C Ccé C
< (1 P > — -7
< < +5NL5+W$> [|J\/'1|7s]+6Nexp( )

for any s > max {1, \/%W} and some 3 = ((d) > 0.

We have shown in the preceding two theorems that the selection approach for
representative volumes by Le Bris et al. essentially does not increase the error; it
succeeds in reducing the fluctuations of the approximations as soon as the func-
tionals F(a) and the approximation a®E have a nonzero covariance.
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However, as we shall show in the next theorem there exist cases in which the
selection approach for representative volumes in fact fails to reduce the variance sig-
nificantly, even for a “natural” statistical quantity like the average of the coefficient

field
F(a) ::][ adz.
[0,Le]d

Theorem 4 (Possible Failure of the Reduction of the Variance). Suppose that the
assumptions of Theorem 2 hold. Then the estimate (16) on the reduction of the
variance is sharp in the sense

Var a$¢-RVE Cr’! % rvar i
(22) W >1—|p - ZJTLfd/q log L|C(@.

Furthermore, for d > 2 there exist Le-periodic probability distributions of coefficient
fields a which satisfy the conditions of ellipticity, discrete stationarity, and finite
range of dependence (A1), (A2°), (A3.) - (A3.) with the following property: The

covariance of a®™E and the spatial average § a vanishes

a®™VE ][ adr| =0,
[0,Le]d

while the fluctuations of a®VE and f[O,LE]d a are nondegenerate in the sense

(23) Cov

Var o®VE > cL741d @ 1d,

Var ][ adr > cL¢1d® Id,
[0,Le]d

for some universal constant c. These coefficient fields may be chosen to be of the
form a(z) = a(x)Id for some scalar random field a.

As a consequence, for these probability distributions of coefficient fields the se-
lection approach for representative volumes based on the spatial average f a fails to
efficiently reduce the variance in the sense

Var a?‘?l‘RVE Cnf/ QTVM i
(24) Var ;R,VE =1- jéN 2L log |7,

)

Let us note that it is presumably not too difficult to replace the random checker-
board in our construction of the counterexample featuring (23) by random spherical
inclusions distributed according to a Poisson point process (with overlaps of the in-
clusions). This would yield a counterexample subject to the continuous stationarity
(A2).

The next theorem suggests that the failure of effective variance reduction is
atypical and may be limited to rather artificial examples: For a large class of
random coefficient fields — namely for coefficient fields that are obtained from a
collection of iid random variables &, k € €Z?, by applying a stationary monotone
map with finite range of dependence — the correlation coefficient between a®VE and
the average F(a) := f a is bounded from below by a positive number. Therefore,
for such (ensembles of) coefficient fields both the method of special quasirandom
structures and the method of control variates in fact reduce the variance by some
factor 7 < 1 when applied with the choice F(a) := f a.
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Proposition 5 (Reduction of the Variance for a Large Class of Coefficient Fields).
Let ¢ > 0 and let L > 2 be an integer and let V' denote some measure space. Let
(T1), k € eZ1N[0,Le)?, be a collection of independent identically distributed V -
valued random vartables, and denote by (f‘k) an independent copy. FExtend Ty to
k € eZ¢ by Le-periodicity. For k € €Z% and z € V, denote by Ay, T the collection
(f‘k) obtained by setting T := z and fj =T, forall j # k.

Let a = a(z,T') be a measurable map into the uniformly elliptic Le-periodic
symmetric coefficient fields with the property that a(x,T) depends only on the Ty
with |z — k|per < Ke for some K > 1 (in a measurable way). Suppose that the map
is stationary in the sense that a(x +y,T) = a(x,T.4,) for any y € eZ<.

Suppose that the dependence of a on I' is monotone in the sense that for every
k € eZ and every pair z1,20 € V either for all x the inequality

a(z, Ay ., T) > a(z, Ay 2, T)
holds or for all x the reverse inequality
G(LU, Ak,zlr> < a(m, Ak,Z2F)

holds. Suppose furthermore that there exists v > 0 such that we have the quantified
monotonicity

(25)

1/2

\/5 d/ (a—a( )¢ - €| da(a(z,T) — a(z, App, T ))+
keeZdﬂ[O Le)d 0 LE]d
>vid

E

1

for all z € 0, Le)? and all T, where (a(z,T) — a(z, Ak,fkr))i—m denotes the matriz

square root and where T denotes an independent copy of T.

Then the probability distribution of a = a(z,T') satisfies the conditions of ellip-
ticity, periodicity, and finite range of dependence (A1), (A3,), and (A3) (with €
replaced by 4Ke), as well as the discrete stationarity (A2’°). Furthermore, for such
coefficient fields a the correlation between & - a®VEE (where € € R is any nonzero
vector) and the average

Fangla) = ][ ¢ at da
[0,Le]d

is bounded from below by a positive number in the sense
Cov[ B Favg(a)] V2
\/Var ap® Var Fayg(a) ~ Cld, A\ K)

In the statements of our main theorems, we have made use of the following
notion of “multilevel local dependence decomposition”; this structure will also be
at the heart of the proof of our main results. An illustration of this decomposition
is provided in Figure 4.

Definition 6 (Sums of Random Variables with Multilevel Local Dependence Struc-
ture). Let d > 1, N € N, € > 0, and L > 2. Consider a probability distribution of
coefficient fields a on R? subject to the assumptions of ellipticity and boundedness,
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X3

X3 Xt X3 X3

X5 xi X3 X3 Xi X5 Xg X7

XQ || XD || X2 || XQ || XD || X3 || XS || XD || XS || XS || Xlo | | X0 | | XDo || Xs | | XTa || XD

FIGURE 4. An illustration of the “multilevel local dependence
structure” introduced in Definition 6 (in a one-dimensional set-
ting). At the bottom, a sample of the random coefficient field a is
depicted; the X;“ may depend not only on the values of the coeffi-
cient field directly below their box, but on the coefficient field in a
region that is wider by a factor of K log L.

stationarity, and finite range of dependence € (A1), (A2), and (A3), or the peri-
odization of such an ensemble subject to the conditions (A1), (A2), and (A3,) -
(A8.). Let X = X (a) be an RN -valued random variable of the periodized ensemble.

We then say that X is a sum of random variables with multilevel local dependence
if there exist random variables X" = X" (a), 0 < m < 1+4logy L and y € 2™eZ%N
[0, Le)¢, and constants K > 1, v € (0,2], and B > 1 with the following properties:

e The random variable X;”(a) only depends on a|y+K10gL[,2m€_’2m6]d. More
precisely, X;'(a) is a measurable function of al,y i 1og 1, [~2me,2me]e equipped
with the topology of H -convergence.

o We have

1+log, L

=y Y x

m=0 ye2meZ4Nn|[0,Le)d

e The random variables X" satisfy the bound
(26) | X |expr < BL™%

The following proposition shows that the approximation a®VE of the effective
coeflicient by the method of representative volumes may indeed be rewritten as a
sum of random variables with a multilevel local dependence structure. We establish
the same result for the spatial average of the coefficient field Fyq(a) := f[07 Le)a @ dx
and the second-order term Fo_point(a) in the low ellipticity contrast expansion of
a®™VE given by (10).

Furthermore, the last result of the next proposition shows that the fraction of
the variance of a®VE that is explained by the statistical quantities F,,q4(a) and
Fo—point(a) — that is, the gain in accuracy achieved by the selection approach for
representative volumes when employing these statistical quantities — stabilizes as
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the size L of the representative volume increases; more precisely, it converges to
some limit with rate L=%2|log L|°.

Proposition 7. Let the assumptions (A1), (A2), (A3,) - (AS.) be satisfied, that
is consider the periodization of a stationary ensemble of random coefficient fields.
For any coefficient field a, denote by ¢; the unique (up to additions of constants)
periodic solution to the corrector equation

=V - (a(e; + V) = 0.

Then the approzimation a™VF of the effective coefficient anom by the representative

volume element method, given by
a™VEe, ;:][ a(e; + V@) dz,
[0,Leld

is a sum of a family of random variables with multilevel local dependence. More
precisely, a®V¥ satisfies the criteria of Definition 6 for any v < 1 with K := C(d, \)
and B := C(d,~, \)|log L|¢(4),

Furthermore, the spatial average

Favg(a) :z][ adz
[0,Le]d

s also a sum of a family of random variables with multilevel local dependence. The
criteria of Definition 6 are satisfied by Faug(a) for any v < co with K := C(d) and
B:=C(d,n).

Additionally, the second-order correction to the effective conductivity in the set-
ting of small ellipticity contrast Fao_point, given by

(27) ]:27point(a/) = _][ aVw; - €; dx
[0,Le)d

with v; denoting the solution to

(28) —Av; =V - (aVey),

is a sum of random variables with multilevel local dependence structure: The random
variable Fo_point(a) satisfies the criteria of Definition 6 for any v < 1 with K :=
C(d,\) and B := C(d,~, \)|log L|¢(@7),

Finally, the rescaled variances and covariances of a and the statistical quanti-
ties Favg(a) and Fa_point(a) converge as L — oo: There exist positive semidefinite
matrices VRVE, Vavg, Vo—point and matrices Vo RVE,avg, Ve,RVE,2—points Ve,avg,2—point
independent of L such that the estimates

|LWVar a™E — Vayg| < CL™%2(log L)°,
|LAVar Foyg(a) — Vawg| < COL™2(log L),
‘Ldvar ‘FQ—point(a) - V2—point| < CL*d/Q(IOg L)Ca

RVE

and
|IL? Cov[a®VE,| Frug(a)] = Ve rvE.avg| < CL™?*(log )¢,
|IL? Cov[a®™VE, Fa_point(a)] — VervE.2—point| < CL™Y?(log L)°,
| L COV[Faug (@), Fo—point (@)] — Ve,avg,2—point] < CL™*(log L)C,
hold true.
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3. STRATEGY OF THE PROOF AND INTERMEDIATE RESULTS

Our main result relies on a quantitative normal approximation result for the
joint probability distribution of the approximation of the effective conductivity
a®™E and auxiliary random variables F(a) like the spatial average f[07 Lejd adx.
The distance of the probability distribution to a multivariate Gaussian will be
quantified through the following notion of distance between probability measures.
Note that this distance is a standard choice in the theory of multivariate normal
approximation, see e.g. [32] and the references therein.

Definition 8. Given a symmetric positive definite matriz A € RY*N gnd some
L < oo, we consider the classes ®% of functions ¢ : RN — R subject to the following
properties:
e ¢ is smooth and its first derivative is bounded in the sense |Vo(z)| < L for
all z € RN,
e For any r > 0 and any xo € RV, we have

(29) /RN osc,d(x) Np(z —zo) dx <,

where osc,.@(x) is the oscillation of ¢ defined as

osc,@(x) := sup ¢z + z) — |i|n<f oz + 2)

|z|<r
and where
N — 1 lAfl
A(x).—(Qﬂ_)N/Q\/meXp<2 xz)

The class ®p is defined as
o, = | J of.

L>0
Furthermore, we introduce the distance D between the law of an RN -valued ran-
dom variable X and the N-variate Gaussian N as

(30) DOX,N) = sup (E[fb(X)} | s dx).

PpeED RN

Note that defining the distance D with the class of functions ®} instead of ®
would lead to the 1-Wasserstein distance. The distance D is a stronger distance
than the 1-Wasserstein distance: The 1-Wasserstein distance is defined by taking
the supremum in (30) only over all functions ¢ which are 1-Lipschitz. In contrast,
the condition (29) corresponds more or less to a slightly stronger condition than an
L! -type bound for V¢: It in particular implies by letting r — 0

loc
(31) / V6| (2) N (2 — 20) d < 1
RN

for any zo € RY.

It is well-known that Stein’s method of normal approximation allows to establish
a quantitative result on normal approximation for sums of random variables with
local dependence structure, see e. g. [32, 33, 78] and the references therein. However,
the approximation of the effective coefficient a®VF — that is, the random variable
a®™VE as defined by (4) — features global dependencies. It is shown in Proposition 7
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that a®VF may nevertheless be approximated by a sum of random variables with
a multilevel local dependence structure. We then employ the following quantitative
central limit theorem for sums of vector-valued random variables with a multilevel
local dependence structure, which is not covered by the normal approximation
results for sums of random variables with a given dependency graph in the literature
and which is established in the companion article [41].

Theorem 9 ([41, Theorem 4]). Consider a probability distribution of uniformly
elliptic and bounded coefficient fields a on R or a periodization of such a probabil-
ity distribution, and suppose that assumptions (A1)-(A3) respectively (A1), (A2),
(A3,)-(A3.) are satisfied. Let X = X (a) be a random variable that is a sum of ran-
dom wvariables with multilevel local dependence in the sense of Definition 6. Then
the law of the random variable X is close to a multivariate Gaussian in the sense

(82) D(X —E[X],Na) < C(d, 7, N, K)B*(log L)°) (L-4|AV/2[A-V/2P) L,

where A := Var X and where the constant C(d,v, N, K) depends in a polynomial
way on d, N, and K.

Furthermore, we have for any symmetric positive definite A € R4 with A >
Var X and |A — Var X| < L~

(33)  D(X —E[X],Nx) <C(d,, N, K)B*(log L)**? (L= AV A2 ) L~
+ C(d, N)(log L)@ |A — Var X|V/2
providing a better bound in the case of degenerate covariance matrices Var X.

Our result on moderate deviations of the probability distribution of a*"RVE ig

based on the following simple general moderate deviations result for sums of random
variables with multilevel local dependence structure.

Theorem 10 ([41, Theorem 5]). Consider an ensemble of coefficient fields a on
R?, d > 1, or its periodization for some L > 1, subject to the conditions (A1)-(A3)
respectively (A1), (A2), and (A3,)-(A3.). Let X = X(a) be a random variable
that may be written as a sum of random variables with multilevel local dependence
structure X = 271;:1%3;2 L D icamezin, eyt Xi+ in the sense of Definition 6.

Then there exists 8 = f(d,~y) > 0 and a positive definite symmetric matriz A €
RVNXN with |A — Var X| < C(d,~, N, K)B2L=28L= such that for any measurable
A C RY we have the estimate

Pweﬂg/

Na(z)dz + C(d,~, N, K) exp ( — LLQB).
{zxeRN dist(z,A)<L-BL—d4/2}

BC

4. JUSTIFICATION OF THE SELECTION APPROACH FOR REPRESENTATIVE
VOLUMES

‘We now provide the proof of our main result — the error estimates for the selection
approach for representative volumes by Le Bris, Legoll, and Minvielle [62] — which
is stated in Theorem 2 and Theorem 3.

The idea for the proof of all statements of Theorem 2 is the following: Theorem 9
enables us in conjunction with Proposition 7 to approximate the joint probability
distribution of a®VF and F(a) by a multivariate Gaussian with the same covariance
matrix. The probability distribution of a*"BVE arises as the probability distri-
bution of a®VE conditioned on the event (14). As a consequence, the probability
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distribution of a*"RVE may be approximated by the marginal of the conditional
probability distribution of an ideal multivariate Gaussian. The results of Theorem 2
on the probability distribution of a*"RVE are then a consequence of corresponding
properties of multivariate normal distributions.

Proof of Theorem 2. For the proof of the theorem we may assume without loss of
generality that E[F(a)] = 0. Throughout the proof, the constants ¢ and C' may
depend on d, A\, N, 7, cg, and CY, if not otherwise stated.

Recall that the probability distribution of a*"RVE is given by the probability
distribution of a®V¥ conditioned on the event (14). Theorem 9 and Proposition 7
entail that the joint probability distribution of any component aRVE of a®VE and
F(a) is close to a multivariate Gaussian Ny, (aBVE, Fap fIE[aRVE}, -). As a conse-

i
quence of this result, the probability distribution of abjl RVE may be approximated

in a quantitative sense by the first-variable marginal of the conditional distribution

of Myar (a8vE 7(a)) (- — Ela RVE] .} given the event |F(a)| < §L~%2. As we shall
RvE,

show below, the latter marginal probability distribution has the density

(34)

M (x / Nyar arvey,,, o (@ = Cov[all™®, F(a)](Var F(a)) ™'y — Efaj} "))

X X{jyl<sr-2/2}Nvar F(a)(y) dy

where the renormalization factor p is given by

p= / /N X{lyl<sr-/23 (Y)Nvar (@ive 7)) (2,y) dy dx

and where the unexplained variance Var a \unexpl (i. e. the variance of aRVE which
is not explamed by the F,(a)) is given by

Var a VE| mexpl = Var aRVE Cov[a%VE, F(a)](Var F(a))~! Cov[F(a),alVE].

et %]
The assertions (15) and (16) on the systematic error and the variance reduction in
Theorem 2 will be a consequence of the lower bound (18) on the probability of a
random coefficient field satisfying the selection criterion, the related lower bound

(35) /RN /RX{IylﬁéL*d”}NVar (agVE,J:(a))(l‘,y) dx dy > c(N)CgN/zaN,

the stretched exponential moment bounds for any v < 1/2

(36a) 1™ — E[a™"]|Jexpr < O(d, A7) L™?|log LI,

(36b) HNVar (aRVE F(a)) ||Cxp7 < C(da A, Vs CO)Lid/2| log L|Ca

and the approximation result of the distribution of af?l'RVE by M°
CliS/Q

(37) ‘E[ se1 RVE / ¢ z| < 6N] L~ d| logL|C(d,’Y)

for any continuous ¢ : R — R satisfying
(38a) ¢ < L2

and

(38Db) / 08¢, G(2) Nyay rve (z—a0)de <
R i P
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for all » > 0 and all zy € R. To obtain the x-independent estimates (19) and (20),
the bound (37) is replaced by

ase C . _qo-
(39) E[ IRVE /¢ < 67NL d/2 d/8|10gL|C(d”Y).

We defer the proof of (18) and (37) (as well as (39)) to the last step and first
demonstrate that these estimates entail the assertions (15) and (16) of our theorem.

Step 1: Estimate on the systematic error. In order to derive the estimate
on the systematic error (15), we first use the formula (34) and Fubini’s theorem to
see that

(40) / x M®(x)dx

_ ]1) / (B[R] + Cov[a®VF, F(a)](Var F(a))y)
]RN
X X{lyl<or-4/23Nvar 7(a)(y) dy

= Ela5"™],

where in the second step we have used the symmetry of the Gaussian NMyay 7(q)-
In other words, if the probability distribution of (a®VE F(a)) were an ideal multi-
variate Gaussian, we would have the perfect equality E[a**"RVE] = E[aRVE].

We would now like to transfer the property (40) (up to an error) from M° to
our actual probability distribution a*"RVE by choosing gb( ) := z in the estimate
(37). However, this choice is not possible due to the upper bound on ¢ in (38a).
Instead, for some cutoff factor B, > 1 we consider the function <;~S( ) = min{max{z—
]E[aRVE] —B.L~%?}, B.L=%?}. Note that for this choice of ¢ we have |V¢| < 1

and |¢| < B.L~%2. As a consequence, B—C(;S satisfies (38) and hence is an admissible
choice in (37), which gives by (40)

’E[af;l_RVE} _ E[ ZP;VEH

- iJ @ij ]

— |Blas ™~ ElY®) - [ (o - ElllY¥) MO (@) da
R

< EH( sel-RVE E[QEVE]) o qg(aijl—RVE)H

+ / (2 — EafP]) — 3(z)| MP(x) dx
R

+ ‘E[ sel RVE / ¢ M5

(3<7) E[(|asel-RVE - E[CLRVE” _B Lfd/Q)
= ij ij c

N
—I—/ (|x—]E[a%VE]| B.L™ d/2) MO (z) dx
R
3/2

Crt
+ B. 6;; L™ log L€,
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Using first the lower bounds (18) and (35) and the representation (44) and then in
the next step Holder’s inequality, the previous estimate implies
|E[a?§l_RVE] o E[ EVEH

C

RVE RVE _d
S(;TV]E[( —E[aRVF)| - B.L™?) ]
/ / RVE” _ BCL—d/2)+
X Myar (arve 7oy (@ — [0} ], y) dy dz
O
+ B, 5;73 L~ d| logL|C(dﬁ)
¢ 1/2 e
< 6—N]E[|QRVE E[aRVE]|?]/*P[|aEVE - E[aRVE]| > B,L~ d/Q]
C(N
- % E[IMvar aﬁyE|2]l/2PUN\/M arve| > B.L~%? 1/2
32
+ B 5}3 L|1og L|C@).

This yields by Lemma 19b and the bounds (36a) and (36b)

’E[a:;l RVE} E[ %\/E”

3/2
C(N) B. K Chij” 4 c(d
S 6N eXp<—C<M> +BC (SJVJ L HOgL| ( ”Y).

Choosing B, := C|log L|™), we deduce

3/2

Cr;1%
(41) |E[a2§l_RVE] 7E[ EVEH < T]\?L d|10gL|C(d,’Y)'

Plugging in the bound for the systematic error of the standard representative vol-
ume element method |E[a®VF] — apom| < CL™%1log L|¢ from [53] (note that this
estimate for the systematic error of the standard representative volume element
method may also be derived by slightly modifying the proof of our Proposition 7),
we obtain (15). Repeating the previous proof but replacing the use of the estimate
(37) by (39), we obtain (19).

Step 2: Proof of the variance reduction estimate. To prove the variance
estimate (16), we proceed similarly and define for a cutoff factor B, > 1 the function
¢(x) := min{(z — E[aV*])?, BZL=%}. Note that this function satisfies the global
bounds |Vé| < 2B.L~%? and |¢| < B2L~%. Thus, m¢ satisfies (38) and is
therefore an admissible choice in (37), yielding ’

(42) ‘E[mm{( HRVE _ ElaiVF))?, BZL Y]

/ min{(z — RVE]) B2~ MO (2) da

27 —d/2 0531/2 —d C(d,)
<2B%L~Y -~ L7 log L| (),
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The tails (subject to truncation in our choice of ¢) can be estimated by

E H (asel RVE E[ RVE]) (b(as_'e_l—RVE) H

/ (@ — BlaBYE])? — g(2)] MO () da
S E[(ijl RVE _ E[ %VEHQ o BzL—d)+]
+/R(|m_15[ag.VEH — BPLY), MO (x) da

C _
< Bl - E e -2,

+ §7N /R /]RN (|I - E[GSVEH B2 ) NVar aR.VE,]:(a))(xvy) dy dl‘v
where in the last step we have used (18), (35), and (44). Applying Holder’s in-
equality, we obtain

H( sel-RVE ]E[ ZP;VE]) ¢(a?§1—RVE) H

/ aBVE))2 — ()| MO (z) da
<%

E[[a% RVE E[aRVE]|4]1/2P[ oRVE —]E[@%VE“ > BCL—d/z]l/2

) ]

(5
+ 50 HNVar a?j\’E|4]1/2 . ]P’“/\/Var af;.VE| > BCL_d/Q} 1/2

< 1o B !
=N P ¢ |log L|¢ ’

where in the last step we have used Lemma 19b and the bounds (36a) and (36b).
Combining this estimate with (42) and choosing B, := C|log L|¢(%7), we infer

@) el - B - [ B ) do

3/2
< C(’;#L—sd/ﬂ log L|C@).

In other words, the variance of asel RVE is determined up to an error by the vari-

ance of the probability dlstrlbutlon M©O. To estimate the latter, a straightforward
computation yields

/(x—IE[ RVE1)2 \13 ) i

e 1/ /Nvdr OBV (z — Covla;; RVE F(a)](Var F(a)) 'y — Ela RVE])
X X{|y|<§L*d/2}NVar .F(a)( ) (z —Ela RVE]) dz dy
/ / (% + Cov[aBVE, F(a)] (Var F(a))"'y)* Ny oo, (F) di
]RN E%) p

X X{|y|§5Lfd/2}NVar Fa)(y) dy.
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By the symmetry of the set {|y| < 6L~%?} and the probability density Ny, Fla)(¥)
we have [on UX{jy|<sr-2/23Nvar F(a)(¥) dy = 0. As a consequence, we get

/(x — E[a%yE])zMé(x) dx

= [ (Var Pl + (Covlall™. F(a))(Vor Fla))~'9)°)

X X{jyl<sr-4/2}Nvar F(a)(y) dy
(13)
< (Var afYElupespi + 8 CovlaB®, F(a)] (Var F(a)) ! Cov[F(a), al®])

)

1
X E/R X{|y|§6L*d/2}NVar Fa)(y) dy

= (Var a®funespt + 87 Cov[al}'™, F(a))(Var F(a))~! Cov[F(a), a))
= (1= (1= %)|pl*)Var aff'®.

Together with (43), this entails (16). To prove (20), we repeat the proof of (43)
and just replace the use of (37) in the proof of (43) by (39).

Note that the lower bound (22) on the variance given in Theorem 4 follows also
from the estimates (43) and (15) and the lower bound [(z — E[alVF])2M° (z) dz >
(1 —|p[*)Var a;iF, the latter of which is derived analogously to the upper bound
[(z— E[a%VEDQM‘;(x) dr < (1— (1 —6%)[p|*)Var a3V

Step 3: The probability density of the reference distribution. For the
purpose of this subsection, introduce the abbreviation for the covariance matrix

ar aRVE ovla;VF
A= Var (a;"", F(a)) = <Cov\[/]-'( ), aRVE] ¢ \[/ar ]’(};( )])'

9 1,]
The probability density M? of the first-variable marginal of the corresponding
multivariate Gaussian conditioned on |F(a)| < §L~%2, which is the probability

distribution by which we approximate the distribution of asel RVE 'is given by
1
44) M’(x) = - - / -
(44) @) fR I]RN X{\y|§6L*d/2}NA(xay) dy dz RNX{Iy‘SM 2
X Na(z —E[a "], y) dy.

Our goal is to show that this probability density M?® may be rewritten in the form
(34). To this aim, we recall some basic linear algebra: The Schur complement of

the symmetric block matrix
A B
e (4 8)

(with AT = A and DT = D) is given by T':= A — BD~'B7T and the inverse of the
matrix may be written as

A B\ ' 71 ~T-1BD"!
BT D “\-D-'BTT-1 pD-l'4 p-iBTT-lpp-1/-
The determinant may be expressed as det M = det T-det D. The Schur complement

allows us to rewrite the quadratic form defined by M ~!
M z,y) - (x,y) =T "z = BD™'y)- (= BD™'y) + D'y - y.
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As a consequence, we get for M := A that
T = Var al}’® — Cov[a}"™®, F(a)](Var F(a))~! Cov[F(a),al}'"]

ij » ig
= Var a;5"" [unexpl
and
(45) Na(w.y) = 1 exp (= 547 ) o)
(QW)(N+1)/2\/M
= Mvar aBVE | nexpl (33 — Covla;; iV, F(a))(Var ]:(a))_ly)NVar Fa)(Y)-
Now, (34) and (44) are seen to be equivalent.
Step 4: Proof of the normal approximation estimate and the lower

bound on the probability of the event |F(a)] < §L~%2. First, let us show
the lower bound (35). We have

/ /X{IyISM*d/?}NVar (aBVE,}-(a))(x,y) dx dy
RN JR ij

=/ X{|y|<osL-2/23Nvar F(a)(y) dy
]RN

(13)
> /RN X{jy|<sr-423Neor—4(y) dy

1 2
> /RN X(lyi<sr-42) oo p=ayvyz SXP(=07) dy

> o(N)Cy V25N,

establishing (35).

The estimate (36b) is a consequence of the estimate on Var (a®VE, F(a)) which
follows from (36a), (13), and the exponential moment bounds for Gaussians. The
bound (36a) is a consequence of Lemma 12 (note that by Proposition 7, Lemma 12
is indeed applicable).

Our next goal is to show (37) and (39). Let ¢ : R — R satisfy (38) and suppose
that we would like to estimate the error

E[ SCl RVE / (b M5

As the distribution of a%?l‘RVE is obtained from the distribution of af}VE by con-
ditioning on the event |F(a)] < §L~%2 by (34) and (44) this error expression is
equal to

]E[ sel RVE /¢
H‘F(a)‘ S 5L*d/2} ( [X{I}'(a)|<§L d/2}¢( )]

= Bz Nl — Bl ) dlr))

(46)

~ Jrsry X{yl<sz-w23Na(z,y) d(z,y)
+/]R¢(I)M6(I) dm( = P[|F(a)| < 6L~4/?] - 1)'
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Up to the normalizing factor 1/P[|F(a)| < §L~%/2], the first term on the right-hand
side is given by

Bo(a™ ~ B~ [ olepNale ) de.g),

where ¢ : R x RV — R is defined as

¢(z +E[alVE])  for |y| < 6L/,

(47) o(x,y) == {0 for |y| > SL—%/2,

We would now like to show that (a suitable multiple of ) the function ¢ is admissible
in the error bound (33). By the estimate

osc,¢(x,y) SX{\y|§5L—d/2+r}OSCTq~5(x + E[a%.VE])
i D)l

t X|y|e[sL—4/2—r,6 L=d/2 4] |9(z + E[a;

)

we obtain for any zo = (20 — E[a;3"F],90) € R x RY, making also use of the
abbreviation @ := Cov[a®™¥, F(a)](Var F(a))t,

/ osc, ¢(2)Na(z — 20) dz
RxRN
< /RN /R(OSCT@(JJ)X{MgaL—d/zH}NA(ac — 20,y — Yo) dx dy

+ /]RN /R |¢~>|(33)X|y|e[aLfd/Lr,éLfd/err]NA(96 —T0,y — Yo) dr dy

(45)
< /N X{jyl<sL-4/24+r}Nvar F(a) (Y — Yo)
R

x| (050 )N s & = 20 = QL — o)) ddy
R
+ /]RN X\y|e[6L*d/2—r,6L*d/2+r]NVar F(a) (Y — Yo)

[ 16N & = 0 = QLo = 90)) ey

(38)
< /RN X{jyl<sr-4/24r}Nvar F(a) (Y — Yo) -7 dy

+ /]RN X\yle[6L*d/27r,6L*d/2+r]NVar F(a) (y — o) - I dy
and therefore

/ osc, @(2)Na(z — 20) dz
RxRN
<r4+ L~/? /RN X|y+y0\e[JL*d/zfr,éL*d/erT]NVar F(a) (y) dy

<r+ L2 sup / MNvar F(a) (y) dy
WIIBY (6L -a/24m)N —(oL-2/2—r)}) T W

§L_d/2 N _ 5L—d/2 _\N
§r+L_d/2min{17|va|.( )" — T>+}

(2m)N/2/det Var F(a)
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N(SL=42 4 r)N=1.2
§7’+L_d/2min{17|B{V| ( +r) T}

(2m)N/2,/det Var F(a)
C(N)rN 4+ C(N)(SL=/2)N-1p

det Var F(a) }
(13) C(N)L=/? - C(N)sN—1L=d/2

< r-+ T.
y/det Var ]—"(a)l/N /det Var ]-"(a)l/N

By our assumption (13), this yields for any zo € R x RV

< T+Ld/2min{1,

/ 08¢, ¢(2)Np(z — 2z0) dz < Crr.
RXRN

Looking at Definition 8, we would have %qﬁ € ®, if it were not for the qualitative
Lipschitz continuity condition for functions in ®,. However, for a standard family
of mollifiers p. supported in {|z|? + |y|? < €} the approximations ¢.(z,y) := (p- *
¢)(z, (1—-26~1L2e)y) satisfy £¢. € @ for any € € (0, 36L~%/?] (see Definition 8)
for some constant C. Furthermore, the ¢. converge poinwise to ¢ for ¢ — 0 (by
(47) and the continuity assumption on q~5; it is here that we need the dilation factor
(1 —26'L%2¢) in the second variable due to the discontinuity in the definition
(47)) and satisfy a uniform bound of the form |¢.(x,y)| < L=%? (by (47) and
(38a)). Choosing the functions &¢. in the definition of the distance D and passing
to the limit € — 0, we infer

E[X{\]—'(a)|§6L*d/2}§£(a%vE)} —/R . qg(x)X{\y\gsL—d/z}NA(x—]E[agyELy)d(%y)
X N

(47),(30)

< CD((aPVE — E[alVE], F(a)), N4).

i ij

Theorem 9 is applicable to the random variable X := (a"®, F(a)) by our assump-
tions on F(a) (see Assumption 1) and by the multilevel decomposition of a%-VE
provided by Proposition 7. In total, with the notation A := Var (a%VE, F(a)) the

application of Theorem 9 to (aZI-}VE, F(a)) yields

(48)
E[X{\F(a)lﬁéL*d/Z}dz(a%yEﬂ _/R . é(ﬂf)X{\y\gsL—d/z}NA(x — ]E[a%VELy) d(z,y)
X
< C(d,, N, K)B?|log L|“7) (L= A2 A28 L7
< O(d, A7, N, Co)ry L™ log L| 47,
where in the last step we have used (13) (which entails L=¢ < |AY?|?) and the
definition of k;;.
Applying a similar line of argument to the random variable F(a) and the function

by) =4 for |y| < 6L~/2,
“ |0 for |y| > 6L™%2,
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we obtain

(49) E[Xﬂ]:(a)\SéLfdﬂ}] _/]R X{|y|<sL- d/2}NVar F)(y) dy
é C(d»% N7 CO)CSN/QL_d/2| log L|C 77700)

where we have estimated x(Var F(a)) by (13). Together with the lower bound (35)
and our assumption 6% > C'L~%2|log L|¢(47:C0) this estimate implies (18).
Plugging in the estimate (48), the lower bound (18), and the estimate (49) as
well as the assumption (38a) into (46), we deduce (37). The estimate (39) follows
by repeating the above steps, but appealing in the proof of (48) to the bound (33)
instead of (32) and choosing A := Var (afV%, F(a)) + L~%/274/31d (which ensures

by (13) that x(A) < CLY/8). O

We now turn to the proof of the moderate-deviations-type result for the selection
approach for representative volumes stated in Theorem 3.

Proof of Theorem 3. Fix S > CL~%278/2_ Qur goal is to estimate the probability

P[laz;‘l—RVE [ RVEH > S]

—IF’[| RVE _ [RVE|>S‘|]: )| < 6L d/2:|

P[laiV® — E[afVF]| > S and |F(a)| < SL~U?]
P[|F(a)] < 6L~4/2] '

The main task is the derivation of a suitable estimate for the numerator. To this
aim, we apply the moderate deviations estimate from Theorem 10 to the random

variable (a;"" — E[a;3"F], F(a)) and the set A := A; x Ay with

(50)

Ay :={zeR: |z > §+CL_d/2_ﬂ},
Ayi={ye RN : Jy| < 5L7d/2}.

By Proposition 7 and our assumptions, the application of Theorem 10 is possible,
resulting in the estimate

P[(alVF — E[aiVF], F(a)) € A]

) )

< Ni(z,y) d(z,y) + C exp(—cL*|log L|=°)

/{(x,weMN:dist<<z,y>,A>50L—ﬁL—d/2}
(51)

S/ X{|y\g(5+crﬂ)rd/2}/ o Ni(z,y) dxdl/‘FCeXp(—Lﬂ)

for some positive definite matrix A with
(52) |A = Var (a;'%, F(a))| < C(d,, N, K)|log L|° L2/ L.

We intend to apply the factorization property (45) to the matrix A with the notation

. A B
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By (52) and the bounds L~%Id < Var F(a) < CL™%Id (see (13)) and Var a3 <
CL~?|log L|? (see (36a)), we deduce

(53) D! — (Var F(a))™!| < CLAL™%
and
(54) |BD™! — Cov([al®, F(a)](Var F(a))~'| < CL™?|log L|.

As a consequence of these estimates and (52), the formula (17) for |p|? implies for
T:=A-BD'BT

(55) |T — (1 — |p|*)Var alV®| < CL™4%|log L|*.

Using the bounds Var a;3"® < CL™%|log L|* and |p| < 1 as well as (54), (17), and
(13), we obtain for any |y| < (§ + CL=8)L~%/2 that

(56) |BD™'y| < C8|p|\/Var aBVE + CL~4/275,

Applying the factorization property (45) to the first term on the right-hand side of
(51), we obtain

/ X{|y|<(6+CL~8)L~ d/Q}/R\[S 3 Ni (2, y) dx dy

/ /  Ni(e = BD ') xqyi<ron-s)-amyNp () de dy
RN JR\[— ss

/ / exp(T z-BD~ )
RN JR\[ 55‘

X X{jy|<(s+cL-8yr—-1/23Np (y) dr dy

(56) —z% 4 C6|p|y/Var alVE|z| + Cla|L~4/2F
e e N )
RN JR\[— 2T

x X{\y\§(5+CL*ﬁ‘)L—d/2}ND(y) dx dy.
Assuming that § > CL=%/2-8/2 we deduce

/ X{Iy\S(5+CL—ﬁ)L—d/2}/ Ni(z,y)dzdy
Y R\[-

53]
—(1- w — L8/2)4?
P ( oT >

% X{|y|§(5+CL*I3)L—d/2}ND(y) dz dy
1
: Ny (z)dz
/]R\[ 5,5] 1— Cdlply/Var aFVE var aRVE Py

X /RN X{\y|g(5+crﬂ)rd/2}/\/ﬁ(y) dy

1
<./ ~
rY JR\[-5,5] /2T

T
1—Célpl|\/Var aBVES—1 — L=5/2

(57) V=
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Using (53) to estimate the last factor in this estimate and assuming for the moment

S > C6lp|\/Var alVE as well as L > C(B) to estimate the quotient in the first

factor, we get

/ X{|y\s<5+cw)L—d/2}/ - Ni(z,y)dedy
RN R\[-5,3]

Cdlp|y/Var aVF
< (1 + _ + L_5/2> / Ny (z)dx
S R\[-5,3]

X /RN X{|y|§(6+CL*5)L*d/2}NVar F(a)—CL—d4-28 1a(y) dy.

Using the bound L=%1d < Var F(a) from (13) and assuming L= < ¢, we get

/ X{\y|§(6+0L7ﬁ)Lfd/2}/ __ Ni(z,y)dzdy
RN R\(-5,9)

Clply/Var aVE
< <1+

- —|—Lﬂ/2)/ ~ Ny(z)dx
S R\[-3,3]

x /]RN X{\y|g(5+2CL—ﬁ)L—d/2}NVar .F(a)(y) dy

and therefore by the upper bound [MNya, 7o) < C(L~%2)~? and the estimate on
the volume |{§L~%2 < |y| < (6 + 2CL~P)L=/?}| < C(L~#/?)d-1[~d/2=F

/ X{\y|§(6+crﬂ)rd/2}/ - Nj(z,y)dedy
R¥ R\[-5,5]

Cdlp|\/Var ajVF
< (1 +

_ +L_B/2)/ - Ny(z)de
S R\[- 3,3

X (/RN X{|y|<sL-2/23Nvar F(a)(y) dy + CL‘/B)

By T < (1—|p|?)Var aR®VE4+CL =45 Id (which follows from (55)) and Var aRXVE <

ij ij
CL~?1d, we deduce from (57) under the assumptions S > Célply/Var a%-VE and
L>C(p)

Cdlpl\/Var aiVE

38 V<V (1 e 1 pVar B L

As a consequence, we obtain
/ X{\y|§(a+crﬂ)rd/2}/  Ni(z,y)dzdy
RN R\[-5,3]

Cdlply/Var aVE
< (1 +

Z +L_6/2>/ - Nyp(x)de
R\[-5,]

x (/RN X{\y|§6L*4/2}N\/ar Fla)(y) dy + CL‘ﬁ).
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Plugging in this bound into (51), we obtain
P[lafE — E[aV®]| > S + CL™*7F and |F(a)| < 6L™%?]

Cdlply/Var aV®
< <1+ _ +L5/2>/ N () do
S R\[-3,5]

X </RN X{ly|<oL-4/23Nvar F(a)(y) dy + CLﬁ)
+ Cexp(—LP).

Inserting the previous estimate into (50) and using (49), (35), and (18) as well as
the assumption 6V > CL~%?2 to estimate the denominator, we get

Pllags™™VE — E[a®]| > S+ CL™%/*7]
O/ Var a¥® 8.
< 1+~+LB/2)/ N () do + — exp(—LP).
< S oN R\[-53 oN
Note that we have the estimate |]E[a%VE] — @hom.ij| < CL™log L|®. By redefining

S (and possibly increasing the constant in (58); recall that S > L=%276/2) we
obtain

]P’[ Cﬁ;l_RVE — Qhom,ij| > 5']

C§,/Var aBVE
< <1 0 7 ¢ Lﬁ/Z) / - Nyp(z)dz + %exp(—Lﬁ).
R\[-S,S5]

g o
Finally, we set S :=  [(1+ ﬁ)(l — |pl?)Var ¢}VF + L=4=5/2 . 5. Upon re-
defining S, this yields the desired estimate (21). O

5. THE MULTILEVEL LOCAL DEPENDENCE STRUCTURE OF THE APPROXIMATION
FOR THE EFFECTIVE CONDUCTIVITY

We now prove that the approximation a®VE for the effective conductivity ob-
tained by the representative volume element method may indeed be written as a
sum of a family of random variables with multilevel local dependence structure in
the sense of Definition 6. Furthermore, we show that the same is true for the spatial
average of the coefficient field Foy4(a) := f[07 Leja @ dx and also for the second-order

RV

correction Fo_point(a) to a E in the setting of small ellipticity contrast.

Proof of Proposition 7. Part 1: The spatial average of the coefficient. First,
let us show that the average Foyq(a) := f[O.Ls]d a dz is approximately the sum of a
family of random variables with multilevel local dependence structure. Decompos-

ing
1
Favg(a) :][ adr = g —][ adz,
[0,Le]d y€eeZin|0,Le)? L? y+[0,e]¢
) —_———

—.Xx0
_'Xy

defining the Xg as indicated in this formula, and setting X," := 0 for m > 1, we
immediately observe that the average Fau4(a) is the sum of a family of random
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variables with multilevel local dependence structure with K := 1. The bound (26)
follows immediately from the uniform bound on a (with B := ||a||~ and arbitrary
v > 0).

Part 2: The approximation a®VE for the effective coefficient. Next, let
us show that a®VF is approximately the sum of a family of random variables with
multilevel local dependence structure. For simplicity of notation, let us assume
that e = 1.

Recall that the corrector ¢; associated with the periodized ensemble is the unique
L-periodic solution to the equation

(59) V- (alei + Vi) =0

with vanishing average J[[o ) ¢;dx = 0. We shall use the decomposition of the
(L-periodic) corrector ¢; according to

(60) 6:0) = [ it ds
0
where u; = u;(z, s) is the (L-periodic) solution to the parabolic PDE

d

2ot = V- (aVu;) in [0, L)% x [0, 00),
u;(+,0) =V - (ae;) in [0, L]%.
Observe that the parabolic PDE directly entails

(61) v. <a(ei —|—V/Otui(-,s) ds>> ——

Thus, decay of w; for ¢ — oo implies that ¢; may indeed be decomposed as
Jo° wi(-, s)ds. Note that exponential decay of u; (with an L-dependent constant)
is immediate by the standard energy estimate, the vanishing average of w;(-, s) for
any s > 0 (as the average of the initial conditions on [0, L]? vanishes), and the
Poincaré inequality.

Recall the key result from [53] which states that under the assumptions of ellip-

ticity, stationarity, and finite range of dependence (A1l)-(A3) the full-space variant
Rd

u; (-, 8) — that is, the solution to the equation
d
£u]§d =V- (aRqu?{d) in R? x [0, 00),
W0 =V (d®e) in RY,

with &’ denoting a coefficient field from the original (non-periodic) ensemble of
coefficient fields — actually decays like s~(1+4/2)/2 in suitable norms:

Theorem 11 ([53], Corollary 4). Consider an ensemble of random coefficient fields

a®" subject to the assumptions (A1)-(A3) with range of dependence € := 1. Then
for any T > 0 we have the estimate

1/2
(62a) (f |Vu]$d<-,T>|2dm> < C(a® 1) T,
{lz|<VT}

1/2
(62b) <][ Wl (-, T))? dz> < C(d®, )TV,
{lz|<VT}
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where the random constant C(aRd,T) satisfies for any § > 0 a bound of the form

Note that the second inequality (62b) is actually not contained in [53, Corol-
lary 4]. However, it is an easy consequence of (62a) (the proof is provided below).

By ¢} and u} we shall denote the corresponding quantities for the adjoint co-
efficient field a*, i.e. ¢7(-) := I uj(-,s) ds with u} being the L-periodic solution
to

; =V (a"Vu}) in [0, L]? x [0, 0),
u3(-,0) =V - (a"e)) in [0, L]%.

J’Rd satisfy also estimates of the form (62a)-(62b), as the

conditions (A1)-(A3) are invariant under passing to the adjoint coefficient fields.
We introduce a “cutoff scale” Lx as the largest integer power of 2 not larger than

for some constant K > 1 that remains to be chosen. Defining 77, := (L K)Q,

The full space variants u;

L
16K log L
we now compute using the properties (59), (60), and (61)

a®™VEe, . €; :][ ale; + V@) - e;dx
(0,L]7

(529)][ ale; + Vi) - (e + V(ﬁ;‘) dz
[0,L]¢

(60) ' L
= ale +V ui(',s) ds)-\ej+V [ uj(,s)ds)dr
[0,L]¢ 0

10g2 Ly 4k+1 4k
+ Z ][ ui(+,8)ds - (ejJrV/ ui (- 8) ds) dx
0
10g2 Ly 4k 4k+1
+ Z ][ a(ei—l—V/ ui(~,s)ds> -V uj (-, 8)dsdz
0 4k
10g2 Ly 4’€+1 4k+1
+ ][ aV ui(-,s)ds -V wi (-, s)dsdz
,;) [0,L] 4k i

[ ATy
+][ aV u;i(-, ) ds - (ej + V/ ) dx
[0,L]¢ 4Ty,

4Ty,
—l—][ a(ez—FV/ )d) v uj(7 s)dsdzx
[0,L]¢ 4Ty

+][ aV u;(+,s)ds -V ui (-, s)ds
[0,L]¢ 4Ty, 4Ty,

1
oy (eﬁv/ uirs )-(ej+v/ ui5)ds) do
[0,L)¢ 0

4k+1

]{OL A s)ds uf(-,4%) dx

1082 Lk
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10g2 Ly 4k‘+1

- Z ][ ui(~,4k)/ uj(-,8)dsdx
= JI0,L) 4k
10g2 Ly 4k+1 4k+1
+ ][ aV ui(-,s)ds -V wi (-, s)dsdz
z:;) [0,L]¢ 4k 4k !

][ / s)dsuj(-,4TL) dv
[0,L)¢ JaT,,

—][ Ui('74TL)/ uj (-, s)ds d
[0,L]4 ATy

—I—][ aV u;i(+,8)ds -V ui(-,s)dsdz.
[0,L]¢ 4Ty, ATy,

We now decompose the integrals into integrals over cubes with side length ~ 2%,

resulting in

(63)

aRVEe, . e;

1
][ (el—i—V/ ui(+, s )-(ej—l—V/u
a:erd (w0+]0,1]4)N[0,L]4 0

logy L gk+1

> Y s ds st as
(xo+[0,2%]4)N[0,L]* J 4F

k=0 =x¢ erZd

log, Lk gk

Z > ui(-,4’€)[w Wi s) ds dx

k=0 xoe2kzd

7 /(x0+[0,2k]’i)ﬂ[0,L]d

10g2 Ly 4k+1 4k+1

+ / aV ui(+,8)ds -V wl (s
Z Z (zo+[0,2*]4)N[0,L]¢ ' ’

K k
k=0 onQ’“Zd 4 4

][ / s)dsuj(-,4TL) dx
[0,L)¢ JaT,,

—][ u¢(~74TL)/ uj (-, s)ds da
[0,L]4 ATy

—I—][ aV ui(+,8)ds -V ui (-, s)dsdz.
[0,L]d ATy, 4T

ds) dx

s)dsdzx

We now intend to replace u; and uj in each of these expressions by a proxy with
localized dependence. To this aim, for any k € Ny and any zo € 2FZ¢, define the

coefficient field aj 5, on the full space RY as

(64) A,z (T)

{a(w) for |z — x| < \/K|log L] 2",

Id otherwise.
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Define a corresponding u; j 2, as the solution to the equation

d

(65a) g tiskoo = V- (o Vitik,zo),
(65b) ui»kywo('7 0)=V- (akﬂfoei)?
and introduce analogously the function u;, , as the solution to the equation with
ay,z, replaced by aj . . Note that while u; and a are defined on [0, L]? and ex-
tended to R? by periodicity, both ay, », and u; j », are defined on R? and lack any
periodicity.

By Lemma 15 — applied with M := ./K|log L] and r := 2* — we have

(66) / 58) = .0, O da
{Ja—sol <2424}
< OyElog L' exp(—cK|log L)) < C(d, A, K)L~°¥

for any t < 48+ and

gk+1

(67) / ][ (Vi — Vi g |* dz dt
0 {lz—wo|<d-2%}

< Cexp(—cK|log L|) < C(d,\, K)L™F

and analogous estimates for the difference (O u;" ko
.k,

As our probability distribution of coefficient fields a on [0, L]? is the periodiza-
tion of a probability distribution of coefficient fields a®" on R?, by definition of
a periodization (see (A3.)) for each z¢ € [0,L)? and any k < log, L the law of
|3y + K log L|—2%,2%]¢ coincides with the law of aRd|10+KlogL[72k72k]d. As a conse-

Rd

a
ik.zgs Where ul is defined

quence, the law of u; j, -, coincides with the law of u ik

analogously to u; r », (replacing a in the definition by a]Rd). Therefore, any moment
bound on URZ’IO carries over to u; k4, Applying Lemma 15 to uRz’mo, we obtain

l, Z!

estimates analogous to (66) and (67). The estimates from Theorem 11 therefore
carry over to u]ZR’i_’zo, provided that we choose K > C: We have for t € [4% 4%+1]
and T = 4% with 28 < L

1/2
<][{| |<d-2%} |U]§Z@0 ) dx) < C(aw, t) ¢ /2md/4
z—x0|<d-

AT . 1/2 .
Lot Ve DR ) 0@ Ty,
T—ITo|Sa-

for some random constants C(a®",t), C(aRd, T) with

1C(a™",#)||exp—s < C(d, A, K, 8),
1C(@®", T)|exp2—s < C(d, A, K, 8),



42 JULIAN FISCHER

for any 6 > 0. By coincidence of laws, we get for ¢t € [4¥,4*+1] and T = 4%

1/2
(68a) ][ i pwg ()2 de | < Cla, )t~ 1/2= 44,
{lz—xo|<d-2F}

AT 1/2
(o) ][ ][ |Vt ko (T)| daz it <C(a,T) T4
{lz—z0|<d-2F}

T
for random constants C satisfying
lIC(a, t)]exp2-s < C(d, A, K, 0),
IC(a, T)|lexpe-s < C(d, A, K, 6),
for any 6 > 0. Furthermore, the bound (102) yields an estimate of the form

(%9 <][{ | —o| <d}

By (61), its analogue for ; ¢4, , and the definition of ag 4,, we have in {|z—xz¢| < 2d}
that —V - (aV(fol Ui(+y8) — Ui 0,20 (-, ) ds)) = u; (-, 1) — u; 0,2, (-, 1), which implies by
the Caccioppoli inequality

1 1
(70) ][ e; + V/ u; ds — (ei + V/ Ui,0,20 ds)
{|z—z0|<d} 0 0

< O][ (1) — 50,00 (- 1) dt
{lz—=zo|<2d}

1
e; + V/ Ui,0,20 ds
0

9 1/2
dx) < C(d, \).

2
dzx

2

+C dx

1
/ i+, 8) = Wi0,2, (- 5) ds
0

{jz—0|<2d}

= C][ [i(,1) = wi0, (-, 1) d
{lz—z0|<2d}
1
+C / [ui(-y8) — Ui 0,20 (- 5)|? ds dz
{lz—xo|<2d} JO

(66)
< C(K)L™°K.
As a consequence of our definition of u; j 4,, for the choice

1
(71a) X0 ::i ale; + V/ Ui 0,50 (5, ) ds
’ 14)n[0, L] -

Ld (zo+[0,1 0
1
. (ej + V/ U5 020 (+5) ds) dx,
0

k+1
1 4 .
(71b) ijl =T 74 / / ui,k::to('v S) ds uj,k,zo('v 4k) dx
L% J (zo+[0,2¥19)n[0, )¢ Jar

4k'+1

[1 / k
_ Wi ko (5 4 )/ w o () s)dsd
¢ (zo+[0,2%]4)N[0,L]? 0 gk Jik,zo

gk+1

1
+ 7/ aV/ Wi ke,wo (5 8) ds
L J (zo+[0,2¥]%)n[0, )¢ 4k
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4k:+1

-V (+,s)dsdz,

*
ko

for 0 < k < log, Lk, we see by (64) and (65) and /KlogL > 1 that XF is a
random variable which depends only on al,, 4 x log L[—2%,2k]d, 1. €. the first condition
of Definition 6 is satisfied. Furthermore, by (68) and (69) we obtain for any 0 <
~v < 1 an estimate of the form

(72) [1Xyllespr < C(d, A, K)L™
We now intend to replace the terms in the first five terms on the right-hand side
of (63) by the X% with 0 < k <log, Lx + 1, using the estimates (66), (67), (70),

and Holder’s inequality to bound the arising error: For example, we may estimate
LA

1./ k./
N wi(-, 4%) ui(-, s)dsdx
‘ L% J zo+0,2419)n[0, 1) w7

gk+1

(-4 i 45) 5 05, (1) )|
( L2 [ (so410,2519)[0, L] J 4 b Jihwo

A(k+1)/2 1/2
< —0 (/ |ui(-,4’“)|2da:>
L (z0+[0,2%])N[0, L]

gk+1 1/2
: / / Ui, 8) = W) gy (-, 8)* ds da
(z0+[0,2%]4)N[0,L]4 J 4k J .k, o
4(k+1)/2 s
+ d (/ ‘Ui(',4k) _ ui,k7$0(.74k)|2 dx)
L (z0+]0,2%]4)N[0,L]4

4k+1

1/2
X (/ / |u;‘k xo( )|2 dsdac)
(zo+[0,2%]4)N[0,L]* J 4F

66) C(d,\, K 1/2
< ( ) d7 ) (/ |Uz,k 330( 4k)|2 de + L~ cK> . (Qk)d/QLch
L (wo+[0,2%]4) N[0, L]

gkl

C(d. )\ K) ~ . i
¢ COAID ryung-on ([ [ Wk oP dss)
(zo+[0,2%]4)N[0,L]* J 4F

where in the last step we have used 4* < CL? and (2’“)‘1/2 < CLd/Q, absorbing these
factors in the factor L=°K (possible for cK > 4 4 2d). Proceeding analogously for
the other terms in (63), we deduce

14log, Lk
RVE 0 k
a e e — E Xoo — E E Xz
2o E€ZN[0,L)% k=1 z¢€2kZN[0,L)%

1 2
e + V/ Ui,0.20 (5 ) ds
0

1
<c -
- Z Ld (~/a:g+[0,1]d

zo€Z4N[0,L)4

2 1/2
dr + L—CK) L—CK

1

+ ej—l—V/ U5 4 (o5 8) ds
0

1Og2 Lk

1/2
1

¢ T ivkyao (5 4°) 492 do + L™K
PO S ([ A i (4R

k=0 =zo€2k74N[0,L)4
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x (Zk:)d/QLch

1
+c Y > Ld< W[Ow

k=0 zo€2k724N[0,L)4

4k+1

1/2
|Ui,k,m0(', 5)|2 + |u;k,xo ('v 5)‘2 ds d-T>

2k (i/2L—cK

1 4k+1
¢ Td vi zo\" 2
2 DR DR 1§ A A T

k=0 zo€2kZ4N[0,L)4

1/2
+[Vuj g (s s)[*dsdx + L~ CK) LK

|u;-‘(~,4TL)\dx

—1—][ / u; (-, s)ds
(0,L] | J4Ty,
o0

-l-][ |ui(.’4TL)|‘/ uj(-,s)ds
(0,L]4 4Ty,
oo o0

V/ ui(-,8)ds V/ uj(-,s)ds

4Ty, 4

Ty,
Inserting the estimates (68), (69), we get for some C(a) with ||C(a)||expr < C(d, A, K,7)
for any v € (0,1)

dxr

+C dx.

[0,L]¢

1+log, Lk
(73)  |a™VEe; - e — Z X0 - Z Z Xg’;(]
xo€ZAN[0,L)4 k=1 zo€2k74N[0,L)4
logy Lk logy L logy Lk

<CL™M +Ca) > L™ +cC() Y VALK +C) D LK
k=0 k=0

k=0
—|-][ / u; (-, 8)ds
[0,L)¢ | JaT,

—|-][ |ui(~,4TL)|‘/ ui(,8)ds
[0,L]4 4Ty,

V/ u; (-, 8)ds V/ ui(,8)ds
4TL 4TL

The bound (66) and its equivalent for u? and ur

|u;(, 4TL)‘ dx

dx

+C dx.

[0,L]¢

i k .. enable us to transfer the
0

bounds in Theorem 11 from u]?d to u;: Recalling that Ty, = (L )?, we obtain

(74) ]{ " lui (-, Tp) | do = Z lui (-, Tp)|* dx
0,L

CEQGLKZd

/xg—‘r[O,LK]dﬁ[O,L]’i

(66)

Yooy pi(ve | do e i) |
y+[0,Lk]¢N[0,L]4

IoELKZd
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and

a
/+[0 Lx]dN[0,L]4 |U]§10g2 LK,xU('vTL)|2 dx
Y yL K R

< 2/ WE (-, Tp) % do + 2CL~<K/2,
y+[0,Lx]*N[0,L]¢

The latter estimate entails in view of Theorem 11 (choosing K > C and recalling
o L
that TL == LK S m)

][ Juf (TP
0L ]4N[0.L]¢ ui,logzLK,:ro y 4L T

< C(a®,y, Ty)T; /2

where again ||C(aRd,y,TL)||exp2,5 < C(d, A\, K,0). By coincidence of the laws of

d
a‘x0+K10gL[_LK7LK]d and CLR |zo+KlogL[—LK,LK]d5 we get for K > C' from the pre-
vious estimate and (74)

(75) ][ Jui (-, T1) 2 dae < C(a, Tr)T, '~ ?
[0,L]¢

where ||C(a, T7)||expr < C(d, A, K, 7y) for any v < 1. An analogous bound holds for
uj. Finally, the energy estimate for u; implies

d

— lui|? dx < —c |V, de.
dt
[0,L]¢ [0,L]¢

As the average of u; over [0, L]? vanishes, the Poincaré inequality implies for T > T},

d][ 9 c][ 9 c ][ 9
— u; | de < —= Vu;|“de — —— u;|“ dx
dt [o,L]d| | 2 [o,L]d| | 2012 [o,LJd| |

and as a consequence

T
][ |ui(-,T)|2da:+/ ][ |V, |* dz dt
[0,L]4 max{T,T/2}J[0,L]¢
T-T, ,
< C(d A S ST da.
> C( ’ )exp( C(d, A)LQ )]{07[/](1 |U ( L)| x

Note that this estimate yields in particular

00 2 oo 2l+1L2 2
][ Vu; dt| dz <2 Z ][ 2! / Vu; dt| dx
(0,L1¢ 1 /Ty L2 7100,L)7 20L2
lzflogzﬁ
o0 2l+1L2
<2 ) ][ 21(21L2)/ |V |? dt da
L2 J[0,L]¢ 2UL2
l=—10g2ﬁ
<c > 2 exp(—c2l)][ i (-, T1)|? da
l=—log, %—2 [O’L]d
L
(75) L?
< Cla,TL)=T;** < C(a, Ty )(K|log L|)*+2 L2

Ty,
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where in the last step we have used that /I, = Lk is the largest power of 2 with
L
Lk < 1K logL*
Plugging in these bounds and (75) into (73), we get for K > C

1+10g2 Lx
(76) a®™Ee, e — Z Z Xfo
k=0  xo€2*7z4N[0,L)4
< CL™** +C(a, Ty)(K|log L|)***L~¢

with ||C(a, TL)]|expr < C(d, A\, K,~) for any v < 1. Choosing v € (0,1) and B :=
C(d, )\, K,7v)(4K log L)?>*? in Definition 6, defining the variable Xéog? Lt (which
may depend on a on the full volume [0, L]%) to account for the remaining difference
a™VEe, . e; — ,1;100‘%2 L > o2t zAN0, 1) XF ., and setting the remaining XF := 0
for logy Lz +1 < k < logy L + 1, this establishes that a®VE may be rewritten as a
sum of a family of random variables with multilevel local dependence.

Part 3: The higher-order statistical quantity. Next, we derive the mul-
tilevel decomposition of the higher-order quantity in the small ellipticity contrast
setting Fo_point. To do so, we decompose the solution v; to (28) as

(77) vi() = / T wis) ds,

where w; is defined as the solution to the parabolic PDE

d
Ewi = Aw;,

wi(+,0) =V - (ae;).

As before, the representation (77) follows from the exponential decay of w;, as we
have —A [ w;(-,t) dt = V - (ae;) — wi(-, T).

We introduce analogous definitions for v Again, we may assume without loss
of generality that ¢ = 1. We then observe following an argument of Mourrat [70]
that by formula (78) below

-7:27po7int(a) :][ GV’UZ' " €5 dzr
[0,L]¢

:][ —Vu; - Vv; dx

[0,L]¢

:][ / / —Vwi(-,51) -Vw;f(.752) dsi dsg dx
[0,L]¢ Jo 0 ;

(7:8)][ / / —V'ZU7;<', 81+82) .Vw"f(~’ 81+82>dsl dSQ dx.
0,01 Jo Jo 2 ’ 2
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Next, we deduce

Fo—point(a ][ / 4sVw;(-, s Vw (+,8)dsdx
[0,L]4
= - Z / / 4s Vw;(+, s) - Vwj (-, s) dv ds
werd (zo+[0,1]4)N[0,L]¢
log, Lk
Z Z / ][ 4sVw;(+, 8) - Vwj (-, s) dr ds
1 roezd 4k=1.J[0,L)¢

/ ][ 4s Vw;(+, s) - Vwj (-, s) dx ds.
Ty J{0,L)

We may now proceed to argue just like in the case of a®VE. The required decay
estimates for the semigroup of the form

1/2
(][ |Vwi(~,T)2dac> < C(a,T,xo)T 144
{lz—z0o|<VT}

(with [|C(a, T, x0)|lexpz < C(d,\)) are now a consequence of the explicit heat
kernel representation of the solution w; (as we are now dealing with a constant-
coefficient parabolic equation), the finite range of dependence ¢ = 1 of the initial
data w;(-,0) = V - (ae;), and standard Gaussian concentration estimates (or, al-
ternatively, — though then with a less strong stretched exponential bound — the
concentration estimates of Lemma 20).

In the computation above we have used the simple fact that

][ Vw;(-, s1) ®Vw;(-,32)dx
[0,L]¢
= (e JSitse
_]{OL va<, 9 )®V ( B )daj
(o) gy (R 20
/ dp]{OL 2 >®ij(7 5 )d:cdp

™ o <*> (.5

Part 4: Convergence of the variance. Finally, we prove that the rescaled
variances L%Var a®VE, LeVar Favg(a), and LiVar Fo_point(a) and the covariances
L Cov[a®VE| Fupg(a)], L Cov[a®VE, Fo_point(a)], and L Cov[Favg(a), Fo—point(a)]
converge for L — oo. We limit ourselves to proving convergence of the rescaled
variance L*Var a®VF: the proofs for the convergence of the other variances and the
covariances are analogous. Furthermore, to simplify notation we limit ourselves to
proving convergence of the variance for L = 2™ for some n € N; the proof in the
general case is similar.
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By Lemma 12, we obtain Var a®VE < C(d, \, K)L~%|log L|¥. Using (76) and
this estimate, we deduce

1+1Og2 Ly 1+]Og2 Lk

‘Var a®VE — ];) Z Z Z COV[va Xgl/:c]
= k=0

y€2rZAN[0,L)¢ ge2kzdn[0,L)d

< C(d,\, K)|log L|€L™3/2,

Expanding the sum and using stochastic independence of many of these terms, we
may write

1+log, L
Var a®VE — E Z COV[X?I;, Xg]
k=0  ye2kzin[0,L)¢  je2kzin0,L)%:

Y= |per <CK log L-2F
1+logy Lk 1+logy L

- > > > 3 (Cov[XE, XF] 4 Cov[XE, Xk])
k=0

k=k+1 y€2FZIN[0,L)?  geokzdno,L)d:
|y—7|per <CK log L-2%

< C(d,\, K)|log L|€L=3/2,

Denote by X‘fj’Rd the quantities defined as in (71) but with w; k., and uj, . - re-
R

placed by u]ZRd and u; d, i.e. for example for k > 0 and y € 2FZ¢

4k+1

d 1 d « R%
Xt Ll /(y+[0 2k]d) ~/4k wh (os)ds ug (4 da
k+1
- id/ W (-, 4F) /4 u}"Rd(o,s) ds dx
LY Jy+i0.29) ak
1 4k+1 4k:+1 B
d
+ ﬁ/ aV uf (-,8)ds-V uj’R (-, 8)dsdux.
(y+[0,2%]) 4k 4k

Set X} = Lde’Rd. Note that COV[XE’OO,X;;“’OO] does not depend on L (by
definition of X;j’Rd). By the full-space variants of the estimates (66), (67), and (70)
(i. e. the estimates for the differences u®’ — u?i@o
the same way) and (72) as well as the equality of laws of (products of the) wu; i 4,

etc., we get for kk <1+ logy L

etc., which are derived in exactly

etc. and (products of the) U]ZR,Z@O

(79) | Cov[XE, X[ — Cov[XER" XFR')| < C(d, N K) LK.

By the definition of the X} (see (71)), the definition of the w; ks, and the sta-
7. od
tionarity of the probability distribution of a®”, the covariance Cov[X,‘fj*]Rd,X?];C o

depends only on k, l;:, y — 9, L, and the law of a®’ (but not on y for fixed y — ).
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Furthermore, by (72) we have | Cov[Xg, X}]] < CL™?4. This implies by (79)

14log, L L d B 4
Var a®™F - % (Qk > Cov]Xy™, X0 ]
k=0 ge2rzin(—L/2,L/2)%:
|§—0|<CK log L-2*
1+log, Lk 14logy Lk I d u = P 4
kR E,R E,R kR
_ E E 5 E (Cov[Xy™ , X5 ]+ Cov[ Xy, Xg 1)
k=0 k=k+1 ge2kzini—L/2,L/2)%

|§—0|<CK log L-2*

< C(d N K)log LICL72 4+ % >

1+log, L 1+4log, L
( L
k=0 k=k

d
2k> -C(d, )\, K) L™K

< C(d, M\, K)|log L|C L=34/2

for K chosen large enough. i

The fact that (by stochastic independence) we have Cov[Lng7 LiXF] =0 for
|y—0|per > C(d)2¥K log L and k > k implies together with (79) and the definition of
Xf’oo that (by selecting K large enough and by choosing L to be just small enough
for |y — | > C(d)2¥K log L to hold in case |y — 3| > C(d)K2* and otherwise — i.e.
for |y — g| < C(d)K2* — appealing to the upper bound (72))

Froo yhioo]| < __ly—9l
(80) | Cov[xE, Xk ]|_C(d,)\,K)exp( C(d,A)2k>'

As a consequence, we obtain

1+logy L
LVar o®VE — Z (2k)—d Z COV[X(’)C’OO,XS’OO]
k=0 je2k7A (

— Y S @)t YD (Cov[xg, X 4 CovlxE, xE))

k=0 k=k+1 je2kzd
< C(d,\, K)|log L|€ L~

1+4+log, L 1+log, L ‘

1+log, Lk 1+logy Lk

+ 0y @) > C(d, \, K) exp ( - %;f')
k=0 k=Fk

geakzd.
|§—0|>CK log L-2*

< C(d,\, K)|log L|€ L~

1+log, Lk 1+4logy Lk 2k d
+ Z Z (2Fy=d. (212> C(d,\, K)exp(—cK log L)
k=0 k=k

< C(d,\, K)|log L|L~4/2,
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This implies

— k,00 k,00
L%Var aRVE—Z(Zk) d Z Cov[Xy™, X5
k=0 ge2kzd
oo o0 ~ ~
=>> e > (Cov[Xg’oo,Xg’oo]+COV[X§’°°,X§’°°])‘
k=0 k=k+1 ge2kzd
< C(d,\, K)|log L|€L~4/?
1+log, Lk B
kOO o0
Y S R o
— k=24log, Lk y€2kZd

ST Covlxp, Xk,
je2kZd

+2 Z Z(Q‘“ -

k=2+log, Lk k=Fk

We now distinguish the cases § € [~ Rx2%, R;.2%]? and § ¢ [~ Ri2", Rx2%]¢ for some
Ry to be chosen. Using (80) in the latter case, we get

L%Var o®VF — Z(Zk)_d Z COV[X(’)C’OO,XS’OO]
k=0 je2kzd
-3 Z ~ > (Cov[X, °°,X§’°C]+COV[X§’°°,X§’°°])‘
k=0 k=k+ ge2kzd
< C(d, )| log L|“L~%?

1Jr10g2 Ly

Z Z (25)~

k=0  k=2+logy Lx

k,00 k,00
E Cov[Xy™, X,;™]
§E2FZAN[— R, 2%, Ry, 2%

1Jrlog2 Lk 2k d R
> > e C(d,A,K><~> exp (— %)
2k C
k=2+log, Lk
+2 Z Z(Qk)*d 3 Cov[Xg>, Xk
k=2+log, L k=k je2kZdN[— Ry 2k Ry 2%

+2 Z Z dCd)\K)(zlf)dexp(—lz]f).

k=2+log, Lk k=Fk

For k < k and R2* < Ly we have by Lemma 12 and (72)

XY X.é]

je2kzdn[— R2k R2k]d

Cov

|Var X§| ‘Var Z Xé:“

je2kzdn[—R2k, R2F)d

RQk d/2 R2k d/2
) lo

9k

< C(d, A, K)L‘Qd( ~
2k
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which entails by (79) upon choosing L'/? = R2F

k,c0 /;,OO
Cov [Xy , Z X; ]

ge2kzZdN[— R2* R2*]d

R2F\ /2
< g)(" ) fog(r2t

As a consequence, choosing Ry = Sk for S > 1 large enough we get

oo

LVar a®™VF =3 "(2F)71 3" Cov[ Xy, X5
k=0 ye2kzd
-3 Z -y (Cov[X(’;"’O,Xgm]+Cov[X§’°°,X§7°°])’
k=0 k=k+ ge2kzd
< O(d, )| log L|¢ L=4?
1+log, L R Zk d/2
_ k
> @O a1 (B ) log(re
— k=2+log, L
00 Rk
+C(d,\,K) Z exp(—?)
k=2+log, Lk

d/2
Iy Z ng —d Cd)\K)( ) | log(Ry,2")|*

k=2+log, Lk k=k

+ C(d A K)(Lg) ™ iexp (- %)

k=0
< C(d,\, K)|log L|€L~9/2
+C(d, N\, K)(Lk)~"?|log L |“

—|—C(d,)\,K)exp(— %)

+ C(d, )\, K)(Lg) " log Li|©
+ C(d, )\, K)(Lg)™®
< C(d,\, K)|log L|“L~9/2,

In total, we have shown convergence of the rescaled variance L¢Var a®VE towards

a limit independent of L with the desired rate.
The proof of the other cases is analogous.

Proof of Theorem 11. The estimate (62a) is contained in [53, Corollary 4]. In view
of the Poincaré inequality the bound (62b) is a consequence of (62a) and an estimate

on a (weighted) average of ulfad. Hence, we only need to derive a bound on

Rd 1 T
/ui (-,T)\/Td (ﬁ>dx

51
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for a suitably chosen smooth function ¢ supported in {|z| < 1}. To this aim, we
compute

[ en () e
- [ e [ [ () e
-/ u?(-ﬂT)V;wa(V%) da

o [ (e () - () )

T 1 T d
- —— V(=) -aVul dxdt
/T / vt (ﬁ)

which yields upon applying the Poincaré inequality to the second term (note that
the second factor in the integral has vanishing average) and using the bound (62a)

/u]le('aT) \/;dy;(ff) dx — /“?d("QT)\/;—Tﬂ’(\/%) dx
2T

< C(d)C(a,2T)(2T)~/?2=4* 4+ C(d, \) Cla, )t~ ¥4VT " at
T

< C(d)C(a, T)T~/?~4/4
Summing over a dyadic sequence of times 2T and using the fact that almost surely

lim [ o, TWT “(e/VT)de =0,

T—o0

we infer (62b) (upon redefining the constant C(a,T)). O

In the previous proofs, we have made use of the following elementary concentra-
tion estimate for sums of random variables with multilevel local dependence.

Lemma 12 ([41], Lemma 9). Consider a probability distribution of uniformly el-
liptic and bounded coefficient fields a on R? or a periodization of such a probabil-
ity distribution, and suppose that assumptions (A1)-(A3) respectively (A1), (A2),
(A3, )-(A3.) are satisfied. Let X = X(a) be a random variable that is approxi-
mately a sum of random variables with multilevel local dependence in the sense of
Definition 6. Then for 4 := /(v + 1) the concentration estimate

|X — E[X]||expy < C(d,, K)B|log L|*/2L~%/2
holds true.

6. FAILURE AND SUCCESS OF THE VARIANCE REDUCTION APPROACHES

We now establish our theorems on the failure and the success of the variance
reduction approaches in stochastic homogenization. We start with the counterex-
ample that shows that in general there is no guarantee that the variance reduction
techniques provide an effective reduction of the variance, even for “natural” choices
of the statistical quantity F(a) like the spatial average Fuyq(a) := f[O,Ls]d adx.
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FIGURE 5. A single tile with (second-order laminate) microstruc-
ture, as used in the proof of Theorem 4. Blue corresponds to the
regions with a(z) = A1d, red to the regions with a(x) = Id, and
violet to the regions with a(z) = p1d.

Proof of Theorem 4. Before turning to the main result of Theorem 4, the failure of
the spatial average F,.4(a) to explain a fraction of the variance of a®™VE (inequality
(23)), let us first show (22). The estimate (22) is in fact a consequence of the
estimate (43) in the proof of Theorem 2 in combination with (41) and the lower
bound for the variance of M? which is a straightforward consequence of the formula
(34) and the definition of Var a%VE|uncxp1 = (1 —|p|?)Var a%VE.

Note that the derivation of (24) from (23) requires the estimate (22) under the
assumption (A2’) instead of (A2). However, the only place where the assumption
(A2) entered in our analysis is in Proposition 7, where it was used to apply the
result of [53] on the decay of the semigroup. However, the arguments of [53] may
be modified to yield the corresponding estimate under the assumption of discrete
stationarity (A2’).

Let us now turn to the construction of our counterexample featuring the degen-
erate covariance (23). The construction is based on the following ideas:

e The approximation a®VF for the effective coefficient depends in a uniformly
continuous way on a as a map L°°([0, Le]¢; R4*?) — R4 as long as a is
uniformly elliptic and bounded.

e Consider a probability distribution of coefficient fields a for which a is al-
most surely almost everywhere a multiple of the identity matrix. If in
addition the law of a is invariant under reflections of coordinate axes and
invariant under exchange of coordinate axes (that is, invariant under diag-
onal reflections), the covariance

Cov aRVE,][ adx
[0,Le)d

is a multiple of Id ® Id. For a proof of this fact, see Lemma 13 below.

e Consider the “periodized random checkerboard” with the set of tiles T :=
{0 +[0,8)4 : 2o € eZ9N [0, Le)4}. On each tile T € T, choose at random
(and independently from the other tiles) a(z) = Id with probability 0.5

1

and a(r) = 5 Id with probability 0.5. By Proposition 5 and the preceding
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FIGURE 6. A single realization of the probability distribution of
our counterexample (with an exaggerated size of the microstruc-
ture in the tiles with microstructure). The tiles with microstruc-
ture behave almost like a homogeneous tile with an effective con-
ductivity. Note that the tiles with microstructure are oriented
randomly in order to enforce exact isotropy of the (co-)variances
Var a®VE and Cov[a®VE, f a dz].

considerations, for this probability distribution the covariance

a®VE, ][ adx
[0,Le]d

is a positive multiple of Id ® Id; in fact, one has a lower bound of the form
> L ?Ild®]Id.
We now consider a “periodized random checkerboard with microstructure”
with the set of tiles 7 := [0,e)¢ + (¢Z¢ N [0, Le)?): Fix some 7 < 1 with
1/7 € 2N. On each tile T = ¢k + [0,e)¢ € T, choose at random (and
independently from the other tiles) a,(z) = o Id with probability 0.5 (where
o > 0 is to be chosen below) and a,(x) = A, ((z — €k)/e) with probability
0.5, where A, : [0,1]2 — R?*2 is the tile described in Figure 5, rotated
and reflected at random (with equal probability for all 8 orientations and
independently on all such tiles).

The probability distribution of a satisfies the same isotropy properties
as in the case of the periodized random checkerboard. Thus, by Lemma 13

Cov
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aTRVE, ][ ardx
[0,Le]d
is a multiple of Id ® Id.

We shall argue below that for suitable o, A\, x > 0 and for 7 < 1 small

enough the covariance
alPVE, ][ ardz
[0,Le]d

is negative; in fact, one has an upper bound of the form < —L~?1d ®Id.
Linearly interpolating between a, and a — that is, considering for « € [0, 1]
the coefficient field

the covariance

Cov

Cov

ar = (1—K)a+ ka,

defined on the product probability space, i.e. for independent a, and a
— , we find a probability distribution of coefficient fields a for which the

covariance
Cov |aRVE, ][ adx
[OiLE] d

vanishes. This is possible by the continuous dependence of a and
J[[o Laeadr on a (and hence the continuous dependence on k € [0,1] in

the case of the family a, ) and by the fact that for all x € [0, 1] the covari-

ance
Cov QEXE,][ Qr e dx
[0,Le)d

is a multiple of Id ®Id (this latter property holds again by the isotropy
properties of the probability distribution and Lemma 13 below).
For any k € (0,1) the variances Var f[o Lejd O dz and Var aVE are nonde-

RVE

T, K
generate in the sense > L~%Id ® Id. For the spatial average f[o Lejd Oror dx
this non-degeneracy is an easy consequence of the formula

Var][ arpdr = (1 — k)2 Var][ adr + K? Var][ ar dr
[0,Le)d [0,Leld [0,Le]d

(which follows from the definition of a, ,, and the independence of ¢ and a)
and the fact that the latter two variances satisfy such a lower bound (note
that the spatial average of the coefficient field on a tile with microstruc-
ture A, does not equal oId). The non-degeneracy of Var aTRxE is shown
as follows: First, a new coefficient field a, . of is introduced by letting
Q7 efft = Gr ON each tile without microstructure but replacing the values
of a, , by the effective coefficient from periodic homogenization on each tile
with microstructure. Note that a, . s corresponds to a standard random
checkerboard. Denote by af"ziff the approximation for the effective coeffi-
cient associated with the coefficient field ar eq (i.e. the result of formula

(8) for the coefficient field ar . er). The nondegeneracy of Var aBVE

T LOW
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RVE > 1-d

Tokoff il o and the convergence

follows from the nondegeneracy Var a

|aRVE _ gRVE
T,K

atienl = 0 for 7 — 0 (uniformly in #, see below).

Note that a2V corresponds to a random checkerboard with tiles (ko +
(1-k))Id, ko + (1 — k) - 31d, kA, + (1 — k) Id, and KA, + (1 — &) - 1 1d,
each tile chosen with probability % (and the microscopic tiles rotated and
reflected at random). Thus the nondegeneracy of Var af}éiﬂﬁ for1<i<d
follows from the covariance estimate of Proposition 5 and the quantitative

upper bound Var f[o Leja O, eff dz < CL™¢.

To complete the proof, it only remains to establish the negativity of the covari-

ance
Cov a§VE,][ a,dx
[0,Le]4

for 7 <« 1 small enough and suitable o, u, A, as well as the convergence aE‘XE —
af_‘xiﬁ for 7 — 0, uniformly in x. The underlying idea for our choice of the tiles

in Figure 5 is that we intend to exploit the nonlinear dependence of the effective
coeflicients in periodic homogenization on the coefficient field, equipping such a tile
with an effective coefficient that is unrelated to the spatial average of the coefficient
field. Heuristically, by classical results in periodic homogenization we expect the
following to happen:

e Consider our (sub)pattern of periodic horizontal stripes of equal height
(i. e. the red-and-blue subpattern in Figure 5), in which the coefficient field
a alternatingly takes the values Id and AId. Then the (large-scale) effective
coefficient for this pattern is given by

1+ 0
2
2\ )
( 0 1+>\>

that is by the arithmetic mean in the horizontal direction and by the har-
monic mean in the vertical direction.

e Consider now the pattern of periodic vertical stripes of equal width, in
which the coefficient alternatingly takes the value pId respectively is given
by the pattern of horizontal stripes from the previous step. The effective
coefficient for this (second-order laminate) pattern is (at least in the limit
of an infinitesimally fine horizontal pattern) given by the arithmetic mean
of the effective coefficients in the vertical direction and the harmonic mean
of the effective coefficients in the horizontal direction, that is by

2p(1+X) 0
RN .

3N (1= N)VOIXZFTANFI9+20+3
IOF1)
(0,1] —, the effective coeflicient becomes a multiple of the identity matrix.

Note that the spatial average of the coefficient field on a tile is given by

Choosing p := — which is positive for any A €

+M
MTQId.
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o Consider the coefficient field a, g that is obtained from our random checker-
board with microstructure a, by replacing a, on the tiles with microstruc-
ture with the effective coefficient (HLA + £)Id. The coefficient field ar cq
is now just a usual random checkerboard; by Lemma 13 and Proposition 5,

the covariance
Cov ag\ég, ][ Gr o AT
[0,Le]d

is a positive multiple of Id ® Id, and we have a lower bound of the form
> cL~?1d®1d for the choice of A, p, and 7 to be made below. Note that
ares — and hence also the preceding covariance — is actually independent
of 7 (we just keep the 7 to emphasize that a,g is the coefficient field
obtained from a, in the homogenization limit 7 — 0). We shall prove

below that aXVF is (quantitatively) close to alX(F for 7 < 1 small enough,

which implies that
Cov aTRVE, ][ Gr o AT
[0,Le)d

is close to a positive multiple of Id ® Id (again with a lower bound of the
form > cL=¢1d ®1d).

e The average f[& Leja Or dz is an affine function of 3‘3[07 Lejd Or.eff dz: The coef-
ficient field a, g is constant on each tile and may only take the values o Id
or (1_%\ + £)Id. On the tiles on which the value of a, g is 01d, a, also
takes the constant value o Id. However, on the tiles on which a, g is given
by (1%\ + 5)1d (i.e. on the tiles on which a, features a microstructure),

the average of a, is 2“%’\“ Id. We thus have

][ e do — fmicrotiles 2u+ A+ 1 Id +Ld — fmicrotiles Id
oLage T T LA 4 Ld ?
fmicrotiles [ 2u+A+1

and

fmicrotiles A 1 L% — f microtiles

roff AT = . — | ld+————— -old
]{O,Lg]d“’ﬂ ! L Trx2) 4" L 7
f microtiles A I
=old . = —0.

M 7 S R

Choosing o such that o > H—AA + 5 but o < W — which is possible for

A > 0 small enough — , we obtain a relation of the form
][ ardr=Ald—-B Qreft AT
[0,Le]? [0, Le]d

for suitable positive constants A and B. Thus, the sign of the covariance
flips upon replacing the a, g by a, in the spatial average, i.e.

aTRVE, ][ ar dx
[0,Le]d

Cov
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must be a negative multiple of Id ® Id, with an upper bound of the form
< —cL71Id®Id.

It now only remains to prove two things: We need to show that a®VF is quan-
titatively close to a, g if we choose the width 7 of the vertical stripes and the
height 72 of the horizontal stripes in the pattern in Figure 5 small enough and we
need to establish the corresponding assertion for the interpolated coefficient field
Gr eff- As the latter result is shown similarly — though with two different micro-
scopic tiles kA, + (1 — Ii)% Id and kA, + (1 — n)% Id, depending on whether the
random checkerboard a equals Id or % Id on the tile (and correspondingly, with two
sets of homogenization correctors and two characteristic functions Xmierotite1r and

Xmicrotile2, See below for this notation) — , we only provide the proof of the latter
result.
For the remainder of the proof, we shall fix without loss of generality ¢ := 1

to avoid even more cumbersome notation. Again to avoid even more cumbersome
notation, we only give the proof in the case that all tiles with microstructure have
the same orientation as in Figure 5.

To see this quantitative closeness, we construct an approximate homogenization
corrector ¢; appr for aBVE. To this aim, let ¢; . be the homogenization corrector
associated with the coefficient field a, g, that is let ¢; og solve

-V (ar,eﬂ(ei + V¢i,eﬁ)) =0

on [0, L]? with periodic boundary conditions. We now intend to build the approx-
imate homogenization corrector ¢; appr for aPVE by a nested two-scale expansion,
using the homogenization correctors for the periodic laminate microstructures.

By Meyer’s estimate, there exists p > 2 with
(81) ][ (Vi |” dv < C(d, N).
[0,L]2

Furthermore, a, g is constant on each tile k + [0,1)2, which implies on each tile
T = k+[0,1)? (with k € Z?) for each € T by regularity theory for constant
coefficient equations

1/2
C
V2ot ()] < ——— ][ ei + Vier|* dy
| @)l dist(z, 0T) {\y—z|§dist(z,8T)/2}‘ |
o 1/2
82 < 5 i.e 2d .
(82) ~ dist(x, 0T +d/2 <][T l€i + Vien| y)

Let ps denote a standard mollifier. The LP estimate and the estimate on VQ(ZSZ"EH
imply (for notational convenience we extend ¢; g by periodicity)

(83) ]{ ] ’v¢i7eff - V(p5 * ¢i,eﬂ)‘(p+2)/2 dx S cée
0,L]2

for some « > 0 (for a proof of this estimate, split the domain into a neighborhood
of size 6/% of the tile boundaries T, on which one uses the Holder inequality and
the LP bound on V¢, ¢ in (81), and the interior {z € T : dist(x,0T) > §'/5},
where one applies the regularity estimate (82)).

Let ¢; 5 denote the 2-periodic homogenization corrector for the coefficient field
ap(z,y) associated with the pattern of horizontal stripes in Figure 5 (i.e. let
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ap(z,y) = an(y) take alternatingly on intervals of length 1 the values Id and AId).
Note that ¢; 5, = 0 and that ¢}, is explicitly given by

1 Yy 1
Son(z,y) = / i
f e 4o ez - an(w,j)es

We shall frequently use the uniform bound on the gradient |V¢; | < C derived
easily from this formula.

Let ¢; ,, denote the 2-periodic homogenization corrector associated with the pat-
tern of vertical stripes of width 1, in which the coefficient field a,(z,y) = a,(2)
alternatingly takes the values pId and

)
0 X

Note that we have ¢5, = 0 and that ¢, , is given explicitly by

1 ¥ 1
¢1, (I,y) / ~ dz — x.
’ by etz 4 Jo e @@ y)en

We shall again frequently use the uniform bound on the gradient |V¢; | < C.
We define the vector potential for the flux correction oy, j51, skew-symmetric in
its last two indices, as o212 := 0 and

Yy
(84) Oh,112 = / (an(9) — anem)er - €1 dy.
0

Note that with this definition oy, ;5 satisfies V - op; = ap(e; + Vi p) — apeei, as
one checks by a case-by-case analysis.

Similarly, we define o sk, skew-symmetric in its last two indices, as 0,121 := 0
and

(85) 0y,221 '= / (ay(Z) — av,cff)eg - e dT
0

which then satisfies V - 0, ; = ay(e; + Vi ») — ay eme;.

Let us denote the indicator function of the tiles with microstructure by Xmicrotite
(i.e. Xmicrotile is 1 on all tiles k + [0,1)? C [0, L)¢ with microstructure and 0 on
the other tiles). Similarly, we denote by Xumicrostripe the indicator functions of
all vertical stripes that according to Figure 5 contain a micropattern of horizontal
stripes. We then build our approximate correctors as

d)i,appr,l = Py * ¢i,cﬁ + (p'rél * Xmicrotile) 2(61] + aj (p50 * ¢i,cff)) <p61'r * T¢j,v (;))
J

and

¢i7appr,2 = ¢i,appr,1 + (p‘r252 * vaicrostripe) Z(ak¢i,appr,1 + 6ik)7-2¢k,h (ﬁ) .
k
We observe that ¢; appr,1 satisfies the estimate

(86)

C Cr
<|({—4+ ; 1).
- (min{1,51} * do >(p260 * Ve +1)
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We also have the bound
C
. [ — .
(87) Vi appr,2| < {1, 05} (IV@iappr,| +1)

crr Oor Cr® Or
O+ ==+ S+ — + = | (260 % [Viert| + 1)
do 03 5 01

Furthermore, if we are at least 761 away from the tile boundaries and the boundaries
of the vertical stripes (note that ps,r * Vo;,(-/7) is then equal to V¢, ,(-/7) as
the latter quantity is constant in each stripe; note also that then p;s, * Xmicrotite 1S
locally constant = 0 or = 1 and that we have a uniform bound on V¢, ), we have

by (82) on each tile T =k +[0,1)2, k € Z? N[0, L),
(88) €; + V(bi,appr,l - Z(ej + Xmicrotilev¢j,v('/T))((Sij + aj(bi,eﬂ")

J

C 1/2
< —— . o2 .
= dist(-, 0T)? (][T lei + Vi et dx) (50 + 7-)

If we are at least 701 away from the tile boundaries and the boundaries of the vertical
stripes and at least 7205 away from the boundary of the horizontal stripes, we get
(note that ps,,2 * Vg 5 (-/7%) is then equal to Vey, ,(-/72) as the latter quantity is
constant in each small horizontal stripe; note also that then p 25, * Xnmicrostripe 1S
locally constant = 0 or = 1 and that we have a uniform bound on V¢y p)

e + vd)i,appr,Q

- Z(ek + vaicrostripev¢k,h('/7—2)) Z (6]'16 + Xmicrotileak(bj,v('/T)) (52_] + 8j¢i,eﬁ)

k J

e; + V(ybi,appr,l - Z(ej + Xmicrotilev¢j,v('/T))(éij + aj¢i,eﬁ)

J

c 1/2
+ CT2|V2¢i7apPT71| + W <]€ |€i + V¢iveﬁ|2 d:p> (60 + 7')

e ¢ 2 Yz 2 73
S <A ' | N
= dist(-,07)?2 <]{F le; + Vi e dx) (50 +7+7°+ 50)

Using the fact that by Meyers inequality we have for some p = p(A\) > 2

][ ‘ei + v¢i,eff|p dSC S C(da )‘)7
[0,L]?

(88)
< C

we obtain by choosing dg, 01, and d2 as appropriate powers of 7 and using (87)

]{O,Le]d

e; + V¢i,appr,2 - Z(ek + vaicrostripevd)k,h('/72))
k

2
X Z (5]]6 + Xmicrotileak¢j,v(’/7)) (51] + aj¢i,cff) dx
J
(89)
< C(d, )"

for some n > 0.
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Having bounded the error in the gradient, we next estimate the error in the flux.
In an analogous fashion to the definition of a, g as the effective coefficient from
periodic homogenization on each tile, we define a, vesr as equal to a, g = ar on
the tiles without microstructure and equal to the effective coefficient from periodic
homogenization on each vertical stripe of width 7 on each tile with microstructure.
Recalling the definitions (84) and (85), we may rewrite the error in the flux in a
pointwise way as

ar Z(ek + X1)microstripev¢k,h('/7-2)) Z (5jk + Xmicrotileak¢j,v('/7)) (61] + aj¢i,eff)

k J
- a'r,eﬁ(ei + V¢i,eff)

= Z (a‘f' Z(ek + vaicrostripevﬁbk,h('/7’2)) — aT,veffek>
J

k
X (5jk + Xmicrotileak¢j,v('/7)) (574] + aj¢i,eff)

+ Z Qr veff (ej + Xmicrotilevd)j,v('/T)) - aT,eﬁej) (62']' + aj¢i,eff)
J
(90)
= Xwvmicrostripe Z(v . (T2Uh,k('/7—2))) Z (6jkt + Xmicrotileak¢j7v('/7—)) (51] + 8j¢i,eff)
k J
+ Xmicrotile Z(V ' (To'v,j('/T)))((Sij + 8j¢i,eff)'
J

Thus, having choosen &y, d1, and d2 as suitable powers of 7, we obtain by (89),
(82), and (81)

][ ar (ei + V¢i,appr,2) dx _][ a'r,eff(ei + V(bi,eff) dx
[0,L]? [0,L]?

< C(d, )T

It now only remains to show that Ve; appr,2 is a good approximation for V¢;. To
do so, we consider the difference ¢; — @; appr,2 and observe that it satisfies the PDE

-V (a;(Vo; — V¢i,appr,2))

=V (ar(ei + Vi appr,2))

=V - (ar(€i + Vdiappr,2) — arefi(€i + Vi et)).
We now replace the divergence-form right-hand side using (89)

-V (aT(sti - v¢i,appr,2) =V.yg

+V- <a~,— Z(ek + vaicrostripev¢k,h('/7_2))
k

X (6% + XemicrotiteOrdj.v(-/7)) (615 + 0 bi ef)

J
- a'r,cff(ei + vd)i,cﬁ))

for some ¢ with f[o )2 lg|> < C7" (recall that §; and § have been chosen as a
suitable small powers of 7 and recall also the uniform L? bound for V¢; g in (81)).
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This expression in turn may be rewritten by (83) and (90) for any S > 0 small
enough as

—V - (a:(Vo; = Vi appr2))

=V. g +V. <(p71+3 * Xvmicrostripe Z T Oh,k /T )))
k

X Z (6jk + pri+s * Xmic7'otileak¢j,v('/7-))(5ij + prs * 6j¢i,eff)
J
+ (e Xoerort) S+ (705N By + 5 D) ).
J
for some § with f[o L2 |g|> < CrdettalB),
Using the skew-symmetry of o, ; and oy, ;, we obtain

—V- (aT(V¢i — v¢i,appr72))
=V -q

+ Z (T%onk(-/7%)))
-V Z Prit+s * vaicrostm'pe) (5jk + prits * Xmicrotileak¢j,v('/7)) (6Zj + prs * 8j¢i,eff)

+ Z 7_01; .7 /T))) v((pTﬁ * Xmicrotile)((sij + PrB * 8j¢i,eff))~

Usmg again the skew-symmetry of o, ; and oy, ;, we get

— V- (ar(Voi = Vi appr,2))
V.

-V (ZTQO-”J’“('/T2) -V Z(p71+5 * vaicrostripe)
k J

X (5jk + Pri+s * Xmicrotileak¢j,1)('/7)) (5’Lj + PrB * 6j¢i,eff))

-V (Z 700, (-/T)V ((prs * Xmicrotite) (8ij + prs * 5’j¢i,eﬂ))>-
J

Choosing § > 0 small enough, we finally end up with
-V (G’T(V(bl - V(bi,appr,Z)) =V- ﬁ

with f[o L) |g]?> < C77 for some 7 > 0. A standard energy estimate now implies

][[\ i |v¢l - v¢i,appr,2|2 dz < CTﬂ.
0,L

O

Lemma 13. Consider a probability distribution of coefficient fields a subject to
the conditions (A1), (A2), and (A3,)-(A3.). Suppose in addition that a is almost
surely almost everywhere a multiple of the identity matriz. If in addition the law
of a is invariant under reflections of coordinate azes (i. e. maps of the form x —
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(1., —X4y-..,xq)) and invariant under exchange of coordinate azes (i. e. maps
of the form « — (21,...,%i—1,Zj,Tit1,. -, Tj—1,Ti, Tj41,...,24)), the covariance

Cov aRVE,][ adx
[0,Le]d

Proof. For such a probability distribution of coefficient fields a, the spatial average
f[o Led a dz is almost surely a multiple of the identity matrix, which entails that

Cov |a®VE, ][ adx
[0,Le]d
for some B €

The matrix B must also be a multiple of the identity matrix: Under reflec-
tion of the i-th coordinate, by the corrector equation (3) and the fact that a is
pointwise a multiple of the identity matrix we have that the i-th corrector for
the reflected coefficient field a(z) = a(xy,...,—x;,...,24) is given by (251(:5) =
—¢i(21,...,—xi,...,24). Thus, the off-diagonal entries of a®VF which are given by
(for i # 7, using also that a(x) = ascqlar () Id)

aRVEei c €5 2][ Cl(ei + V¢1) * €5 dz :][ a'scalar(x)(ej : V)gbl(x) dx
[0,Le]d [0,Le]d

is a multiple of Id ® Id.

=B®Id

Rdxd

switch sign under such reflections, while the average )C[oA Leja @ dx remains invariant.
As our probability distribution is invariant under reflections, the off-diagonal entries
of B must be zero. Similarly, as our probability distribution is invariant under
exchange of coordinates, all diagonal entries of B must coincide; therefore the
covariance must be a multiple of Id ® Id. (I

We now turn to the proof of our theorem on successful variance reduction for
random coefficient fields that are obtained by applying a “monotone” functions to
a collection of iid random variables.

Proof of Proposition 5. Without loss of generality (by rescaling), we may consider
the case ¢ = 1.

Given any ¢ € R? the L-periodic correctors associated with two L-periodic
coefficient fields a and a are given as the solutions to the PDEs

(91) —V - (aVg) = V - (af)
and
~V - (@Ve ") = V- (af).
Define ¢£’(1_s)a+sa as the L-periodic solution to
(92) ~V - (1= s)a+sa) Ve '™ = V- (1 - s)a + sa)).
Setting

aRVE’S§ 3 ::][ ((1 — s)a + sd)(f + V¢§a(1—s)a+s&) SEdx
[0,L]4
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we then obtain

d RvE.s
F PN
d —s)a+sa
:@[ (1= 8)a + 53) (€ + Ve O97%) g4y
[0,L]¢

(92) d ~ L,(1—s)a+sa L,(1-s)a+sa
= = (1= s)a+sa)(§ + Vo )- (€4 Vo, ) dx

ds [O,L]d

= ]{ o @ DEFTE I (€4 VOO d
07 d
d —s)a+sa —s)a+sa
—|—2][ ((1 —s)a+s&)V—¢£’(1 Jat -(ﬁ—l—VqSEL’(l Jat ) dz
[0,L]d ds

(92) ]{0 L]d(d —a)(E+ V¢§,(175)a+s&) e+ V(bgL,(ks)aﬂa) .

Given two coefficient fields a and a with a —a > 0, we therefore have the estimate

(93) aRVE,ag X 5 _ a/RVE,&g . 5

1 ~ -
2/ ]{ ]d(afa><g+v¢§’“—s>a+sa> €+ Vo) dr ds,
o Jo,L

We now would like to derive a lower bound for the term on the right-hand side. We
have by (91) and (92)

-V ((1=s)a+ sa)(v¢6L»(1—s)a+sa _ v¢£,a)) _ V- (s(a—a)E+ Vd)g’a)).

Testing this PDE by the solution (note that (1 — s)a 4 sa is A-uniformly elliptic)
yields

][ /\|v¢£,a B v¢§,(l—(s)a+sd|2 da
[0,L]¢

Sof | (@ aer Vopn) (Tl - Vol as
0,

and therefore by Young’s inequality (note that the matrix a — @ is symmetric and
by (A1) bounded by 1 in the natural matrix norm)

a —s)a+sa 32 ~ a a
[ wete-vept ot Gl i vor o vora
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In particular, we obtain by (93) (and the analogous version of the previous estimate
for d)é’a instead of (bgL’a) and a > a

RVE,af . f _ RVE,&f f

X /2 L,a L,a
2 [ 5], B Ve €+ Top s
—2f - a(Tol = VLI (9oL = VgL dads
[0,L]¢
/ » 2][0 @ DNEF VLT (€4 Vol de
][ (CL _ a)(V(ZSg a vq,)L ,(1— s)a+sa) . (v¢ V¢L ,(1— s)a+sa) dr ds
[0,z]a
A2/2 2
> /0 <; - 2;) ]{0 L]d(a —a)(+ ngé’a) €+ V¢5L’a) dx ds

' 1_2<1—s>2> . .
+/1_)\2/2 (2 24 ]{O,L]d(a a)(§+v¢g ) (£+V¢§ )dl’ds
/\2
> (a—a)(E+ Vo) - (E+ Ve da
[0,L]¢
)\2

gt (@=a)E+ Ve (€4 Vo) da
[0,L]¢

This entails

RVEas ¢ RVEap ) _ e cd
(a®Bog £ — aPVPR ) (ﬁu]dag can—f acs x)

A2 —_a)e. - Lay La
=y (]{OL]d(a a)é fd:r> ]{M]d(a a)(§+ Vo) - (E+ Vo) dx
22 o B . g

+ ] (‘7{0,L]d(a a)¢ €d$> ]{(LL]d(a a)(§ + VQS& ) (E+ ij)g )dz

The estimate (95) from Lemma 14 implies

Cov aRVEg . 57 a/g . gdm]
[o,L]4
)\2
> 7L7dE (a(F) — a(A ~k1“))€ 5 dx
10 kEZd%[:o L)d \/]{O,L]d ’ kT ‘
.2
)\2
> 7R L—d\/ (a—a(Ay 5, 1))E- €| dx
10 kez%,md /[O,L]d | kI |
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2

) [ )t I+ Vb

where in the last step we have used the Holder inequality and the fact that a(z,T") —
a(z, Ay 7, T') is only nonzero for |z — k| < K.
By our assumption (25) we infer

Cov [aRVEﬁ . f,][ ak - & dm]
[0,L]4

2 2
> %L‘d]E [L‘d(2K)‘d/2 / v]é+ Ve dx}
[0,L]¢
A2 2
> L7 2K)" R [][ £+ v(;sg’“ dx }
16 [0,L]¢

> )\—2L_d(2K)_du2|§\2.
=16

To conclude our proof, by

Cov[a™¥¢ - §, F(a)]
V/Var aRVE¢ - €, /Var F(a)

PaRVEE.£, F(a) =

it suffices to bound Var a®VE¢ . ¢ and Var F(a) by C(d,\, K)L=4¢2. A corre-
sponding bound for Var a®VE¢ . ¢ is provided e.g. by the methods of Gloria and
Otto [53]. To estimate Var F(a), we simply apply (96), which yields

Var F(a)

% > = K]{M( T) = a(@, Ay D) - € ‘”) }

kezZ4n[o,L)

1 Z E[|§|2L72d(2K)2d]
kez4n(o,L)4

(2K)*!¢PL~.

IA IN
N =

IN

]

In the previous proof, we have used the following standard estimate for covari-
ances of nonlinear functions of a finite number of independent random variables.

Lemma 14. Let f : [0,1]Y — R, g : [0,1]Y — R be two functions that are
monotonous with respect to each of their arguments. Let X; : Q@ — [0,1], 1 <i < N,
and Y; : @ = [0,1], 1 <14 < N, be 2N independent identically distributed random
variables. Define

ho(X, 2, y) =

|f(X1?"'7X7l—17x7XTL+15""XN)_f(le"'aXn—laanTH-lw'wXN)‘
X |g(X13"'7Xn717ann+1,~"7XN) _g(Xh"'7Xn717y7Xn+17"';XN)|



THE CHOICE OF REPRESENTATIVE VOLUMES FOR RANDOM MATERIALS 67

and
H,(X,z,y) =
1
§|f(X1,...,Xn_l,m,XnH,...,XN) — (X1, X1,y X1 - X))

1
=+ §|g(X17"'7XTL—1)$7XTL+1V"7XN) _g(X17"'7X7L—1ay7Xn+17" '7XN)|2'

Then
1 2
(94) Cov[f(X),g(X)] = 5 3" E[v/h(X, X0, 0|
n=1
and by Jensen’s inequality
1 al 2
(95) Corlf(X): 0] 2 58 E[ 3 VAKX V)
n=1
Furthermore, we have
1
n=1

Proof. The proof proceeds similarly to the proof of the standard form of this lemma
which provides the weaker assertion Cov[f(X), g(X)] > 0; see for example [66, page
24] or [23, Lemma 2.1].

We have by the identity of laws of (Xi,...,Xp—1,Yn,Y1,...,Yh1,X,) and
(X1,...,Xn,Y1,...,Y,) (which allows us to swap X,, and Y, in the expectations
below)

E[f(X1, .., Xno1, Xy Xn)g(Ve, o Yooy, X XN)]
_ %E[(f(xl,...,Xn,l,Xn,XnH,...,XN) — F(X o X1, Yo, X1 X))
X (90V1, o Yty Xy Xt X6) = 9(Vis o Yo 1, Yo X1, X)) |
FE[f( X1, Xy Xogty - Xn)g(YV, o Yo, X1, -, X))
By the independence of the X; and the Y;, we infer
E[f(X1,.. . Xn-1, Xns - Xn)g(Ver o Yoty X, oo X))
1
_ QJEU[M]M @ X Xyt s Xo) = £, Yo Xat, o Xn) AP, o ()
X /[0 o 9, Xy X1, -, XN) = 90, Yo, Xogt, -+, XN) APy, v ) (Y)
FE[F(X1 o, Xy X1 Xn)9(YVas oy Yoy X1, X))

As both f and g are increasing functions in each of their arguments, the integrands
in this formula are either nonnegative (for X,, > Y,,) or nonpositive (for X,, <Y,,).
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Thus, we have
E[f(Xla s 7X7L—17X7L7 s aXN)g(Yh' e 7Y7’L—17X7’L7' e aXN)}

(97)

1

= 2E{[ ] L |f($7X7l?X’ﬂ+17' .. 7XN) - f('r7Yn7X’rL+17 R 7XN)‘ dP(Xl,.‘.,anl)('/E)
0,1]™

X \/[' i |g(y7XnaX'rL+17"'7XN) _g(yvynaXn+17"'7XN)|dP(Y1,.‘.7Y,,L,1)(y)
0,1]"—

+E[f(Xla-~-aX'ran-‘rla"'vXN)g(Yh"'7Y7L5Xn+17"'7XN)]
and therefore by Holder’s inequality
[ . antha'"aXN)g(Yh"'?Ynthna'--;XNﬂ

(X1
1
5 {\/|f X, X1, X, X1y XN) — F(X0, oy X1, Yo, X1y, X))

2

X \/|g(X17'"7Xn—1;Xn7Xn+1a-"aXN) 7g(X17'"7Xn—1;Yn7Xn+la~"7XN)|

+E|:f(X1;-~-aXn7Xn+la"'7XN)9(Y17-"7YnaXn+17"~7XN)]-

Taking the sum of these formulas for n =1,..., N, we infer
2
E[£(X) ZE[\/ (X, X, V)| +E[f(X)g(¥)],

which establishes the desired lower bound (94) for the covariance.
To obtain (96), we apply Young’s inequality and subsequently Jensen’s inequality
0 (97), which yields

]E[f(Xh"'7Xn717Xna"'7XN)g(Y17~~~7Yn717Xn7~~';XN)}

1_[1
S 2]E|:2/[ | 1|f(m7X’n7X’rL+17"'7XN)_f(xaynan+17“‘7XN>|2dP(X1 ..... Xn_l)(x>
0,1]»—

1

+2/[ net |g(ann7Xn+17-~-aXN)_g(yaYn7Xn+17-~-3XN)|2dIP(Y1 ..... Yn,l)(y)
0,1]n—

+E|:f(Xla"'7Xn7Xn+1a"'7XN)g(Y17'"aYn7Xn+17--~7XN):|-
This is equivalent to
]E[f(Xl, anlaXn;~~~7XN)g(Y17~~~7Yn717Xna~~'aXN)}

1
< = 5 { IF(X1, e X, Xy Xt - XN) — F( X1y, X1, Yo, X1y, Xv) 2

- §|g(X1,...,Xn,l,Xn,XnH,...,XN) —9(X1, . X1, Yo, Xy -, X))
+E|:f(X1,---’Xn7Xn+1’-~-7XN)g(Y17~--aYn;Xn+17---7XN)]'
Taking the sum with respect to n entails

E[f(X) 121& (X, X, V)] + E[f(X)g(¥)]

l\J

which establishes the upper bound (96) for the covariance. g
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APPENDIX A. GAUSSIAN PROPAGATION BOUNDS FOR PARABOLIC PDESs

We now collect some elementary energy and propagation estimates for second-
order linear parabolic equations. By a nongrowing weak solution u to the equation
Oyu = V-(aVu) with initial data u(-,0) = g, we understand a function u € L? (R%x

[0,00)) with Vu € L? (R? x [0,00)) satisfying the usual weak formulation of the

loc

PDE with test functions in CZ, (R? x [0,00)) and additionally the estimate

T
sup/ ][ |u|? dx dt < oo
r20.Jo J{jz1<ry

for any T' > 0. Note that for initial data u(-,0) = V - b for some vector field
b € L®(R?%RY), the initial data is incorporated into the weak formulation in a
weak form, i.e. as

—/ / udyndx dt = — b-Vndx+/ / aVu - Vndxdt.
0 JRrd Rd 0o Jrd

Many of our computations in the next sections will be formal, but can be justified
by the appropriate standard approximation arguments. Note also that the esti-
mates which we shall prove ensure the existence of such nongrowing weak solutions
for merely b € L>®°(R?; R?), as they ensure that one may construct a solution by
constructing solutions with the initial data b truncated outside of some large ball
{]z| < R} (in which case the standard existence theorems apply) and then passing
to the limit R — oc.

Lemma 15. Let a be a uniformly elliptic and bounded coefficient field on R%. For
r >0 and M > 5d, define the coefficient field

() = {a(sc) for |z < Mr,

Id otherwise.

Consider the unique nongrowing weak solutions u; and u;»p to the equations

d
P V- (aVu,),

u;(+,0) =V - (ae;),

and

%Uz',r,M =V. (ar,MVUi,T,NI)7
i (+0) =V - (ar 1)

Then we have

CMd/2 M?2p2
(98) ][ |ui(-,t)—ui’,~,M(-,t)|2dx < exp (—c " )
{|z|<2dr} ¢ t

for any t < 16M?r? and

1612
(99) / ][ |V, — V| dedt < % exp(—cM?).
o J{zi<dr} r
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Proof. For an arbitrary function ¢ € L%(R%) supported in {|z| < 2dr} and any
T € [0,16M?r?], consider the solutions vy and vy - a7 to the dual equations

d .
Ve = V- (a"Vuy),

Uw("T> = 1.

and

— g Ve =V (ag Vg ),
vy (5 T) = 9.
We then have

/ (w; — W) (5, T d
Rd

= [ 0000 0) = a0 s 0)
R

Td
+/ 7/ Ui Vepy — Ui M Usp,r, M dz dt
ot Ja

= —/ ae; - Vug(+,0) — ar are; - Voy rp(,0)dz + 0
Rd

<C [Voy (- 0)| + [Voy,ra (-, 0)| de

{lz|> 4}

e / V(0 (-, 0) — vyt (-, 0))] dt
{lz|<2Lr}

1/2
L=

2d
= </{|x|>%} (Mr> (IV2u (O F + Vv (- 0)F) dl’) (Mr)?/?

1/2
+C (/ IV (v (-, 0) = vy 2z (-, 0))]? dx) (Mr)4/2,
{lz|<Ar)

The penultimate term may be estimated by Lemma 17 (applied to the backward-
in-time equations for vy and vy, and breaking up the “initial” condition
into pieces supported on scale VT if necessary), resulting in the bound (note that
2dr < Mr)

/ (w; — Wi ) (-, T de
Rd

2| \** |z — @o|?
<C ) VT e e
- Z (/“TZAQ/IT} (MT' \/> eXp( CT )

zo€ 2VTZIN{|z|<2dr}

1/2
x C(d, \) |o(2)*dz - T~ " dx) (Mr)/?
{lz—z0|<VT}

1/2
+C (/ [V (vy(+,0) = vw,r,M(~,0))|2dfv> (Mr)"/?
{l=z|<&fr}
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and therefore by VT < 4Mr

/ (s — 11 rnr) (s T
Rd

AMrd M?72 1z
< C(—”) x eXp(— - )T‘1/2</|¢|2dx) x (Mr)4/?
1

VT CcT

/2
(100) +C </{| . IV (vy(+,0) — Uw,r,M(wO))FdﬂC) (Mr)?/2.

An estimate for the last term on the right-hand side of (100) can be obtained as
follows: Observe that

d * * *
*%(w —vyrm) =V (a"V(vy —vyrm)) + V- ((@° = ag ) Vogr ),

(vy = vy rm) (-, T) = 0.
We rewrite (vy — vy ra)(+,0) as (vy — vyrn) (-, 0) = fOT we(+, 0) dt with wy, being
the solution to the equation

d
—%wto =V - (a"Vwy,),

wiy (-, t0) = V- ((a” = ag p)Voy r (- t0))-
Considering the estimate (103) centered at xg (instead of 0) and integrating over

the set {|zo| < %r} and applying it to the backward-in-time equation for wy,, we
obtain using also the condition ¢y < T < CM?r?

/{I ‘<M }|th0(',0)|2 dl’
TS
3 |z — xo?

< cl g [ J 1@ = s Vosaila) - 65 exo ( m) dr dy
{lzo|<ALr} 0

_ 2
<c g | [ @ e (— '”“C') dr dy
{lwol< 2 r} J{l2|>0r} Cto

B M2T2 T 2

Lemma 17 (applied to vy, ar) implies by breaking up the “initial” condition 1 into
contributions supported on balls of size /T — tg

C
/Ivvw,r,M(fﬂ)\zdéﬂéT ; / Y|? da.
R4 — 10 JRd

Combining the previous two estimates, we deduce

M22
/ Vg (- 0)P de < C(d, Ntg 2 exp | — L) (1 — tg) ! / () ? d
(el <A} 2Cto
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Taking the square root and integrating with respect to tg, this entails

1/2
( / V(g — vyrar)? dx)
{lz|< &L r}
T M22 1/2
<o [ -w e (2L o ([lowra)
0 0

T1/2 1 M2r2 /2
SC(d,)\)(W—FTl/Q)eXp( )(/w |2dx> .

Using T < CM?r? and plugging in this bound into (100), we get by M > 5d

/R (o~ i) T
sc(d,w—wexp( Moy 2) ( / |w|2dx) (Mr)4/2.

Passing to the supremum over all ¢ supported in {|z| < 2dr} with [ |¢|?dz < 1,
we deduce our bound (98).

Now choose a cutoff n with n = 1 in {|z| < dr} and n = 0 outside of {|z| < 2dr}.
For any t < 1672 , we obtain by testing the equation for the difference u; — u; » as
with ( — Us,r, M 2

2t
/ /2)\|V (w; — i )| dadt

/{| oy TG0 O

2t
w0 [ [190Pl0) = warlc 0P o i
S/ ‘ i(' t) ulTM( )|2d$
{|z|<2dr}

2t
+C/ / wi(,t) = wipar (- 1) da di.
{|I\<2dr} r?

Using our bound (98) and ¢ < 1672, we get

2t /2 2.2
. M M
/ ][ IV (wi — wi )| dodi < C’(d,)\)c exp <—c ! >
|| <dr} t t

Taking the sum over all ¢ = 2* for 2¢ < T', we deduce our desired estimate (99). O

Lemma 16. Let a € L= (R% RY*) be a uniformly elliptic and bounded coefficient
field in the sense of (A1). Let b € L>=(R%R?) be a bounded vector field. Then the
unique nongrowing weak solution w to the equation

d
7= V- (aVw),

w(a )ZVb»
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satisfies for any T > 0 the estimate

ooy (f L wRas)
< O(d, )\)Tl/2</|b(x)2 - T~%2 exp ( Ef';) dx)1/2.

Furthermore, we have the bounds

(102) ]{Wl} V/Olw(~,t) dt

and

(103) (J[{mgﬁ} |Vw(-,T)|? d:c> v

||2 1/2
< C(d, )T </|b 2T dﬂexp( CT)d) .

2
dz < C(d, N)||bl[7~

73

Proof. Let T > 0 and let ¢ € L*(R?) be a function supported in {|z| < VT}.

Introducing the solution v to the dual (backward-in-time) equation

—%v =V (a"Vv),
U(~,T) =9

we see that we have

/w(vT)g dz

/b Vo(-,0)dx +

T
d
t/wvd:cdt

d
/—an - Vv +Vw-a*"Vudzdt

/
z—/b-Vv(~,O)dx+/0

——/b-Vv(~,O)dx

Introducing

we obtain

w(-, T)gde < Ib(ﬂv)\zﬁdﬂc - [Vo(-,0)]*O7 (") da 1/2-
(z)

Lemma 17 (applied to v, which solves a parabolic PDE backward in time) provides

the estimate

/|Vv 0)202(-) dz < C(d, )T /\g|2dx



74 JULIAN FISCHER

Inserting this estimate in the previous inequality and passing to the supremum over
all g € L? supported in {|z| < VT} with f{leﬁ} lg|? do < 1, we get

. penpar) <o e )
{lel<VT} .

This establishes the estimate (101).
To prove the estimate (102), we first observe that we have

v. (aV/Olw(~,t) dt+b> —w(-1).

Testing this PDE with n? fol w(-,t) dt where 7 is a standard cutoff with n = 1 in
{]z| <1} and n = 0 outside of {|z| < 2}, we obtain

/772

< [ ClnP b + ot + vaP)

2

1
V/ w(-,t)dt| dx
0

2
+ Clnl?|w(-, 1)|* dz

/01 w( ) dt

1
< /Cln\2|b|2+0(n2+lvn\2)/ Vitlw(-, t)[?dt + Clnl*|lw(-, 1)|? da.
0

The estimate (101) entails

1/2
(][ lw(-,T)|? dm) < CtY2|)b|| poe -
{lo|<Vi}

The previous two estimates yield (102).
Finally, to prove (103), we first deduce from (101)

1/2
@ummﬁmm@wmwﬁ

|z — a0|? 1/2
< O(d, A)TW(/ b(z)|? - T~ % exp <— CT°> dx> .

Splitting the function w(-,T/2) into pieces each supported on a ball of size /T /2 —
that is, splitting w(-,7/2) = Y, mw(-,T/2) with a partition of unity 7; subordinate
to the set of balls {|z —zo| < \/T/2}, zo € 4/T/2Z% — and applying Lemma 17 to
the solutions of the parabolic equation with initial data mw(-,7/2) for all I (note
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that w is equal to the sum of all of these solutions), we obtain

1/2
<][ |Vw(-,T)|2dx>
{lel<\/T72}

1/2
|o? ) ][ 2 —1/2
< exp < — w(-,T/2)|* dx T
2 cT/2 {\z—ms\/wz}' L 172)

zo€L+/T/227

2
< Z T—a/2 exp < _ gng/2>

zo€L+/T/224
2 1/2
2 T-d/2 |1’ — x|
</|b )= - exp( o7 dx .

A straightforward estimate then entails (103) (with a different constant C). O

Lemma 17. Let a € L= (R%; R¥*9) be a uniformly elliptic and bounded coefficient
field in the sense of (A1) and let T > 0. Let g € L*(R%) be a function supported in
{|z| < VT}. Then there exists C = C(d,\) > 0 such that the unique nongrowing
weak solution w to the equation

—w =V - (aVw),
w(,O) =9,

satisfies the estimate

1 |z|? 1/2 1/2
[V (-, T)[? exp () da < C(d, \) <][ |g2dx> T-1/2,
</Rd vT' AT {lal<VT)

Proof. As

satisfies
d ver jz/? ?
(104) 567 + Cm on 4C,,, (T +1)2 +Cm‘40m(T+t)’ or <0,
we have for C; > C(d, \)
£/|w\2@1T dz
/ |w] @T + 20} aVw - Vw + 2aVw - wV O dx

< —)\/@1T|Vw|2 dx.

This provides the bound

(105) / /|Vw|2®1szdt§C/|g\2dz.
0
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We now would like to show (basically) Vw € CY([3T, 3T7; L%?) for some v > 0
(5

3T
2
and some m. To this aim, we abbreviate O7, := O (-, ?)

and compute

t+h
/|w(',t+h)fw(~,t)|2®%tdx://t %w(~,s)ds(w(~,t+h)—w(',t))@q"{tdz:
t+h
—/@%t/ aVwds - V(w(-,t+h) —w(-,t))dz

t+h
- /(w(~,t+h) —w(-,t))/ aVwds - VO, dx
¢

Applying the Holder inequality to the first term and Young’s inequality (and ab-
sorption) to the second term, we get

(106)
/|w S h) — w(t)Pem,d
t+h 2 1/2 , 1/2
SC(/@%t / aVwds dm) (/ T Vw(-t+h) = Vw(-, t)| dm)
t+h 2|lvem,
—I—C'/‘/ aVwds -
@Tt

t+h 9 1/2
< Cf(/ 7 Vw]? dsdx) </@%t|Vw(~,t+h) - Vu(-,1)] dx)
ver,|”
+Ch// |[Vw| ——dx.
9Tt

Choosing a weight ©2. with slower growth than in (105) — for example, setting
Cy := 4C, — , we may ensure that % < £0L(1) and ©%(-,t) < OL(,1)
for any t,t € [0, %] As a consequence, we may find for any h < TTo a suitable

t € [0, ] with

th 2 | T15|2 h % 211
/ /|Vw| OF +T——"— dmdtSC—/ /\Vw| O dx dt,
eTt T 0

/@%,t(|Vw(-,t+h)l2+IVw(-,t)|2) dz < %/ /|Vw|2@1dedt.
0

d

Plugging in these bounds in the previous estimate and using (105), we obtain for
this ¢

) [l n) - utopede o <o+ g ) [l



THE CHOICE OF REPRESENTATIVE VOLUMES FOR RANDOM MATERIALS 77
Abbreviating Apw(-,t) := w(-,t + h) — w(-,t), we compute for C,, > C(d, \)

d m
(108) $/|Ahw\26T dx
:/2@$Ahw - Ahw+\Ahw|2 o du

d
= / —20TaVALw - VApw — 2A,w aVApw - VO 4+ |Ahw|2%@$ dx
(104) 5
—A/@wAhvm d.
Combining this with the existence of ¢ € [0, ] for which the bound (107) holds,
this entails for any h < L 10

/T /@%‘AthFdxdtSC%/|g|2dﬂc.

We intend to plug back this estimate into (106). First, for any h € [0, ] we infer

» 10
the existence of ¢ € | which in addition to the bound

5’3]

t+h ) |v Tt|2 h % -
/ /‘V | (9 o2 )dwdtﬁc/ /|Vw| Or dx dt
OT. T Jo
satisfies
/@%tlﬁhvw O’ de < —/ /@%\Ahva da dt.
lugging these three estimates and (105) back into (106), we obtain for some ¢ €
[Z,Z] the improved bound

p3/2
(109) /|w(-,t+h)—w(.,t)‘2® da:<C<T3/2 T2>/|g|2dac

y (108) we obtain for any & € [0, ]

2 2 h3/? 2
/Z /@T‘Ath’ dxdtSCW/m dx.
In other words, Vw belongs to the Nikolskii space on the time interval [ , 2T with

order of dlﬁerentlablllty , integrability 2, and values in L@ (R4); furthermore
T,2T

the Nikolskii seminorm is subject to a bound of the order % Ik lg|? dw. By the
embedding theorem for Nikolskii spaces, we deduce

sup [ O (- 20) [Vl o) do
te[T/3,2T)

2T
<C /@%(~,2T)|vw|2dxdt
T/3

2T —h
+CT18/? Sup][ /@%(-,2T)|h’3/4Ath|2dxdt
hel0,7)/T/3

(105)
< % / lg|? da.
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This establishes our lemma. O

APPENDIX B. CALCULUS FOR RANDOM VARIABLES WITH STRETCHED
EXPONENTIAL MOMENTS

On the space of random variables X with stretched exponential moments in the

sense
X\
E <2
[exp ( c <

for some v > 0 and some C > 0, it is convenient to work with the norm

1 1/
[ X lexpr = SUp 7 SE[lx P

For v > 1, this norm is equivalent to the Luxemburg norm associated with the
convex function exp(z?) — 1. However, it has two advantages: First, it simplifies
calculus when considering the integrability of products of random variables or the
concentration properties of independent random variables. Secondly and more im-
portantly, it is also a well-defined norm for v € (0, 1), a parameter range which we
shall employ heavily.

Lemma 18. Let v > 0. Consider a random variable X on some probability space.
Define the quasinorm

X
|| X ||exp,quasi := inf {s >0: E{exp ('J)} < 2}.

Then we have || X||expr,quasi < 00 if and only if || X||lexpr < 00 and there exist
constants c(7y), C(7) such that the estimate

X lexpr < [1X fexp,quasi < CNIX fexp
is satisfied.
Proof. The function
fq(z) == z% exp(—2x)
satisfies f/(x) = (¢ — )29 ' exp(—z) and attains its maximal value
sup fq(z) = q* exp(—q)
x>0

at = g. Applying the resulting estimate z¢ < q9 exp(x) to z := | X |7/|| X ||,
we deduce

exp”,quasi

[|X|7q] < qq| |X| |exp’Y,quabl

By definition we have Elexp(|X|?/[| X]]
the p-th root, we obtain for any p > 1

1/
]E[‘le] ? S C(’Y)pl/’\/”XHexp‘f,quasb

This proves || X||expr < C(V)|| X ||exp,quasi-
To establish the reverse inequality, observe that for z € [q,q + 1) we have
1¢=%/2 > qie~(4+1)/2 This entails for all z > 0

exp(z/2) <\[+Z\[

[exp(|X["/]1XIe;

exp” ,qua51)]

eXpﬂquuSI)] < 2. Setting p := g and taking

/\f)
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and therefore for any b > 0 (by setting z = | X|7/b7)
(1X]

[meMV<f+ZfWWf)

As a consequence, we obtain

’YQ)q’Y/’Y | |X‘ |exp’Y

wmwwm<¢4z T

Setting b := a||X||exp, We get

T o) ’y Ve C(y)a”
E[exp(|X|7/207) <\/+q§:1 Vet = T

Choosing a := C(v) large enough, we deduce

E[exp (uﬁ;w)] =%

which entails ||X‘ |exp’Y,quasi < 0(7) | |X| |GXI—“’Y : -

Lemma 19 (Calculus for random variables with stretched exponential moments).
Let X, Y be random variables with stretched exponential moments in the sense
|| X||expr < 00 and ||Y||exps < 00 for some ~y, 5 > 0.

a) The product XY has stretched exponential moments with exponent « given
by é = % + % and satisfies the bound
[IXY [[expe < C(B, M X fexpr [[Y [lexps -

b) There exists constants ¢ = c(y) > 0, C = C(y) < oo, with the following
property: For any K > 0, we have the estimate

P[|X] > K[| X |lexpr] < Cexp(—cK7).

Proof. For the first assertion, we estimate for any p > 1 by Hdélder’s inequality

1 1 1
1/7+1/B 1/v+1/6

< 21”*”ﬁllX\lexmIIYII

[|XY|p]1/p [|Xy‘p}1/P [\X|2p]1/2p]E[\Y\2p]1/2p

exph -

This establishes the first assertion.
For the second assertion, we estimate for any p > 1 and any K > 0

E e (i) )]

P||X| > K[| X exp?,quasi S expTanast S? —K7).

(1] 2 KX o cquns] Tk exp(—K7)
Using the fact that ||X||expr,quasi < C(7)||X||expr, the second assertion follows
upon redefining K. O

For independent random variables with stretched exponential moments, a stan-
dard argument via an inequality by Burkholder [29] provides a simple concentration
estimate.



80 JULIAN FISCHER

Lemma 20. Let Xy,..., X be independent random variables with vanishing ex-
pectation and uniformly bounded stretched exponential moments

|| Xom[expro < b

for some v > 0 and some b > 0. Then the sum

M
Xi=> Xn
m=1
has uniformly bounded stretched exponential moments
||X|‘Cxp:V < C(’YO) vV Mb
for 7 :=90/(70+1).

Proof. The discrete-time stochastic process

m
m=1

is a square-integrable martingale. An estimate by Burkholder [29, Theorem 3.2] —
applied for “timestep” m := M — yields for any k € N

™ M kq1/2k
B[P < 028 ]| 3 1P| |
m=1

This entails

1/2k 1 1/2k
(10) B[PV < 0oV (57 3 Bl )

and therefore

M 1/2k
2k711/2k 1 2k 2k
B[] 5 € 20V (7 S0 ORI )
< OV M (2k)H1/0p,
We infer
(2k) o E|X 1Y < oV
for any k£ € N which by Holder’s inequality entails
p~ P TE[X [P < Cly0) VD
for any p > 1. O
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