EXISTENCE OF NONNEGATIVE SOLUTIONS TO STOCHASTIC
THIN-FILM EQUATIONS

JULIAN FISCHER AND GUNTHER GRUN

ABSTRACT. We construct martingale solutions to stochastic thin-film equations by intro-
ducing a (spatial) semi-discretization and establishing convergence. The discrete scheme
allows for variants of the energy and entropy estimates in the continuous setting as long
as the discrete energy does not exceed certain threshold values depending on the spatial
grid size h. Using a stopping time argument to prolongate high-energy paths constant
in time, arbitrary moments of coupled energy/entropy functionals can be controlled.
Having established Holder regularity of approximate solutions, the convergence proof is
then based on compactness arguments — in particular on Jakubowski’s generalization
of Skorokhod’s theorem — weak convergence methods, and recent tools on martingale
convergence.

1. INTRODUCTION

For fluids consisting of just a small number of molecules, the validity range of models from
fluid mechanics may be enhanced by incorporating thermal fluctuations into the model.

In the case of a thin liquid film with a thickness corresponding to just around 10'-103
molecule layers, classical models of continuum mechanics do not always give a precise
description of thin-film evolution: While morphologies of film dewetting can be captured
by thin-film models (see [1]), discrepancies arise with respect to time-scales of dewetting.
To put it concisely, certain effects, which accelerate film rupture at its very onset, seem
not to be included in these models. Based on physical considerations, thermal fluctuations
may have a strong influence during the first stage of rupture of very thin films — cf. [44].
This fact motivated Mecke, Rauscher, and the second author [34] to formally derive a
stochastic thin-film equation which reads

du = — div <m(u)V(Au — W'(u)))dt + div (v/m(u)dS) (1.1)

and which is considered on rectangular spatial domains subjected to periodic boundary
conditions. Parallel in time, Davidovitch, Moro, and Stone [15] presented a different
derivation under the perspective of investigating the influence of fluctuations on droplet
spreading. In both cases, a no-slip boundary condition has been assumed at the liquid-
solid interface, leading to a degeneracy m(u) = u®. Numerical simulations in [34] indicate
that thermal noise is indeed capable to overcome the aforementioned discrepancies with
respect to time-scales of dewetting.

In (1.1), u corresponds to the height of the thin liquid film, m(u) is the thickness-
dependent mobility function which depends on the flow condition at the liquid-solid inter-
face. The effective interface potential WW(u) reflects the effect of (attractive and repulsive)
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interaction forces between liquid and substrate molecules, and dS denotes vector-valued
white noise.

In the present work, we study the existence of nonnegative solutions in the one-dimensional
case. We focus on a mobility m(u) = u?, which — with a grain of salt — corresponds
to a Navier slip condition at the liquid- sohd interface (cf. [46]). For the potential
W, a prototypical example compatible with our assumption (H2) below is given by
W(u) = u® —u? + 1. This potential stands for disjoining and conjoining van der
Waals interactions between fluid and solid based on 6-12-Lennard-Jones pair potentials.

In Remark 3.3, we will show that space-time white noise is not compatible with finiteness
of the physical energies encountered in thin-film flow — hence rendering the mathematical
analysis of the stochastic thin-film equation infeasible due to the strong nonlinearities in
the equation.

Therefore, we will consider @-Wiener processes. Denoting the eigenfunctions of the Lapla-
cian on the spatial domain O = (0, L) subjected to periodic boundary conditions by g,
¢ € N, introducing a sequence of independent Brownian motions (f;)een as well as a
sequence (Ag)gen of nonnegative real numbers that converges to zero sufficiently fast, we
assume that the noise is of the form

dW = " \gedpy. (1.2)

(=1

It is well-known, see e.g. [48], that the increments of W = %" Asg,5¢ come along with
Gaussian laws

Po(W(t)— W(s) ™ = N(O,(t—5)Q) WO<s<t<T
where the self-adjoined operator @) is defined by
Qe = N, g for all £ € N. (1.3)

Examples of such covariance operators () — and hence, examples of such noise — are
provided by Hilbert-Schmidt operators of the form

Q) (x) = / oy — ) f(y)dy (1.4)

with nonnegative, symmetric, L-periodic and sufficiently smooth kernels ¢: Following the
results of Blomker [9], such operators share the system of orthonormal eigenfunctions with
the Laplacian.

Recall that the decay of the eigenvalues is related to the smoothness of ¢q. Choosing
g compactly supported, we infer from Theorem 3.3 in [9] that the correlation of the
(physical) noise £(t, z) := 0, is given by

E (&t 2)€(s,y)) = 0(t — s)q(x — y)

where 0(+) denotes the Dirac d-distribution. In this spirit, the size of the support of ¢ gives
twice the correlation length of the noise. Assuming a finite interaction length, (-Wiener
processes seem to be a reasonable ansatz from a physical point of view, too.

Altogether, in our setting the stochastic thin-film equation reads

du = — (m(u) (Upe = W'(u)),)_dt + Z ev/m(u)ge) dbe (1.5)
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F1GURE 1. A thin liquid film consisting only of a limited number of fluid molecules

on O x [0,00) subjected to periodic boundary conditions.

The main result of the present contribution is the existence of a weak martingale solution
to the stochastic thin-film equation (1.5), see Definition 3.1 and Theorem 3.2 below. For
properly chosen initial data, the solution turns out to be positive on O x [0, 7] almost
surely. The assumptions on the probabilistic setting, on initial data and the effective
interface potential YW will be made precise in Section 2, see (H1)-(H4).

For the deterministic thin-film equation
u = — div(m(u)VAu) (1.6)

and its variants, in the last decades an extensive mathematical theory has been developed.
Despite the lack of comparison principles, it allows for globally nonnegative solutions. The
first result on existence and nonnegativity of weak solutions in the case of one spatial di-
mension is due to Bernis and Friedman [5]. More refined results — addressing in particular
positivity properties and the regularity of solutions at d[u(-,t) > 0] — were obtained in [2]
and [6]. Without further conditions, weak solutions to the thin-film equation are in gen-
eral non-unique, at least for initial data with compact support. Wellposedness might hold
true if another condition at the free boundary o{u(-,¢) > 0} is imposed in addition to the
natural condition u = 0. Physical considerations suggest to prescribe the contact angle
(or equivalently, |Vul|) at the free boundary. In the case of complete wetting |[Vu| = 0, this
boundary condition may be enforced implicitly by additional regularity constraints on the
solution, so-called entropy estimates [2, 6]. In the case of partial wetting |Vu| = a > 0,
enforcing the contact angle condition for weak solutions is significantly more complicated,
see [8, 45, 47].

Equation (1.6) has been studied in multiple space dimensions, too. Results on existence
and nonnegativity of entropy solutions can be found in [13] and [33] — see also [18] and
[29] for basic results on fourth-order degenerate parabolic equations.

For local-in-time results on existence and uniqueness, we refer to [23, 25, 26, 27, 28, 40, 43].

There is a rich qualitative theory of solutions to the thin-film equation: Finite speed of
propagation of solutions and upper bounds on the propagation of free boundaries have
been established in space dimension d = 1 in [3, 4] and in [38]. Results in multiple
space dimensions were obtained in [7, 31, 30]. The large-time behavior of solutions to the
Cauchy problem has been analyzed in the case m(u) = w in [12]. Waiting time phenomena
were studied in [14, 24]. Rigorous lower bounds on the propagation of the free boundary
and sufficient conditions for instantaneous forward motion of the free boundary — based

on the discovery of certain monotonicity formulas for the thin-film equation — have been
deduced in [20, 21, 19].



4 JULIAN FISCHER AND GUNTHER GRUN

Quite recently, much progress has been made in the analysis of nonlinear parabolic sto-
chastic partial differential equations. Debussche, Hofmanova, and Vovelle study quasi-
linear degenerate second order parabolic stochastic partial differential equations in [16],
Hofmanova, Roger, and von Renesse prove the existence of weak solutions for stochastic
mean curvature flow of two-dimensional graphs [36], and Breit, Feireisl, and Hofmanova
identify incompressible limits of solutions to stochastic compressible Navier-Stokes equa-
tions [10]. These papers take advantage of novel approaches to construct martingale
solutions introduced in [11] and in [37].

The general strategy for the proof of our existence result is to combine these probabilistic
techniques with methods used in the numerical analysis of thin-film equations (cf. [35, 32].
The latter are based on discrete versions of some integral estimates for the thin-film
equation — the energy estimate and the entropy estimate.

The energy E[u] of a thin liquid film is given by the sum of the surface energies associated
with the interfaces between liquid and ambient fluid/vacuum and between liquid and solid.
In lubrication approximation, the former is given by [, /1 + [u,[?dz = [, 1+ 3|u,|* dx
— the latter by [, o W(u)dz. One may subtract the constant I o Ldz, resulting in the
expression

Elul ::/O%|um|2+W(u)dx. (1.7)

A second integral expression useful for analysis and numerics of thin-film equations is the
so called mathematical entropy

Slul ::/OG(u)dx (1.8)

Glu) = /1 /1 mtr) dr ds.

Especially in our setting, we get

with its density given by

Slu] :/ —logu +u — 1dz.
(@]

A formal application of Ito’s lemma yields for solutions to the stochastic thin-film equation

(1.5)

1 T
E/ Lol + W(w) do
o2

- _E/OT/OW(U)!(UM — W (u)),|? dx dt
+%Z)‘§ E/OT/OK\/WW)Mdedt

leN

+%Z)\2E/ /OW"(u)|(\/m(u)gg)x|2d:vdt

(eN 0
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and
T

E /O G dr|
_ _IE/OT/O(um—W’(u))um de di

+%ZA?E/OT/OU2|(\/Wge)$I2d:cdt

leN

T
=& [ [l + W @] dr
0 (@]

pynE [ [t P

leN

Recalling the relation m(u) = u?, we therefore obtain for the weighted sum E[u] + xS[u]
for k large enough

T T
EE[u] + K]ES[U]‘ < —E/ / g|um|2 + ﬁW"(u)|ux|2 + m(u)|(uge — V\/’(u))x|2 dz dt
0 (@)

+%Z)\§E/O /C)W"(u)|(\/m(u)gg)m|2dmdt

LeEN
1 T
$5 X NE [ [ (gl dedt
teN o Jo
T
+§ZA§E/ /u_2|(\/m(u)gg)m|2dxdt.
teN 0 JO

Further estimates and an application of the Gronwall lemma then yield a suitable energy-
entropy estimate which in particular gives a uniform bound of the form

IE{ sup Efu] 4+ sup S[u]}

te[0,T te[0,T
T T 5

+E/ /|um|2dxdt+]E/ /u2|(um—W’(u))I| der dt 1L9)
0 O 0 (@]

T
+E / / w P2 do dt
o Jo

S C(p7 T7 uO) <0

We emphasize that this estimate is a special case of a much more general result on formal
integral estimates for stochastic thin-film equations obtained by N. Dirr and the second
author (see [17]).

Let us give the outline of the paper. In Section 2, we formulate a semi-discrete scheme for
the stochastic thin-film equation. Aiming at discrete counterparts of the formal integral
estimate (1.9), the mobility m(u) = u? is discretized following ideas from numerical analy-
sis. In Section 3, our result on existence and positivity, Theorem 3.2, is stated. Sections 4
and 5 are devoted to its proof.

In Lemma 4.1, we show that a bound on the discretization-adapted energy Ej[v]| (which
is a slight modification of E[v], see (4.1)) for a function v € X, entails a strictly positive
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lower bound on v, uniformly with respect to h. Based on this observation, solutions u", p”
to our semidiscrete scheme (2.1) are constructed in Lemma 4.2 by reducing the problem
to a classical existence result for SDEs. In Proposition 4.4, we derive uniform estimates
on the combined energy-entropy functional R(t) := Ejp[u(t)] + &Su[u”(t)] as well as on

its dissipation, the most important terms of which are fOTm” Joo My (u")|pl|? da dt and

fOTm” Jo |Apu"?dzdt where p" is an appropriate discretization of the pressure —ug, +
W (u). The derivation of these bounds makes use of Ito’s formula and a subtle discreti-
sation of the degenerate mobility m(u) = u? which is inspired by numerical analysis (cf.
[35], [32]). Based on the Burkholder-Davis-Gundy inequality, we also obtain estimates on
stochastic moments of the pathwise supremum sup,¢(o7,,..; F2(t) of the combined energy-
entropy functional. Starting from these uniform energy-entropy estimates, in Lemma 4.11
we obtain uniform estimates on the solution u" in an appropriately chosen Hélder space.
The passage to the limit A — 0 is based on tightness results for height, pressure, and flux of
the thin film in appropriate function spaces. Jakubowski’s generalization of Skorokhod’s
theorem to non-metric spaces [39] and recent strategies on martingale convergence (cf.
[10, 11, 16, 37]) turn out to be crucial tools to succeed. Convergence in the deterministic
terms follows by classical arguments of pde-theory.

Notation. Throughout the paper, we use standard notation for Sobolev spaces and
from stochastic analysis. The spatial domain O is given by the interval (0, L), and we
abbreviate I := [0, T]. The notation aAb stands for the minimum of a and b, and Lo(X,Y)
denotes the set of Hilbert-Schmidt operators from X to Y. For values of v, € (0,1),
C7=7t (O x [0, T]) denotes the space of continuous functions on O x [0, T| which are Holder-
continuous with exponent 7y, (respectively ;) with respect to space (respectively time).
In particular, the exponent v will exclusively be used for Holder properties related to the
martingale solution for the stochastic thin film equation. For a stopping time 7', we write
X to denote the (w-dependent) characteristic function of the time interval [0,7]. The
abbreviation (v)e is used for the mean value of a function v over a domain O.

Further notation related to the discretization will be introduced in Section 2.

2. PRELIMINARIES ON THE DISCRETISATION

In this section, we will introduce a semi-discrete scheme which will serve to obtain spatially
discrete approximate solutions to the stochastic thin-film equation. Existence of those
approximate solutions will be established in Section 4 applying a stopping time argument
to solutions of an appropriate system of ordinary stochastic differential equations.

e Given an integer fraction h of a real number L > 0, by X} we denote the space of
periodic linear finite elements, i.e. the space of periodic continuous functions on
[0, L] that are linear on each of the intervals [0, k], [h,2R], ..., [L — h, L].

e By ¢;, we denote the function in X}, that equals 1 at x = ih and that vanishes for
all other x = kh, k # 1.

e Let Cp, ([0, L]) be the space of periodic continuous functions on [0, L]. By Z,, :
Cper ([0, L]) — X}, we denote the nodal interpolation operator uniquely defined by
(Zy)(ih) := 4(ih) for all i € {1,--- , Ly} where L, := Lh™! is the dimension of
Xp.
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e On the Hilbert space X}, we introduce the scalar product
Ly
(@", ") =Y he"(ih)y"(ih)
i=1

and the corresponding norm

Ly, 1/2
191 = (Z h|¢h<z'h>\2> .
i=1

Note that the norm || - ||, is equivalent to the L?*(O)-norm on X, uniformly in
h. With a slight misuse of notation, we will frequently abbreviate (Z¢, 1y,);, for
functions ¢ € Cper ([0, L]) and ¢y, € X, by (¢, ¥ ).

e By 9" and 9", we denote the forward and backward difference quotient, respec-
tively, i.e. 0F"f(z) := h=*(f(x + h) — f(x)) (with f extended outside of [0, L] by

periodicity).
e The discrete Laplacian A,v" of a function v* € X, is defined by the variational
formulation
(Apv", ")y = —/ ot tde W € X,
o
We note the identity Apv" = 9F"(9,u).
e Sometimes, we abbreviate v; := v(ih) for functions v € C°(O) and i = 1,..., Ly,.

Now we are in the position to formulate the general assumptions on the data.

(H1) The mobility is given by m(u) = u?.

(H2) The effective interface potential W(u) has continuous second order derivatives on
R* and satisfies for some p > 2 and u > 0 the following estimates with appropriate
positive constants.

cu P — ey < W' (u) < Cru P2,
W(u) > Cu?.

For non-positive u, we define W(u) := +o0.
(H3) Let A be a probability measure on H,,.(O) equipped with the Borel o-algebra
which is supported on the subset of strictly positive functions such that there is a

positive constant C' with the property that

-1
eSSSUD, cqupp A {E[Ihv] + (/ vdx) + (/ vda:) } <C
o o

for any h > 0 with E[-] as defined in (1.7).
(H4) Let (2, F, (Fi)t>0,P) be a stochastic basis with a complete, right-continuous fil-
tration such that
— W is a Q-Wiener process on 2 adapted to (F;)i>o which admits a decompo-
sition of the form W = "7, Argef, for a sequence of independent standard
Brownian motions 3, and nonnegative real numbers (\y)en,
— the noise W is colored in the sense that >_,° ¢*A\? < oo,
— there exists a Fyp-measurable random variable u, such that A =P o uy L

We refer to Remark 3.3 for a discussion why we do not expect existence results under the
assumption of space-time white noise.
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Let us define our scheme for approximation. On a stochastic basis satisfying (H4), given
a positive time 7,4, and introducing E,qz 5 = %h_(p_Q)/ (p+2), we consider solutions

u" € L2(Q§ C ([0, Trnaz); Xn)),
ph S L2<Q, LOO<<07 Tmax>; Xh))

to the system of stochastic differential equations

(u™(T),¢")n =(uo, ") (2.1a)
TAT,
—/ / ]\/[h(uh)p];QﬁZ dx dt
0 O
Nn  »TAT,
— ; /0 /O A god! de d, Vo' € X,
(0" " = xa, / didhde +xn, VW), V' e X, (21b)
O

where x7, = xr,(t) is an abbreviation for the characteristic function of the time interval
[0, 7},] and where T}, is the stopping time defined by T}, := Tae A inf{t > 0 : E,[u(t)] >
Eraxp}. Here, N, € N is a cutoff for the noise for the purpose of discretization, subject
only to the condition N}, — oo for h — 0. Furthermore, M;(u") is a suitable modification
of the pointwise mobility m(u"), see below.

Discrete initial data are computed by the formula u2(w) := Zj,ug(w). We note the following
result which can be established in a standard way.

Lemma 2.1. Let (u”,p") be a solution of (2.1). Then,
(uh(t,w))o =1 (uM(t,w), 1), =1 (uf(w), 1), = (ug(w))o vt >0, (2.2)

1/2
W06~ (ool < 1 ( [ tun))P) 23
@
where (v),, denotes the mean value of a function v over O.

The discrete mobility Mj,(u") is defined as follows: Choose o := 1h%®*2 and consider
the shifted mobility m,(u) := m(max(co,u)). Then, for an element v" € X, the discrete
mobility My (v") is given as the elementwise constant function defined by

) e (ul) if of = ofys
My (v"™) | i = vl - +
O (g )t £ -

Related to the discrete mobility Mj(-), we introduce the nonnegative discrete entropy

density
s o 1
Gh(s) = = drd 2.5
= s drdy (2.5)

and similarly gn(s) := G),(s). For further reference, we note the identity

/OMh(uh)pgﬁz (Zngn(u")) dox = /Opguﬁ dx (2.6)

which is commonly referred to as entropy consistency of the discrete mobility, cf. [35] and
[49]. Moreover, observe that

My (") n Gin) = ) - wyy (2.7)
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2
if min(ul, ul,,) > o = Lhrt2,

3. MAIN RESULTS

Definition 3.1. Let A be a probability measure on H, (O). We will call a triple

N ~ - ~ - per
(% F, (Fi)>0,P),a, W) a weak martingale solution to the stochastic thin-film equation
(1.5) with initial data A on the time interval [0,T] provided

i) (NQ,]:", (F =0, P) is a stochastic basis with a complete, right-continuous filtration,
ii) W satisfies (H4) with respect to (Q, F, (Fi)izo0, P),
i) @ € L2 L*((0,T); H3,(0))) N L2 C/4O x [0,T])) with v € (0,1/2) is

positive I@’-almosg surely,

iv) there exists an Fo-measurable H)

ver(O)-valued random variable @y such that A =

Poig?, and the equation

[atvode = [ wpir+ [ [ mi@p (. - w@)s. i
- i by /O/O Vm(@)ged, dx dfy

holds P-almost surely for allt € [0,T] and all ¢ € H}..(0).

We are going to establish the existence of a weak martingale solution via approximation
by solutions to the semi-discrete scheme (2.1).

Theorem 3.2. Let the assumptions (H1)-(H4) be satisfied and let T > 0 be given.
Assume u", ph (where h — 0) to be a sequence of solutions to the Faedo-Galerkin scheme
(2.1) for the stochastic thin-film equation (1.5) with Epqgp = $h™ =2/ Let 0 < vy <
1/2 be given.

Then there exist a stochastic basis (Q,]:", (]:"t)tzo,@) as well as processes ", p", and
u e L*(Q; L*([0,T); H,,,(0))) such that the following holds: The processes u", p" have

the same law as the processes u™, p" and for a subsequence we P-almost surely have the con-
vergence i — @ strongly in CVV/4(O x [0, Tyas)) and /My (@")pl — —i ((Gze — W'(1Q)),
weakly in L*(O x [0, Tynaz]). Furthermore, @ is a weak martingale solution to the stochastic
thin-film equation in the sense of Definition 3.1 satisfying the additional bound

E| sup Elal’

te[omiaz]

+E {/OT/Om(a)|(am—W’(a))ml2dxdt < C(ug, P, Traa)

for any p > 1. In particular, o is positive P-almost surely.

Remark 3.3. Note that the regularization of the noise (see hypothesis (H4)) is actually
necessary: Due to the strong nonlinearity in the leading-order term in the thin-film equa-
tion (1.1) with m(u) = u", even for W = 0 any weak formulation of the thin-film equation
involves either terms like the Dirichlet energy density |Vul|? or even higher derivatives.
Therefore, without any control of the Dirichlet energy of solutions, establishing a weak
formulation of the thin-film equation seems to be impossible.
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Howewver, in the case of space-time white noise dS, even for linearized model equations, the
finiteness of the Dirichlet energy fails: Considering the one-dimensional model equation

du = —A*udt + V - dS (3.2)

with white noise dS on (0,2m) subjected to periodic boundary conditions, we may refor-
mulate it as

du = —Ugppdl + ; (% sin(éx))xdﬂgz + ; <% cos(ﬁa:))xdﬁgul

for a sequence of independent standard Brownian motions (B¢)een. For the “excitation”

of the mode sin({x)/\/7, we infer

1
d/ — sin({x)u(x,t) dz
(O,27r)ﬁ (trjulz,?)

1 1
= —64/ — sin({x)u(z,t) dedt — E/ ~sin?(4z) dx dﬁ%“.
02m) VT (ot (02m) T (6z)

Solving this stochastic differential equation and computing the variance shows that at time

T := 1, the probability distribution of the excitation of the mode sin(¢x)//7 is a Gaussian
with vanishing expectation and standard deviation

- ( /( . % sin(£z)u(z, £ dx) N %

As the excitations of the different modes are stochastically independent, even at the level of
the linear fourth-order model equation (3.2) forced by the spatial derivative of space-time
white noise, one may not expect finiteness of the Dirichlet energy.

4. A PRIORI ESTIMATES

4.1. Discretization of the energy and entropy functionals. To establish a discrete
counterpart of the combined energy-entropy estimate, we introduce discretization-adapted
variants of the energy Flu| and of the entropy Sfu]. We set

Eulv] ::/O%Muzh[ww)] dz (41)
and
Sh[v] Z:/C)Ih[Gh(’l))] dzx. (42)

A bound on the energy Fj[v] entails a lower bound on the thickness of the thin film as
well as on its oscillation.

Lemma 4.1. Let u" € X, be strictly positive. We then have the estimate

~1
sup (u")"' < C <][ u” da:> + CEy[u"]? =2, (4.3)
€O @
If in addition the bounds
p=2
Eylu") < h7rt2 (4.4)

and
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hold, we have the estimates

2
minu” > ch2+p (4.6)
zeO
and h( )
u"(th
— 7 | < 4.
uh((i + 1)h) ‘ ¢ (47)

forallt=1,--- L.

Proof. To establish (4.3), we estimate

[ty ae = o [ @i < oo ( [ o pdx)m ([ 1 |2da:) :

1/2
<2C(p (hz p) Eu[uMY? < CEy[uM

(where in the last step we have used Hypothesis (H2)), which implies
sup (u") < C inf (u")~! + C By @2
re

z€O
-1
<C (][ u' dx) + CEp[uM?®=2),
@

Having established (4.3), (4.6) is an easy consequence of the assumption (4.4). To see
(4.7), we use the embedding

[u" (2) — u"(y)]

— y[1/?

sup < Cllugll 120y < C(Bn[u")"?

z,yeO |$

to compute

u(ih) 1‘ _ letG@h) —ut((i+ DR _ CRPVE _

CE) Wi+ Dh) T e T

O

4.2. Existence of solutions for the semidiscrete scheme. Let us now show that our
Faedo-Galerkin scheme (2.1) admits a solution.

Lemma 4.2. Let Ty, be a positive real number and Epgen = %h_(p_Q)/(p”). Then

there exist a stopping time T}, and stochastic processes u € L*(Q; C([0, Thnazl; X1)), p* €
L2(Q; L°°((0, Trnaz); Xn)) with the following properties:
o Almost surely, we have T}, = Tyax A inf{t € [0,00) : Ep[u"(-,t)] > Emazn}-
o Almost surely, the process p* solves (2.1b) for t < Tpee and is contained in
C([0, Th); Xh)-
o Almost surely, the process u" solves (2.1a) for t < Ty, and is constant for t €
(Th, Trnaz) (and thus solves (2.1a) for t < Tz

Proof. The proof proceeds by reducing the assertion to a standard existence result for
SDEs. For given 4" (t) € X}, consider the associated p"(t) defined through

(5", &) = / ahghdz + (W (@), ") v € X, (48)
O
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First notice that p p "(t) (as an element of the finite-dimensional vector space X3 ) is uniquely
determined by @"(t). Moreover, it is a Lipschitz continuous function of 4" () € X, as long
as we have E},[0"(t)] < 3E,q0. (as the latter condition implies a positive lower bound for
@"(t) and therefore differentiability of W’ at @"*(z,t)). Denote by P[a"(¢)] the function
ph(t) associated to 4"(t) via (4.8).

Let 6 : R — [0, 1] be a cutoff with 6(s) =1 for s < E, 4., and 6(s) = 0 for s > 2E,,44 p.
Note that Ej[a"(t)] is a Lipschitz continuous function of @"(t) € X}, as long as we have
Eh[ﬁh(tﬂ S 2Emax,h-

We then solve the SDE
1
du”(t,ih) = — Ee (Ep[u / My (u"(t, 2))Plu ()] (el do dt (4.9)

1
_EeEh Z)\z/ (t, 2)ge(e])z da dfy

with initial data u”(0,ih) = Tyu(ih), i = 1, - Lh This is possible as for Ej,[u”(t)] <
2 Eyaz.n (Which implies a positive lower bound on u”(t)) the coefficients of the SDE depend
in a Lipschitz-continuous way on u"(t) and for Ej[u"(t)] > 2Fe.n the coefficients are
Z€ro.

Now, define T}, as T, == Tynar A inf{t € [0, Thaz] : En[u(-,1)] > Epazn} and modify u”(t)
to be constant for ¢ € [T}, Tnas]. Finally, we define p™(t) by (2.1b). We then see that for
this choice, the assertions of the lemma are satisfied. O

4.3. The energy and entropy estimates. We now demonstrate that our spatial semi-
discretization preserves the combined energy-entropy estimate as long as the energy re-
mains below a critical threshold. As before, we choose E,4z.5 = %h‘“"w (#+2) to be the
threshold energy. In particular, it becomes infinite in the limit h — 0.

Writing u”(x,t) = S5 a,(t)es(x), we first note that (2.1a) may be rewritten as

Np
1
da; = ELZ-(S) ds + ; Zi(Mege)dBy, (4.10)
where we have introduced
Li(s) == —xm,(s / My (u"(8))pa( )(ef)x dx (4.11)
and Z; : L*(O) — R defined by
1 o0
w) = XT3, ;/@ ((ge;w) 20y ge) €l da. (4.12)

For given positive parameters o and x, we consider the integral quantity
Rla, K, h, s) == o+ Ey[u"(s)] + kS,[u"(s)]. (4.13)
The following result of calculus is immediate:

Lemma 4.3. Let p > 1 be given. Let R(s) := R(a, Kk, h,s)P. The first and the second
variation of R(s) are given by

DR(s) = pR(s)" " H(DE}(s) + kDSy(s)) (4.14)
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and
D*R(s) =pR(s)""(D*Ey(s) + £D*Sx(s))
+9(p — 1)R(5)P"2(DE(s) + kDSy(s)) @ (DEy(s) + kDSp(s)), (4.15)

respectively, with

DEy(h)¢" = /O ul ¢ de + W' (u"), o™\, (4.16)
(D2Ey (5)6 )0 = / Bt di -+ OV ()", "), (4.17)
DSu(s)¢" = (gn(u"), "), (4.18)

where gy, is the deriative of Gy, and

(D2S(s)0",4") = (

1 h
Y )h. (4.19)

Using Ito’s formula, we derive the following integral estimates.

Proposition 4.4. Let p > 1 be arbitrary and let u", p"* be a solution to (2.1a) and (2.1b)
for a parameter 0 < h < 1. Then, for sufficiently large a and k depending only on (Ag)e
and on p, there exist positive constants Cy and Cs independent of h and independent of
initial data such that for all t € [0, Tz the following inequality holds:

E[R(t AT;)7]

t/\Th ~
—l—C’ﬂEl/ s)P~ /Mh NIpl( )|2dxds}

tATy, ~
+ Cm]E{/ R(s)p_1||Ahuh]H,21ds}
0

t/\Th ih
+Clm]El/ 57 12][ 7|2 dT/ \u;L(s)\?da;ds]
0 (

. i~1)h

< E[R(0)?] 4+ (K, a, \, P) (E[/OMTh pds] +{E [(UO)?D
)

< E[R(0)” + 7t (uo)gy] exp(t (4.20)

with

R0 — 1) o S S
yi=Cy [ “— N N (54 i+ K25(p— 1 CX2 45 N .
gl Cz( - > N+ (p+ PR+ (D )>421 e+p; :

(=1

Moreover, for Tynae > 0 arbitrary but fized and sufficiently large o and k, there exists a
positive constant C' depending only on p, (Ae)een, Tmaz, and initial data such that

E[ sup R(t/\Th)ﬁ} <C. (4.21)

te[0,Tmaxz]

Proof. Using the notation

s) = %Z Li(s)e; (4.22)
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we may rewrite (2.1) as

with

O(h, s)(w) = Z Zi(w)e;, (4.23)
du" = ¢(h, s)ds + ®(h, s)(dW) (4.24)
Wg = Zh )\gggﬁg. (425)

By Ito’s formula, we deduce

R(t AT})? = R(0)?

tATh
+ / pR(s)P"Y(DE), + kDSy)p(h, s) ds
0

tATy,
+ / PR(s)P"(DE), 4+ £DS,)®(h, s) dW
0

Np

T3 ;/0 . PR(s)P" 1 (D*Ey, + 6D*Sy)(®(h, 5)(Aege), ®(h, 5)(Aege)) ds
1 o

tAT), i
52 / 5 — V)R(s)P"*(DEy + £DSy) @ (DE), + kDS})
(=170

(@(R, 5)(Aege), P(h, 5)(Aege)) ds

tAT), 1 , Ly
H p—1_ / . .
wp [ R (v DICCHRE

N tATh ) Ly
—i—ﬁZ/O R(S)P—l (W’(uh), Z Zi(Mge)ei)deﬁg
/=1 Py
+I3/ R(S)plﬁ/ uif Z Li(s)(e;), dz ds
° O =1
Nn tATy, B Ly,
+Dp Z / R(S)p—l / u’; Z Zi(Aggz)(ei)x dx dj,
=170 © =1
_ Nno i L
pr " R | \?
+ 2 ;/0 R(S) (mg(uh)’ (; Zz()\ggg)el> )h ds

. g /OtATh R(s)! <W”(Uh)7 <§;Zi()\€g€)ei)2> ds

h
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+ g ;Zhl /OMTh R(s)P~! /O ‘ iLZ’;Zi()\ege)(ez’)r
n 15(252— 1) %/Otm R(s)P2 [(ngh( + W' (u ZZ Aege)e )

" /o t ( ; Zi()‘égﬁ)(ei)x> dm] 2 ds

In the sequel, we will frequently take advantage of the identities

Ly,

(w, Z Zl-(gg)ei>h = X1, /O(uhgg)th[ Jdz for all w € C},,.(O) (4.27)
i=1

and

%(w, i Li(s)€i>h = X1, /(QMh(uh)pﬁIh[w}gc dx (4.28)

which can easily be deduced from (4.11), (4.12) together with the fact that the h~1/2¢;
form an orthonormal basis with respect to the scalar product (-, ).

By (4.28), we infer

%(%(uh), ZL"(S)ei>h - _ /O M (") T [gn (1], da.

i=1

Noting the identity —Aju® = p" — I,[W'(u")] and using entropy consistency of M (cf.
(2.6)) and (2.1b) gives for s < T},

%(gh(uh),ZLz‘(S)ei)h: /Ompggdx

= —[lp" = Zu V' (@Ml + TV @ = (ZaV (@), "),
= —[lAnu" ([} = (uz, TV (W")].),,

L ult )
_ hij2 . [ (+Dh |2
= —||Ap"lF =) . Wis)ds |uy|” d,

=17 h
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where in the last step we have exploited that u” is constant on the interval (ih, (i + 1)h).
Hence, using (H2) and [, |u?(-, s)|* dz < R(s) we infer

AT, i
I, = —pI{/ R(s)p_1||Ahuh||ids
0

tAT), o Ln pul (i+1)h
- pm/ R(s)P! Z . W' (s) ds/ |u|? dx ds
0 i—=1Y U ih

tAT} ~
< —pr / R(s)P | A2 ds
0

tAT), Ll (i+1)h
—ﬁffcl/ R(s)P! Z][ || 772 ds/ |ul|? dx ds

tATy, _
+]§/102/ R(s)?
0
=: —lq + I1p.

(4.29)

Obviously, E[/1,] and E[/;;] have a good sign and may be used for absorption purposes
while E[/;.] becomes a Gronwall term. In the same spirit, we have for s < T,

Ly

Hence,

tATy,
I+ I = —p/ R(s)p_l/ My, (u™)[p)? da ds. (4.30)
0 @

To verify (4.20), let us take the expectation in the terms on the right-hand side of (4.26).
Observe that E[ly] = E[l4] = E[lg] = 0 due to the martingale property of Iy, Iy, Ig
which follows using Corollary 21.76 in [42] and the definition of the stopping time 7}, (see
Lemma 4.2) combined with Lemma 4.1.

Ad I;: By Lemma 4.5, we find

% gE [/Ot/\Th R(s)"! (miuh) 7 (Zzl Zi(/\€g€)€i>2>h ds}

o0 tATy, B
<pry MNE [ / R(s)"!
(=1 0
Ly

x> m(f(luh)i{ /(i)h ‘uh(x + h})b — uh(z) ’2\gz(x)!2 dx

i=1 v

[ e stz ato
(i—1)h h

de} ds] — (¥)1.
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By convexity, we have

/ih ‘uh(x +h) —ul(x) 2 ﬁ(\uh(zh) —u((i —1)h) |2 )uh((z + 1)h) — u(ih)
(i—1)h h - h h
2
Using in addition the estimate w < Cf?, we obtain
h b 2
uz huzfl d8:|

00 L
(#)1 <prC > NE /MTh R(s)"'h Zh 1( L1 )
; /=1 ‘ 0 i=1 2 mO’(uh)i ma(uh)i—l

+ prC i 62/\,§]El /O o R(s)P + R(s)"(ug)5 ds] =: (*)s.

(=1
< ds7P + Cs for all s > 0.

For p > 2, for any § > 0, there exists Cs > 0 such that (

Together with (4.7) and [, [ul(-,s)|* dz < R(s), we 1nfer

o tATh (i+1)h
(*)2 S@KJZ)\?E[/ s)P~ 12][ \7’]7%2 dT/ |ul|? d:cds]
/=1 0 h)z ih

o0 tATh, ~ ~
+ Cgﬁ/@ Z 62)\§E |:/ R(S)p + R(s)pfl(uo)?g d5‘| =: [711 + [7b'
—1 0

Note that for § sufficiently small, I, can be absorbed in E[I;,], while I7, will become a

(4.31)

Gronwall term due to Lemma 2.1 and (H3).
Ad Ig: In the same spirit, using in particular inequality (4.7), we have

P Np tAT), . 9
§;E[/O R(s)P (W (Zz (\ege)e ) )hds]
o0 tAT), ul, | (i+1)h
< C(ﬁ)ZA?E{ / R(s)! Z ][ 7|2 dr / |ug|2dxds}
=1 0 =1 ug ih

o0 tATh ~
(ﬁ)Zsz[ / R(s)pds} =: Iy, + Iy
(=1 0

For sufficiently large k, Ig, can be absorbed by E[[1,], while Ig, will become a Gronwall

(4.32)

term.
Ad Iy: Using periodicity and the special form of the stiffness matrix, we obtain

? NZIE[ [ rer | (gziwgexenxf s

B Np, tAT), I
ﬁZE{/ R(s)P~ Z:(2Z,~2 — ZiZi1 — ZiZiv1)(Aiege) ds}

i=1

{Z / MTh 2 (Zm — Z)*(Mege) ds]
[Z/MT}L 3 (L(uhAzgg)mW dx)zds}
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>
<o
O\{*
>
&
=
—~
Va)
S~—
s
—_
VS
@\
:QD
I
e
N
=
¥
=
QU
S
N——
Q
V)
—

0 t/\T;L
S [ R 12%/ (g ]
=1 0 (i—1)h
o LATS,
< 2;32 ME / R(s)P7! / 10, (ul'ge)|? d ds]
0 o

t/\Th ~
/ s)P~ /\gg )20 uh]2d:vds}
0
t/\Th ~
[ rer [ g s
0

00 tATy,
< c—ZAzﬂ-«:[ / R(s)P! / ]Ahuhﬁd:vds}
0 @
o0 t/\Th ~
+CpZ£2A§EU )P~ / " |2dxds]
/=1
o tATh ~ ~
+ CpZﬁ‘l)\?E{ / {R(s)” + R(s)"* (uo)5 } ds} =: Ipg + Iop + Io,. (4.33)
=1 0

Note that Lemma 2.1 has been applied in the last step. The term Iy, can be absorbed in
E[I,,) provided & is sufficiently large. The remaining two terms are Gronwall terms.

Ad Ip: By (4.27), we have

(0. > Zivger), = [ (90T on () o (4.34)

i=1 &

Combining (4.27) and (2.1b), we identify

< ZZ )\égé / ZZ )‘fgf 67, x

Lh
=N <ph, Z Zi(gg)ei) = —)\g/ gguhpz dz. (4.35)
h O

Hence, we obtain

po—1yp { ihj /OMTh R(s)P™ Kffgh(uh) W (), i Zi(AM)ei) h

2
=1

(5 — 1)251@ [ﬁ /0 o R /O (u90), T s (")) i)
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tATy, ~
+/ R(s)pQ(/ geu"p" da:) ds]
0
tATY, .
<5(p ZM [ [ Ry / 2 T g (")) 2 gef? d s
0 (@)
t/\Th
e / / AT g () 2] (90)s P e ds
t/\Th
+/ / | g My, (u™) |p"? d$d3} =: (*)3.

By Lemmas 4.6 and 2.1 as well as R(s) > «, we have

2

o <20y el ] [ (64 R ) ]

tAT), o Ln el (i+1)h
+E[/ R(s)P~! Z][ 7|72 dT/ \ug\zdxds]}
0 i1 'u,’.l ih

_ __1 oo t/\Th
+p(pa )O(O)ZAzE[/ /Mh |ph2dxds}
=1 0

=: I10a + T10p + L10c- (4.36)

For a > 1 sufficiently large, Iq is readily absorbed in E[I1,], and I;o. is absorbed in
E[I3 + I5]. The remaining term is a Gronwall term.

Taking the expectation in (4.26), moving all the terms with a negative sign to the left-
hand side, choosing « and k sufficiently large for the sake of absorption, estimating all
the remaining terms as suggested by the estimates (4.31), (4.32), (4.33), and (4.36), we
infer the first part of (4.20), i.e. with the right-hand side given by

tA\Th B
E[R(0)?] +~(k, a, A, p) (E{/ R(s)? ds} +tE [ (uo)fgp} >
0

Combining the estimate

tATy, ~ t B

/ R(s)Pds < / R(s NTy)Pds
0 0

with Gronwall’s lemma and the first part of (4.20), we get

E[R(t A T,)?] < E[R(0)? + t7 (up)22] exp(Ft)

for all t € [0, Thnaz]. Hence, the left-hand side of (4.20) is bounded by
) tAT), i )
B0 + (0 rp) (2 [ Rispas) 48] ) ])
0

< E|R(0) + t¥ (u@)@ﬁ} exp(71),

which gives the second part of (4.20), too.
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To establish (4.21), by (4.26) we may estimate

B s ]

seE [07Tmaa: /\Th]

SE{R(O)”] +E{ sup (L + I3+ Is + Ir + Is + Iy + 1)

sE [07Tmaz /\Th]

+E|: sup (IQ+I4+_[6>:|
$€[0,TmazATh)

To establish (4.21), we only have to estimate the expected values of the suprema with
respect to time of the absolute values of the stochastic integrals, i.e. the terms I, I, and
Ig, as we have already established the desired estimates on the remaining terms above.
We note that E[supsc(o 7,7, 2(5)?] is finite due to the cut-off mechanism applied.

We begin with Iy and Is. Using (4.35), we get

Np,

tNT;
[4+[6=p2/ hR( p- 1<W’ Zz Aege)e ) dp,
0

(=1
Np,

Th
+p2/m 5)P~ / ZZ Nege) () daz d B,

/=1
Np

tATy, ~
=Py / R(s)P~' ), / u"pl gy da df,. (4.37)
0 o

(=1

Consider the Hilbert-Schmidt operator 7;(s) : Q2L*(O) — R, for s € [0, T}qz] defined
by

Ti(s)(w) == xr, (5) R(s)"* / upl Py, ] da,

(@]

where Py, : L*(O) — span{gi,...,gn,} is the orthogonal L%projection. Using (4.7)
gives

(i Q20 )1/2 - (jzi|ﬂ<s><czl/2ge>|2>l/2
2)1/2

= X, (s (Z)\z / u"py)(s)geda
1/2
< COxr, (s)R(s)P~ (Z&/ h\zdas) . (4.38)
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tAT}, ~ Ny,
/ R(s)P! Z )\g/ upl gy dx dj, 1
0 - Jo

Trnaz AT ) Np 1/2
< pCBDG]EK / R(s)2> "\ / Mh(uh)\p’;|2dxds) }
0 — o

< pCBpg]E|: sup R(s)ﬁ/2
sE[O,Tmaz/\Th]

Trmax A Th ) Np, 1/2
X (/ R(s)P™2 Z)\Z/ My, (u™)[p|? da ds) }

OvacLz /\Th]

By the Burkholder-Davis-Gundy inequality, we have

pE [ sup

te[0,Tmax]

<

N

0 Tmaz/\Th _
+ Chpeh” Z ME [/ R(s)P™2 / My, (uP)[p|? da ds]
=1 0 o

= ]4(1 +]4b (439)

Note that 14, can be absorbed by E[sup,cp r,,,.n7, F2(5)7]. For Ly, we estimate

o0

2 TrmazN\Th B
Iy < BTDG]?Z/\?E[/ R(s)p_I/ Mh(uh)|pg|2dxds}
= 0 o

This term can be controlled by the bound on the right-hand side of (4.20) and therefore
by a constant depending on Tinaz, ey *A7, D, @, k, and initial data.

Finally, let us discuss Io. Using (4.34), we get

Nu  atAT,
]2 = I{pZ/
(=170
Np

=73 / "Ry /O (v ge) Tulgn(u)] da B,

RY™ (90, Zihgi)es), dy

Consider T5(s) : QY/?L*(0) — R defined for s € [0, T}q2] by
Ta(s)(w) = XTh(S)R(S)p_l/O (u" P, [w])  Znlgn(u")] da. (4.40)

Similarly as in (4.38), the Hilbert-Schmidt norm of 75 is estimated by

) 00 1/2
| T2(9)l| 2o (@1/212(0)m) SxTh(S)C(O)R(S)p‘l(ZA? /O |(u"ge)x1h[gh(uh)]|2d:v> :
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By Burkholder-Davis-Gundy, we get as above

Ni o ATy, L
ol iy R(s ;3—1( u” ; Zi(Mege)e; | d }
: |:0<t<TmI;/\Th ;/0 ()" {gn(u”) ; (Aege) >h Be

<fE[ s Roy]

0<s<TmazN\Th

TrazNTh oo
+2n2ﬁ20E[ / R(s)ﬁ’ZZ)\f / ]uZ\2|Ih[gh(uh)]]2dxds}
0 =1 o

Tomax AT o
+ 2k*p°CE [/ R(s)P2 Z oV / 1" Ty [gn ()] 1?1 (ge)|? da ds]
0 — Jo
< oy + Iy + .. (4.41)

The term I, can be absorbed similarly as I,,. Combining Poincaré’s inequality with
Lemma 4.6 and taking expectations, we find

TrmazNTh _ o L U?’+1 (
Ly + L <CHYPE { / R(s)"2 ) A7), ][ |72 dr /
0 =1 = ih
% TmawATh i
+Crp* Y NE { / R(s)P"! ds]
=1 0
% TimawATh i
+ CﬁQﬁQZEQ)\?E[/ R(s)pl/ lu"|? da ds}
=1 0 o

Clk.D.\ TrnazATh L el (i+1)h
FeIGTIL) >EU R(s)"! Z][ ' wp—?m/ |uZ|2d:Uds}
Q 0 i1 Jul ih

" TmazNTh
+ —C(Fﬁ’p’ )\)E {/ R(s)? ds]
0

«

i+1)h

lu”|? da ds}

o0 Trnaz AT i
+ CKr*p? Z CNE {/ R(5)Pds + Trax (uo)ép] : (4.42)
=1 0

Note that the first term on the right-hand side can be controlled by the right-hand side of
(4.20) multiplied by a constant factor depending on «, p, A, and a. Similar, the remaining
terms can be bounded using (H3) and (4.20). Summing up and noting that o and x have
to be chosen depending on (Ag)sen and p, (4.21) is established. O

In the proof of the combined energy-entropy estimate, we have used the following auxiliary
lemmas.

Lemma 4.5. We have the estimate

(s (;Z";zxgae,-f)h

< 22 (m,,(luh)i) (/(Zl)h ‘u (:)3+h})L—u ) 29z($)2dx

7



NONNEGATIVE SOLUTIONS TO STOCHASTIC THIN-FILM EQUATIONS 23

v ’ e k)

i—1)h

for arbitrary ¢ € N and positive u" € X,.

Proof. By the identity Zi(g¢) = + [, (u"ge)z€; dz, we have

Ly, ih (i+1)h
1 1 1 1 2
=h —(——/ ulgy dr + — uhggdx>
; mg((u);) h? h (i—1)h h Ji
Ly ih h h
1 1 h) —
=h B —2(/ Wl +h) W) o 0
i1 me((u"):) h (i-1)h h
ih h) — 9
+/ oz + h)ge(x + ) — ge(z) d:c) ’
(i—1)h
which implies the assertion of the lemma. 0

Lemma 4.6. Assuming u” to be strictly positive and to satisfy the estimate
Eplup) < %h_(p_Q)/(p“), there exists a positive constant C' independent of h and u" such
that the estimate

/IuhIQIIh[gh(uh)]Izl(gz)xlgd:z+/ [ | Znlgn (u™)][|ge|? dx
@] @

Ln  p(uh); ih
< c(eZ/ |uh|2da:+z][ 7|2 df/ |u';|2dx+/ |u’;|2dx)
@ i=1 (’u,h)i_l (i—1)h @

holds for each ¢ € N.

Proof. By the boundedness of Ej,[u”] and (4.6), we have

()= [ Gds=1-
1

52 ul(x)
Hence,
(x — (i — 1)h)? (ih — )?
W Th[gn (U] (-1ynin) = 72 (uf —1) + T(U?_l -1
(x—(—1)h)-(ih—x)/, h u’zh—l “?
h2 ( Lol gk 1)
By (4.7), we get
" Th[gn ()] < C(1+w! +ul ).
Hence,
| 10Tl Pl 0)o d < € [ P (4.43)
o o

Furthermore, one has

lgn(s)|* < C(s7P* +1)
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for any s > 0. Therefore, the estimate
[ P Tl Pl do < € [ kP @] 7+ 1 do
o @
holds, which in connection with (4.43) and (4.7) yields the assertion of the lemma. O

4.4. Uniform Holder continuity. Let us prove that appropriate Hélder norms (with
respect to space and time) of solutions to our semidiscrete scheme are square-integrable
with respect to the probability measure. We begin with an auxiliary result on the sto-
chastic integral.

Lemma 4.7. Let h € (0,1], Trpar > 0, p> 1, a € (0,3). Assume u”,p" to be a solution
to (2.1a) and (2.1b) with initial data satisfying (H3) and (H4).

If 2ap > 1 holds, the stochastic integral
Ly Np

e /tm /O (uh)\fgg>xeidxdﬁg(s)ei (4.44)

=1 (=1

is contained in L*(2; CP([0, Thaz); L*(O))) with B := a — 2% and there exists a constant
C independent of h > 0 such that

111 2260208 (10 Tomaaliz2))) < Ch (4.45)
holds.

Remark 4.8. Choosing a and p sufficiently large, we infer the estimate
HIh||LQ(Q;Cl/‘l([O,Tmm};LZ(O))) <G (4.46)

with an h-independent positive constant C'.

The proof of Lemma 4.7 makes use of the following lemma from [22].

Lemma 4.9 (Lemma 2.1 in [22]). Let p > 2 and a < §; let H be a Hilbert space. Then,
for any progressively measurable process f € LP(Q x [0,T]; Lo(L*(O); H)), we have

= /tde € LP(Q; W*r([0,T]; H))

with an estimate of the form

E 1)y ano,r15m) SC(p,Oé)E{/O F Oz z20pn dt]

Proof of Lemma 4.7. In the light of Lemma 4.9, it is sufficient to show that

Z(s)(w) = x,,(s Z/ Z)\e (gesw)p2 0)9@) e;dr e

is progressively measurable and contained in
L2ﬁ(Q X 10, Thnaxl; LQ(L2(0)§ LQ(O)))

with a uniform bound in h: Indeed, this result would imply I,(-) to be contained in
L2 (Q; W*?P([0, Trnaz); L*(0))), again with a uniform bound in h. Hence, (4.45) would
follow by the continuous embedding

W2 ([0, Tae]; L2(0)) = C*75 ([0, Tynae; L2(0))
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for o and p satisfying the assumptions of the lemma.

Note that we have ||g¢||r(0) < C, as the g, are basically sine functions (since O is a real

interval of finite length). Computing the Hilbert-Schmidt norm of Z, using in particular
the equivalence of the norm || - ||, on Xj with the L?-norm (with constants independent
of h), we get

1Z(3)|[7az20pi22000 = D 11Z(8)(90)l 220y
=1
<CZHZ (90l = 2 ZXTh hz)\e
2 2
_hXTh Z)\KZZ/ |(u"ge) |d:)3/oeidx
< O () Y0 [ k00l e
=1 o
SCX%(Q(ZEZ)\?/ |uh|2dx+2)\§/ |u2|2dx>
=1 © =1 ©

By Proposition 4.4, Lemma 2.1, (H3), and >_,°, (*A7 < oo, we infer
Z(-,) € L(Q x [0, Tnaa]; Lo(L2(0); L*(0)))

2

u ge)z€; dx

with a uniform bound in A. Finally, we note that Z is progressively measurable as it is
a continuous composition of terms having this property. This gives the assertion of the
lemma. U

Lemma 4.10. Under the assumptions of Lemma 4.7 solutions u" of (2.1a) are contained
and uniformly bounded in the space

L*(€; CV4([0, Traa); L (O))).

In particular, a positive constant Cy independent of h > 0 exists such that

E[ . ||uh<t1>—uh<t2>||i]§02_ i)

_ 2/4
t17t26[07T'ma1'] |t1 t2| /

Proof. Starting from the weak formulation

(uh(tg) —u(ty), gbh)h + /t

[t ina
1NTh (@]

= (In(t2) = In(t1), ¥n),, Vo, € X,

for any t1,ts € [0, Thyas) with ¢, <ty and P-a.e. w € Q (note that this follows from (2.1a)
and the definition (4.44)), we obtain P-almost surely

toNTy,

( (ty) — u"(t1), ¢ / /Mh )l da ds
t

<

to ATy,

1NTh

sup |(Ih(t2> ]h(t1)7 d’h)h|

lleon]l<1
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, we have

for all ¢;, € X}, with [|¢4|[r2(0) < 1. Choosing ¢y, := ul () —u (1)

T P 2)—uh ()l 20y

[ul (L) — u(t)|]3
[[ul(t2) — uh(t1)|]22(0)
1
S h h
|[uh(ta) — uh(t1)[|z2(0)
+ [ In(t2) = In(t)| 20 -

/ttQATh /o My (u")pl (u"(ty) — u"(t1)), dx ds

1ATh

Multiplying by ||u”(t2) — u"(t1)||12(0), using the h-independent equivalence of || - ||, and

|| - [|2(0y on X}, and applying Young’s inequality, we see that there exists a constant C'

independent of h such that
||u(t2) — (1)} < C

/ttz/\ h/OMh(uh)pZ(uh(tQ) _uh(tl))x d ds

1ATh

+ [ In(t2) = In(t)|I720) (4.48)

is satisfied.

From Remark 4.8, we infer the existence of a function C € L?(2) such that
114 (t2) (@) = In(t) (W)l 12(0) < C(@)[ts — ta[** (4.49)

holds for all t1,ty € [0, Thnaz] with t; < to, P-almost surely.

Inequality (4.48) and Poincaré’s inequality entail P-almost surely

[lu" (t2, w) — " (1, )

2 taAT}, 1/2
sc*(lwm (fw) +sup|\uz<w>n%z@> ([ 7 [aneomee) ve=n
o t t1NTh o

+ CCQ(W)|t2 - t1|1/2.

Dividing by |to —t1|'/2, taking the supremum with respect to ¢; and t,, and taking expec-
tations, we get

E{ IIUh(t2/\Th)—uh(hATh)ll?L}

sup
2/4
t17t2€[07T’maa:] |t2 - t1| /

4
< C’E{ sup  R*(s)+T2,. </ U d:p) ]
SE[O,Tmaz/\Th} O
TrmazNTh
+CEU R(s)/ My, (u™)[p|? da ds} + CE[C*(w)].
0 o

By Proposition 4.4, the result follows, as the spatial Holder property is a consequence of
the standard embedding H'(O) c C'/?(0). O

Lemma 4.11. Under the assumptions of Lemma 4.10, solutions u" to (2.1a) are space-
time Holder-continuous almost surely. In particular, there is a positive constant C3 inde-
pendent of h > 0 for which we have

E[||u"] |201/2,1/8(0X[07Tmm])] < Cs. (4.50)
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Proof. We apply a standard interpolation argument — combining (4.47) with the embed-
ding of H' (O) into C/2(O). Using the notation of Lemma 4.10, taking > 0 sufficiently

per
small, we estimate for t1,ts € [0, T4z] and x € O

|uh(a:,t1) — uh(x,tg)\

x40 z+48
][ u(z,th) — u(y, t1) dy +][ u(y, 1) —u"(y, ta) dy

x40
+][ u(y.t2) — u(x, ) dy| =: |1+ 1T+ 111].

Note that I + I11| < §"/?sup, |[ul||;2(0) and

|t1 _ t2|1/4

—1/2 h h 2 1/2

with C € L%(2). Choosing § := [t; — t5|'/4, we get

|t1 o t2|1/4

[+ IT+III<C <t—t1/8 (2N
[+ 11T+ 11| < C(w)( [tr — L2 +|t1_t2|1/8

) <Clw)lts -t

with C € L?*(Q), where we have used the property sup, R(t) € L*(Q). This entails the
result. O

4.5. Estimates on the pressure. Finally, in our passage to the limit we need the fol-
lowing uniform estimate on the pressures p”.

Lemma 4.12. For any q € [1,2) there ezists some C' > 0 such that

Trmax q/2
([ [ s ippasar)
0 @)

E <C

holds for all h € (0, 1].

Proof. The proof only makes use of the energy-entropy estimates (4.20) and (4.21) as well
as the lower bound on u" in terms of E[u"] provided by (4.3). Fixing ¢ > 1, we have by
Holder’s inequality

Tmaz q/2
([ [oras)
0 o
Tmaz B (2 1 "
<E / /M uw')|py|” dx dt sup _
o JoMlleeldrdt sue R )

Tmuz q/2 1 (Z_q)/Q
< E/ /M ul szxdt]) E su su .
< [ o MM B v pa e

The first factor in this estimate is bounded by an h-independent constant due to (4.20)
(applied for p = 1). The second factor is also bounded by an h-independent constant, as
may be seen by applying (4.3) and then (4.21) for appropriate p.

E
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By Poincaré’s inequality, it only remains to establish a bound of the form

E / / phde| dt <C.
0 (@]

Using the results of Lemma 2.1, this may be easily accomplished by testing the weak
formulation (2.1b) of p" by a constant as test function, resulting in the bound

Trmaz 2 q/2 Th/\Tmaz ) q/2
E (/ (ph, 1)h dt) S E (/ (IhW/(uh), 1)h dt)
’ 0
<C+CE 1
su sup —————— |,
- tG[O,TEaz] xeg |l (x, t)|Pt1e

where in the last step we have used Hypothesis (H2) for WW. The second term on the
right-hand side may be estimated by (4.3) and (4.21) for appropriate p. U

5. CONVERGENCE OF THE SCHEME

5.1. Compactness. We intend to apply the Jakubowski-Skorokhod theorem [39] to iden-
tify a stochastic basis such that a subsequence of the solutions to the semidiscrete scheme
(2.1a), (2.1b) almost surely converges in topologies which are appropriate for a passage
to the limit in the nonlinearities of equation (1.5).

In the subsections to follow, we shall show that this limit is indeed a weak martingale
solution to the stochastic thin-film equation (1.1) in the sense of Definition 3.1.

Theorem 5.1 (Jakubowski [39]). Let (X, 7) be a topological space and assume that there
exists a countable family {f; : X — [—1,1]}iez of T-continuous functions which separate
points of X.

Let (X,)nen be a sequence of X-valued random variables. Suppose for each € > 0 there
exists a compact subset K. C X such that

P{X, € K.} >1—¢, for alln € N. (5.1)

Then, there exist a probability space (Q,ﬁ, I@’), a sequence (Xp, )ken, and a sequence
(Ye)ken of X-valued random variables on Q with the following properties:

The law of X,, on X coincides with the law of Yy for all k € N. Furthermore, there
exists a random variable Yoo : Q0 — X such that for almost every w € ) the convergence
Yi(w) — Yoo (w) holds in the topology of X .

In our setting, we consider for vy € (0,1/2) the path spaces
X, = C"YO X [0, Thaa)),
Xy = (L2([07Tmax]; H;er(o)))weaka
Xy = quueak(o % 10, Thnaz))
associated with the solutions to our semidiscrete scheme u”, p", and the corresponding
pseudo-fluxes
"= xr, v/ My (uh)ph, (5.2)

respectively. Denoting the laws of u”, p", and J" by p,n, g, and pyn, respectively, we
obtain the following result on tightness.
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Lemma 5.2. Let Ty, > 0 be arbitrary, but fived. Let (u” p", J") be a sequence of
discrete solutions as constructed in Lemma 4.2. Then, the families of laws (tn)n, (tiph )n,

and (pgn)n (for h € (0,1]) are tight.

Proof. We begin with (p,»)n. From Lemma 4.11 we infer uniform boundedness of (uy)p,
in L2(Q; CY218(0 x [0, Thae])). As CV2Y3(O x [0, Thnae])) is compactly embedded in
CYO %[0, Trnaz])) with v € (0,1/2), the ball By in CY21/8(O x [0, Tjuaz])) is a compact
subset of C7/4(O x [0, Tinee])). Furthermore, we have for any R > 0

pun (C77/4(O % [0, Tae]) \ Br)

E[|[u"|[Z1/2./]

R2
Thus, choosing R large enough (independent of &), we have found a compact set K C X,
with g (K) > 1 — € for all h.

Concerning (pin)p,, we argue as follows: Denote by Bg the subset {f € L2(O x [0, Trnaz))
[|fllzz < R}. Due to the bound

Tma:):
E[/ / |Jh|2dxdt] <, (5.3)
0 @]

— P[|[u"[|oxans > B] <

we have

C

P[J" ¢ Bg| < T

As closed balls in L? are compact in the weak topology, the conclusion follows by choosing
R large enough depending on e.

To see the tightness of (fi,n )5, one may argue similarly: Closed balls in the space
L*([0, Tyrae]; HL..(O)) are compact in the weak topology. It is therefore sufficient to

per

show that the probability that p” is not contained in a ball Bg in L2([0, Tyee); HL.(O))
converges to zero as R — oo, the convergence being uniformly with respect to h. By

Lemma 4.12 (applied for example for ¢ = 1), we have

E{l1p" 122 (0 Tae 13, (0))]
R
the constant C' being independent of h. 0

<

= Q

L2([0,Tmaz); H}, - (O)) =
P{||p"]| b0 > Bl <

)

As a fourth path space, we introduce
Xy = C([0,T]; L*(0)). (5.4)

Let piwy be the law of W (i.e. the law of Y,y AegeBr). As C([0,T]; L*(O)) is a Polish
space (completely metrizable and separable), uy is a regular measure and therefore a
Radon measure (see [42, Theorem 13.6]). Being a Radon measure means in particular
regularity from the interior, i.e.

u(C(10, T); L*(0))) = sup{u(K) : K € C([0,T]: L(0)) compact}.

Similarly, initial data are treated by the space X,, := H},.(0). We conclude together
with Lemma 5.2.
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Lemma 5.3. On the path space X = X, x X, x Xj x Xy X X, the joint laws pup,
pn(Ax Bx C x D x E):=P{u" € A}n{p" € B}n{J" € C}n{W € D} {uy € E}],
for h € (0, 1] are tight.

Following the strategy sketched at the beginning of this section, we apply the generaliza-
tion of the Skorokhod theorem due to Jakubowski (i.e. Theorem 5.1) to obtain

Proposition 5.4. Let v € (0,1/2) be given and assume u”, p*, T}, to be a sequence of
solutions to our semidiscrete scheme (2.1) in the sense of Lemma 4.2, defined on the same
stochastic basis (0, F, (Fi)i>0, P) with respect to the Wiener process W. Then there exist
a subsequence (not relabeled), a stochastic basis (Q, F,P), sequences of random variables
" Q — CHO X [0, Trnaa)),
- L*([0, Taz); H;er((’))
Fho. @ 2 gl
J" Q= LA([0, Thaxl; Hper (O)
ap - Q— H (0),

per

),
);
a sequence of L*(O)-valued processes W on Q, and random variables
i € L*(Q 04O % [0, Traa))),
p € L3( L*([0, Thaa); HL, (0))),
J e L2(Q: L3O x [0, Thaz))),
iy € L(( H;er(O»?

as well as an L*(O)-valued process W on Q such that the following holds:
i) The law of (a",p", J* W" al) on C/*4(O x [0, Tymaz]) X L2([0, Tae); HY., (O)) x

per
L*(O %[0, Tiaz]) X C([0, Thnae); L*(0)) x H,,,.(O) under P coincides for any h with
the law of (u", p", J", W, ug) under P.
ii) The sequence (a",p", J" W" iy) converges P-almost surely to (@, p, J, W, ) in
the topology of X .

Furthermore, we introduce the random times
Th = Tmam A inf{t Z 0: Eh[ﬂh(t)] 2 Emax,h}'
Their behaviour for A — 0 is the content of the following lemma.

Lemma 5.5. Along a subsequence, the convergence limy_.q Th = Tae holds P-almost
surely.

Proof. By Markov’s inequality and (4.21), we have for each 7 € (0, T},4.] the estimate

P({Th <7} =P{{Th <7}) =P ({w\ sup By (u(-, 1)) = %h‘%b < Chpes,

te0,7)

Hence, T, — T maz N probability for A — 0. The assertion follows in a standard way. [J

The relationship of J*, p*, and u” is preserved for the Jh, p", and u".
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Lemma 5.6. Under the assumptions of Proposition 5.4, we identify J" as
J" = xg, My (@) Pl (5.5)
Furthermore, p" satisfies
@00 = o [ Whedn i (BIV(),0), (5.6
o
for all ¢ € X, and P-almost all w.

Proof. For arbitrary ¢ € C°°(O x [0, T}4.]), by coincidence of laws (note that 7j(w) and
Ty(@) are measurable functions of u”(w) € CY/4(O x [0, Trnae]) and @"(©) € C/4(O x
[0, Thnaz]), respectively) and Lemma 4.12 the expectation

Tmax ~ Tmaa:/\fh
IEH/ /J"gbdmdt—/ /M,}/z(ah);aggbdxdtu
0 (@] 0 (@]
TrmazNTh
:E{ Jhd)dxdt—/ /M;/Z(uh)p’;wxdtﬂ
(@] 0 (@]

is well-defined and equal to zero (see (5.2)), which gives the claim regarding J".
Similarly, by (2.1b) we have for all ¢ € X, and all 0 < t; < t3 < Thae

| [0 00— s, [ hone s, @),

[ o=, [ st~ @V, ]| =

:E{

The next step is to verify that W and W" are Q-Wiener processes adapted to suitably
defined filtrations (Ft)t>o and (.7-" )i>o:

We define (.7-",5),520 to be the P-augmented canonical filtration associated with (a, W, o),
i.e.

Tmaz

O

Fi = o(o(r, W)U {N € F: P(N) = 0} Uo(i)). (5.7)
Here, r, is the restriction of a function defined on [0, ', to the interval [0, ¢], ¢ € [0, Tinaz)-

Note that we do not need an explicit dependence of the filtration on rJ and r¢p, as the

fluxes J" and the pressures p" depend in a measurable way on @" (Cf Lemma 5.6) and
later on — we will identify J = limy_ J" = limj_ X7, M, /2( Mph = MY2(@)p, and
= limy, 0 p" = —Tipe + W' ().

Analogously, we introduce the filtrations (F");>o as the P-augmented canonical filtration

associated with (@, W, ak)

Fh=o(o(ra, W) U{N € F : P(N) = 0} U a(al)). (5.8)

Lemma 5.7. The processes W and W are Q- Wiener processes adapted to the filtrations
(.Fh)t>o and (.E)t>0, respectively. They can be written as

~ S A B (5.9)

leN
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and

=Y MAil)gn (5.10)

leN

respectively. Here, (~h)£€N and (Bg)ge[\] are families of i.1. d. Brownian motions with re-
spect to (F1)i=o and (Fi)iso, respectively.

Proof. Recall that the W have the same law as W. Therefore, the W" are Wiener
processes having the same covariance operator as W. Hence, the decomp081t10n in (5.9)
holds true for the W". To prove that W is an F;-martingale, we follow the ideas in
[10, 11, 16, 37]. Consider for arbitrary but fixed ¢; € [0, T),q.] continuous functions

v Xu|[0,t1) X XW’[O,tl) — [0, 1]. (5.11)

Combining the martingale property of W with the identity of laws, we have for ¢, €
[tlaTmax]

0= E[y(«"jo.1), Wlio.en)) (W (t2) = W (t1))]
= E[y(@"]j0,02), W"lj0.00)) (W (t2) = W"(t1))]. (5.12)
Again by the identity of laws, we have
Sng[HWh(tz)H%z(oﬂ = SlipE[HW(@)H%%O)] < 0.

Vitali’s convergence result and (5.12) entail
E[y(@io.0)s Wlio.n)) (W (t2) = W(t1)] = 0

which establishes the martingale property of w. Finally, the decomposition (5.10) with
independent Brownian motions immediately follows — using Levy’s characterization of
Brownian motion (cf. [42]) — from the C([0, Tinas]; L2(O))-convergence P-almost surely of
W" combined with the fact that

A AT WP (E), go) 120y (W (L), gm) 22(0) — Oemt

is a martingale. In fact, using higher moments of Brownian motion, the argumentation
of (5.12) can be mimicked. O

5.2. Convergence of the deterministic terms. In this subsection, we prove higher
regularity of 4 as well as the identification of the pseudo-flux J

J = p, (5.13)
and the identification of the pressure p

For the ease of presentation, let us collect the convergence and boundedness results es-
tablished so far:

" = a in G774 x [0, Tings]) P-almost surely, (5.15)
=P weakly in L*([0, Thao); Hp,.(O)) P-almost surely, (5.16)

Jh = XTth(ﬂh)%ﬁZ —~J  weakly in L3O x [0, Thas]) P-almost surely, (5.17)
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p
]E{ . (/‘uh 1( d;c—i-/IhW( "(t) d:v) } < C(p,ug) < oo for every p > 1,

OTmax]
(5.18)
P -
E sup (/ a" dx) + sup (/ a" dx) < C(p,ug) < oo for every p > 1,
t€[07T7na1'] O te[07T'ma:L'] (@)
(5.19)
Th/\Tmaac 2
IE/O |Apa" ||, dt < C(up) < oo, (5.20)
Tm(w: ~
E/ / |J"? dx dt < C(ug) < oo, (5.21)
0 o
(/ / 5212 + [p"? da dt) < C(up) < o0, (5.22)
0 o

where A,u" satisfies the identity
Ayt = oo M) = —p" + W (@) (5.23)
for t € [0, Ty A Trnaz], cf. (2.1b).

Lemma 5.8. We have almost surely

and therefore

inf a(z,t) > 0.
(Ee(’),te [O,Tmaz}

Proof. The estimates (5.18) and (5.19) imply by Fatou’s lemma

—1\ ]
E |liminf sup | Ep[a")(t) + (/ a" dx) <C <
h=0" [0, Trmas] o |

—1
liminf sup | En[a"](t) + (/ a" dx) < 00
h=0" te[0,Trmax] o

almost surely. Thus, by (4.3) we have almost surely

limsup min  @"(x,t) > 0.
h—0 CﬁeoytE[Omiaz]

The almost sure uniform convergence (5.15) therefore entails strict positivity of the limit
u, almost surely. 0

Lemma 5.9. For the limits J and p, we have the identification
J = ap,

and

=~y + W (@)

pointwise a. e. almost surely. Furthermore, we have tiypy € L*(O X0, Thas]) almost surely.

Proof. For J" by (5.5) for any ¢ € C°(O x [0, Thnaz]) the equality

Tmaz Tmaz/\Th
H/ /Jhgbdxdt—/ /M1/2 h¢dxdtH =0
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holds. In order to pass to the limit in this expression, we apply Fatou’s lemma to the
expectation: By our convergence properties, we have almost surely

Tmax ~ Tmaz B
/ / J'¢ d dt %/ / Jodux dt,
0 (@] 0 O
Tmaz/\Th Trmaz
/ / M (@)pl ¢ da dt — / / MY?(@)p,¢ dz dt
0 o 0 (@]

for h — 0; note that the restriction of the time integral to T;,a, A Th is immaterial, as by
(5.6) we have pi" = 0 for ¢t > T},. Therefore, Fatou’s lemma yields

. Tmax/\Th
]E[ J¢dmdt—/ /Ml/Q(ﬂ)ﬁxgbdxdtH =
O 0 @]

for any ¢ € C(O x [0, Tppaz)). This provides the identification of .J.
Similarly, by (5.6) we have for all ¢" € X}, and all 0 < t; <ty < Tr00

t2

B || [0, [ ittds v, @OV, | 0. 2
t1 (@)

For a smooth test function ¢ € C*(0), consider the sequence of test functions ¢" :=

T[¢] € Xj. We then have the convergence ¢" — ¢ strongly in L>(O) and Ap¢" — A¢
strongly in L>°(O) (the latter assertion is an easy consequence of the Taylor expansion).

Furthermore, we have
to
h ( (ih)¢" (ih) — ][ p%hdx)
/t1 Z ((i—1)h,ih)

to to
(", ") dt — / / P dx dt‘ =
t1 t1 @)

to
< Ch/ 152|210y 110" || Lo 0) + 115" o (0) || 0] 110 i
t1

Tmax

From Lemma 5.5, we infer x 7 = 1 on [t;, 5] for h small enough (depending on @). Putting
these considerations together, the convergences

t2 to
/ (ﬁha¢h)hdt—>/ /ﬁqbd:ndt,
t1 t1 O
to to ts
/ th/ ¢l de dt = —/ xz, (@, Ape"), dt — —/ /aqﬁmdxdt
t1 @] t1 t1 O

[ @, a [ [ W

t1

hold almost surely (where for the last one we have used the @w-dependent lower bound for
@ from Lemma 5.8 and the uniform convergence almost surely).

Therefore, we may pass to the limit A~ — 0 in (5.24) using Fatou’s lemma for the expec-
tation. This yields

?|

and thus provides the desired identification of p (first as a distribution, then due to
p € L*(O % [0, Trnaz)) a.s. and W (a) € L*(O x [0, Tynaz]) a.s. also in the L? sense).

025¢d35+/0ﬁ¢md93—/OW(a)qbd:vdtH _o
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Using the lower bound from Lemma 5.8, the fact that J € L*O x [0, Tias]) almost
surely, the identity p, = J/M"'/?(@), and the identity in the sense of distributions p, =
—Ugee + W'(0), we deduce that almost surely gy, € L2(O X [0, Trnaz))- O

5.3. Convergence of the stochastic integral. Consider for v € ngr((’)) arbitrary, but
fixed, the operator My, : Q x [0, T},0.] — R defined by

tAT}
M (1) ::(uh’() uo,th)h+/ /Mh )" (Puv), da ds

AT},
/ / u )\zgg L Prodz dpy(s). (5.25)

Here, Py, : per((’)) — X}, is a projection operator satisfying

}lllir(l) | Prv — UHH,%ST =0 (5.26)

for all v € H,.(O). Observe that by the optional stopping theorem, M, is a real valued

martingale; that is, denoting by 7, the restriction of a function on [0, T},..] onto [0, s, we
have

E ([Mh,v(t) - Mh,v(s)]q/(rsuhy TSW)) =0 (527)

for all 0 < s < t < Tyax and for all [0, 1]-valued continuous functions ¥ defined on
CTIH(O x [0, 8]) x C([0, ]; L*(O)).

Lemma 5.10. For the quadratic variation of My, ,, we have

= [ 3 ([ wtancp dx)2 s

(=1

AT, )
<C |lvll%, /0 [ ()] (5.28)

Proof. Consider R(u",v) : Q x [0, Thae] X L?(O) — R defined by

(w,t,2) — XTh(t,w)/ (" Py, 2)aPrv do(t,w),
o

where Py, denotes the orthogonal L?-projection onto span{gi,- - , g, }. For the Hilbert-
Schmidt norm, we get using |[|g¢||z= < C(L) and > ,7; A\} < 00

2
HR u v)(t,w HL2 (QUAL2(0)E =xm, (t Z)\é (/ u"g,)0 thdx)

<O, (1) ||uh||L2(O (t.) ol

per

By Lemma 2.4.3 in [48], the result is obtained. O

Remark 5.11. From (4.20) and (5.28), we infer that M, is a square-integrable mar-
tingal.
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Similarly, M. , — fo(')/\Th SN2 ([ (ulge)s Pro d:v)2 ds is a martingale. For the identifi-
cation of the stochastic integral in the limit ~ — 0, we will study the processes

¢
1

://—ggdex (5.29)
oJo M

and their cross variations with My, ,,.

Lemma 5.12. For { € N the cross variation ((Mp,., Be))e is given by the formula

t/\Th Jo(Wge)ePrvdads, €< N,

5.30
> Np,. ( )

(M, Be))e = {0

Proof. Consider the mappings S+ (u”,v) : Q x I x Q/2L*(0) — R given by

Z = XT, (/ Oz (uPN, 2)Prv dx + )\i/ggz dx)
o tJo

with Py, as in the proof of Lemma 5.10. Obviously,

HSi u' U) (t,w HL2 (QV/2L2(O):R)

)\ 2
=X, (*) <)‘k/a (u" P, g) Prv d + /gégk)\—g dx)

k=1

=xr, (t) < ; by ( /O 8, (U g Py dx) 2

> A
+2 Z )\k/oﬁx(uhpzvhgk)?hv dfc/ogegk/\—: dx

o) )\ 2
+ (/gﬁgk)\_ de) >
4
k=1

X Th (
k

XTh (
k

Using (Mo, Be))e = 7 ({{S4(u", 0)))e + ((S-(u",v)))e), we get (5.30). U

5

(fO u )\kgk th dl‘) + 2)\([0 u gk)th dx + 1> 12 S Nh

Il
—

&

(fO u Akgk th dl’) ) ) { > Ny

Il
—

In particular, My, .5 — A fo(')/\Th Jo (W ge)ePrv da ds for ¢ < N, and My, 5, for £ > Ny
are martingales, too.
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By equality of laws, we deduce that

__ tATy,
My, (t) == (@"() —ﬁh(O),th)th/ /Mh(&h)ﬁZ(th)xdxds, (5.31)
0 o
N tATy, Nu 2
M () — / PR ( / (ﬁhgemhvdx) ds, (5.32)
v — o
. INT),
My, (t )/Bg )\4/ / "ge) o Prv da ds for £ < Ny, (5.33)
M (0B for € > Ny, (5.34)
are (F)-martingales, where 3l (t = [, Jo A\ 'gedW" da. In particular,

(M)t =/OMT}§L:AZ (/u 9e(Phv)a dx)2 ds (5.35)

and
M hfo Wg)) Prodrds if £ < N,

(5.36)
if £ > Np,.

<<//\>l_/h,va Béb»t - {O

Exemplarily, for ./K/lvhm(t) we argue
0 =E (U(rou, rsW)[My,o(t) — Mp,(s)])

=K (ql(rsuh rsW )[Mh U( ) ‘A/;l/hﬂ)(S)])

forall 0 < s <t < Thax and all [0, 1)-valued continuous functions ¥ defined on CY/4O x
[0, s]) x C([0, s]; L*(O)).

Starting point for the passage to the limit A — 0 are the identities

E((Mpo(t) — Mo ()W (r @, r, W) = 0, (5.37)

M2 ~ M2 (s) — tAThNh2 " v sz raal, rJVM | =
E((Mh,y(t) M; ,(s) /T ;/\e (/(9( 9¢)(Ph »d) d)ws W >> 0
(5.38)

and

. <(A7h,v<t>@< ) — W (s

t/\Th

>\g/ (ﬁhgg>x7)h1) dx d7'> ‘Il(rsﬂh,rswh)> =0

(5.39)
for all s < ¢t € [0,Tmax] and for all [0, 1]-valued continuous functions ¥ defined on
CTH(O x [0, s]) x C([0, s]; L*(O)).

Let us pass to the limit in equation (5.37).

S/\Th

Lemma 5.13. For all [0, 1]-valued continuous functions ¥ defined on C7/4(O x [0, s]) x
C([0, s]; L*(0)), we have

E ((/O(a(t) — (s))vdx + /St /Om(a)ﬁxvm dx dT) \If(rsa,rsv”’V)> =0 (5.40)

forall0 < s <t < Tyax-
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Proof. Note that due to Lemma 5.5, we have x7 = 1 on [s,#] for h sufficiently small
depending on w. By deﬁnition (5.31), we first discuss the term (@"(t) — @"(s), Pyv)n. By
the strong convergence of @ in C/4(O x [0, Tjnas]) P-almost surely and of Ppv towards
v in L*(O), we readily identify

lim (i (£) — @"(s), Poo)n = /O (i(t) — ii(s))v da. (5.41)

h—0

In addition, W[r,a",r,W"] converges P-almost surely to U[ryi,r,W] in R by continu-
ity of ¥, the 07:7/4((9 X [0, Trnaz))-convergence of @" — @, and the C([0, Trnaz); L2(O))-
convergence of W".
To discuss the convergence behavior of
tAT}, ~
/ / My (@) (Py), do dr U (r i, r W), (5.42)
S/\Th

we proceed as follows. Due to (5.15), Mj,(@") converges to @2 in L(Ox [0, Tinas]) P-almost

surely. By (5.18), Lemma 2.1, (H3), and Poincaré’s inequality, we have @" uniformly
bounded in L?(2; L°(O x [0, Tuae])). By Vitali’s theorem,

My, (a") — @2 in LP(€; L®(O x I)). (5.43)
Next, we show that
\/Mh(ﬁh)(th)x\I/(rsth, TSWh) — v, Y(rsa, TSW) (5.44)

strongly in L2(Q x O x [0, Tpas]). We note that in the discussion of L?-convergence, the
W-term is readily handled as it is uniformly bounded and converging P-almost surely. We

have
2
dx dT)

R||2 2
HLOO(OX[O Trmaz]) ) ||(th - ,U)xHLQ (0)

+ 20| (Pro)allz2co) <H' L (O [0,T }))

and the right-hand side converges to zero due to (5.15), (5.18), and (5.26). Hence, (5.44)
is proven.

By the weak convergence of J" towards J in L2(O x [0, Thas]) P-almost surely, (see(5.17)),
we infer

([ [ |V, -

<2E (|a

?

tATh 5
lim / / My (@) Pt (Pyv), do dr Y (roa”, r W)

h—0 /\Th
t/\Th

= lim / My (@) J (Prv), da dr U (rga, r W)
(@]

h—0 SAT),
¢
= / /ﬂijdxdT\I/(rsﬂ,rsVT/) (5.45)
s JO

P-almost surely. Setting

t/\Th
By(a",p", v, s,t) / /\/ (ah) J" (Pyv)y da dr U (ryi" TsWh)

A Th
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and using the estimate

|Bi(@", 5", v, 5,1)]

t/\Th /2 mazx
(/ /]Jh|2 da:d7> ( sup  My(a ) (/ / |(Phv).|? dxd7)
S/\Th Ox [0 Tmaz}

as well as Lemma 2.1, (H3), and (4.21), we infer uniform integrability of a g-moment of
By,(ah, p", v, s,t) for a number ¢ > 1. Vitali’s theorem then entails

limE (Bh( P, s, t (/ /uvadxdT\I/ rel, rSW)) )
h—0

By Lemma 5.9, we get, in particular, J = @p,. Together with (5.41), the lemma is
proven. 0

Lemma 5.14. For all [0, 1]-valued continuous functions ¥ defined on C7/*(O x [0, s]) x
C([0, s]; L*(0O)), we have

E ((Mf(t / Z/\e (/ {igevs dx)2 dT> U(ryd, TSW)> —0  (5.46)

for all 0 < s <t < Tyax, where

M, (t) ::/O(a(t)—ﬂ(O))vd:c—l—/Ot/OQQﬁxvmdxdT.

Proof. Combining Lemma 5.5, (5.17) and the results of subsection 5.2, we have
Jh = @p, in L3O x [0, Thaa)) P-almost surely (5.47)

1/2

for an appropriate subsequence. Mimicking the argument which entails (5.41) and using
Lemma 5.5 as well as the convergence P-almost surely of @", J" in X, and X}, respectively,
we infer that

M2 (1) = ((a%) —(0), Py + / ' /O Mh(ﬂh)ﬁZ(th)md:cdr>

converges (along a subsequence) P-almost surely to

M, () = ( /O (i(t) — @(0))v dar + /0 t /0 20, dxdT)Q

for all t € [0,T) with p = —t,, + W'(a).

The next step is to prove

E(MZ,(t)) — E(M, (t)) for all £ € [0, Thna)- (5.48)

For this, we show higher integrability starting from the representation

tAT), ~
My o(t) Z / A¢ / " go(Pyv), da dBy. (5.49)
@]

Combining the martingale moment inequality (see [41], Prop. 3.26)
E(|Mpo(t)*) < CE(((Mh))7)




40 JULIAN FISCHER AND GUNTHER GRUN

for any ¢ > 0 with (5.28) formulated for Mh7v, we get — using Lemma 2.1 and (H3) -

E(IM (1)) <C [0l B ((/ ) o ds) )

sup  Ep(a"(s))?4+  sup (/Oah(s) dm)q]

SE[O,Tmaz] 36[07Tmaz]
(5.50)

ax

<Cllol[%, Th.E

Choosing 1 < ¢ < p, we deduce the uniform integrability of ]/\A/l/hw(t)] in L?(Q). Using
Vitali’s theorem and the boundedness of W, (5.48) is established.

Now, we discuss the convergence behaviour of ((./T/lvh,v)ﬁ which — according to (5.35) — is
given by

tAT, Nn 2
/ Z)\z (/ " go(Phv)s dx) ds. (5.51)

Convergence P-almost surely is obvious, given the boundedness of the g, ¢ € N, as well
as the strong convergence of (@");_o and ((Pnv)z)nso in L2(O x [0, Thae]) and L2(O),

respectively. Higher integrability for (5.51) — which equals ((M},,)); — has already been
proven in (5.50), hence, we may conclude by Vitali’s theorem. O

Furthermore, we have the following result on the cross-variation of J/\;l/v and By, the proof
of which we omit as it is similar to the preceding proofs.

Lemma 5.15. For all [0, 1]-valued continuous functions ¥ defined on C7/*(O x [0, s]) x
C([0, s]; L*(0O)), we have

E ((m(t)@(t) - M) - [ Y | (gvds dr) (i rsv”v>) —0 (552

forall ¢ € N and all s <t € [0, Trpax)-

Lemma 5.16. We have

M,(t) = i /0 t A¢ /O (ige)gv d dfy. (5.53)

Proof. 1t is sufficient to show that the quadratic variation of

M,(1) —; /O Mo /O (1ge)ov da dy
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vanishes (as a martingale with vanishing quadratic variation is almost surely constant).

We get
<<./\/l (1) — i/o(.) Ag/o(ﬂgg)mv dxd5’4>>
= <<Mv(')>>T + <<§:/0() )\E/O(agé)xv d$d5~5>>
_2<<M (),ij/ﬂo /\g/o(ﬂgg)xvd:(:d6~4>> . (5.54)

For the third term on the right-hand side, we use the cross-variation formula (cf. [41],

Section 3.2) to get
<<MU Z/ )\4/ Ugy) vdxdﬁg>>

=3 [ o g e R0, B 5.5

o

(M (), Be(*) T—/ )\e/ tige) v dx dt

(which follows directly from (5.52)) and @, € L**([0, Tinqal; L*(0)) P-almost surely, we

observe that the process s — ((M v( ), 53( )))s is absolutely continuous P-almost surely.
As a consequence,

~

By the identity

A(Mo (), Be()))s = A /O ((s)ge)sv di ds.

)’g/o(-) M/O(ﬂge)mvd:cd@>> / ZAK (/ Uge) vd:c>2ds. (5.56)

T

>>T=/0 ZAZ (/o xvdx)st,

Hence,

(o

Together with the identities

and
e ) B 2
<<Z/ )\e/ (1ge)zv dIdﬁz>> Z/ A </ Uge)zv dz) ds,
= Jo o .
we note
©° ) N
<<M — Z/ )\g/ (Uge) v dx dﬂg>> =0
¢=1"70 o T
which gives the claim. U

It remains to establish Theorem 3.2.
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Proof of Theorem 5.2. From Proposition 5.4, Lemma 5.7, and Lemma 5.9, we infer the ex-
istence of a stochastic basis (2, F, (F;)i>0, P), of a Wiener process W (t) = >",° Afe(t)ge,
and of random variables

i e L C7MO % [0, Thnga))),
p € L¥*(Q; L*([0, Taa); Heer (0))),
Je L2(Q x O x [O7Tmaac])

satisfying
J= UDy P-almost surely in L*(O x 0, Thnaz)),
P = —lz + W () P-almost surely in L?(O x 0, Trnaz))s
€ L*([0, Thpaal; H, (0)) P-almost surely.

Furthermore, we have A = P o @ig! by construction.
Lemma 5.13 implies that for arbitrary v € HZ, (O)

per

t

M, (t) = / (u(t) — u(0))v dx +/ / W pyv, do dr
o 0 Jo

is an (ft)tzo—martingale. Due to Lemma 5.16, we conclude

/O(a(t) —a(O))vdx+/ot/(9a2vax dde:g/ot Ag/O(agg)xvddeg.

Furthermore, Lemma 5.8 almost surely provides a positive lower bound for .

Finally, by Fatou’s lemma and Proposition 4.4, we have for any p > 1

Tmaz ~ 1

E liminf( sup Eh[&h]ﬁ—i—/ /|Jh’|2 dxdt)
h=0 " N\ ¢e[0,Tmaz) 0 o |

_ TmH.CE ~ ]

<liminfE | sup E,[a"]P + / / |J"? d dt
h—0 t€[0,Tmaz] 0 o |

S C(@ Ug, Tmax)~

By the almost sure convergence of @" in C7/4(O x [0, Tjuaz]) and the almost sure strict
positivity of the limit @, we deduce [, Z,W(a") dx — [, W(a) dx in L=([0, Tpaz)) almost
surely. By the lower semicontinuity of the L?(O x [0, T}n4z]) norm with respect to weak
convergence (for J* — J) and the lower semicontinuity of the L([0, Tinee]; H'(O)) norm
with respect to convergence in the sense of distributions (for @" — @), we finally get

Tmaz ~
sup Elul? —I—/ / |J|? dz dt
0 0

te[O,TmaI]

E S C(ﬁ) anTmax)-

6. CONCLUDING REMARKS

We have proved a first result on the existence of almost surely positive solutions to a sto-
chastic thin-film equation. In a forthcoming paper, we wish to study pathwise uniqueness
of solutions — this way establishing the existence of pathwise solutions. Even concerning
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existence of solutions, interesting questions remain open: The case of higher space dimen-
sions and the case of general mobilities m(u) = u", n > 0, which refers to different flow
boundary conditions at the liquid-solid interface. For both problems, we do not expect
the techniques developed in this paper to carry over easily. For the thin-film equation
in the multi-dimensional setting, this is due to the fact that already in the deterministic
setting Holder-regularity of solutions is still an open problem.

Acknowledgment: Ten years ago, Nicolas Dirr and the second author derived a family
of formal integral estimates for general stochastic thin-film equations (see [17]). It is one
of these formal estimates, the result of this paper is built around.
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