A HIGHER-ORDER LARGE-SCALE REGULARITY THEORY
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ABSTRACT. We develop a large-scale regularity theory of higher order for
divergence-form elliptic equations with heterogeneous coefficient fields a in the
context of stochastic homogenization. The large-scale regularity of a-harmonic
functions is encoded by Liouville principles: The space of a-harmonic functions
that grow at most like a polynomial of degree k has the same dimension as in
the constant-coefficient case. This result can be seen as the qualitative side
of a large-scale C'***-regularity theory, which in the present work is developed
in the form of a corresponding C*@-“excess decay” estimate: For a given a-
harmonic function u on a ball Bg, its energy distance on some ball B, to the
above space of a-harmonic functions that grow at most like a polynomial of
degree k has the natural decay in the radius r above some minimal radius rq.

Though motivated by stochastic homogenization, the contribution of this
paper is of purely deterministic nature: We work under the assumption that
for the given realization a of the coefficient field, the couple (¢, o) of scalar and
vector potentials of the harmonic coordinates, where ¢ is the usual corrector,
grows sublinearly in a mildly quantified way. We then construct “kth-order
correctors” and thereby the space of a-harmonic functions that grow at most
like a polynomial of degree k, establish the above excess decay and then the
corresponding Liouville principle.

1. INTRODUCTION

We are interested in the regularity of harmonic functions w associated with a
uniformly elliptic coefficient field a in d space dimensions (by which we understand
a tensor field satisfying A|€]? < ¢-a¢ and |aé| < |€] for some A > 0 and any & € R?)
via the divergence-form equation

(1) —V-aVu=0.

Without continuity assumptions, the local regularity of (weak finite-energy) solu-
tions can be rather low, in particular in case of systems (see e.g. [18, Example 3]
for the scalar case and [9, Section 9.1.1] for De Giorgi’s celebrated counterexample
in the systems case). Because of their homogeneity, the same examples show that
even when the coefficients are uniformly locally smooth, the large-scale behavior
of a-harmonic functions can be very different from the constant coefficient, that is,
Euclidean case; see e. g. Proposition 21 in the appendix below. Large-scale regular-
ity is most compactly encoded in a Liouville statement of the following form: The
space of a-harmonic functions u of growth not larger than |z|* has the same di-
mension as in the constant-coefficient case, where the space is spanned by spherical
harmonics up to order k. Because of the above-mentioned counterexamples, such
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Liouville statements may fail for uniformly elliptic coefficient fields: For example,
in the case of systems, there are non-constant harmonic maps that decay to zero
at infinity.

The question whether this situation generically improves for certain ensembles of
coefficient fields, namely stationary and ergodic ensembles as in stochastic homog-
enization, seems to have first been phrased and partially answered by Benjamini,
Duminil-Copin, Kozma, and Yadin [6, Chapter 6 and Theorem 3] in the context of
random walks in random environments: Under the mere assumption of ergodicity
and stationarity, sublinearly growing a-harmonic functions are almost surely con-
stant. The argument is limited to the scalar case, but can deal with non-uniformly
elliptic cases as percolation.

Motivated by error estimates in stochastic homogenization, the topic of a regu-
larity theory for random elliptic operators was independently addressed in a more
quantitative way by Marahrens and the second author [14]. In Corollary 4 of that
paper, for any o < 1, a large-scale C%“-inner regularity estimate for a-harmonic
functions has been established, with a random constant of finite algebraic moments
— however under stronger assumptions on the ergodicity, namely a finite spectral
gap w. r. t. Glauber dynamics in the case of a discrete medium.

A major step forward constitutes the work of Armstrong and Smart [3], where
the above result was improved to a large-scale C%!-inner regularity estimate even
in case of (symmetric) systems, by showing that the approach of Avellaneda and
Lin [5] for obtaining (large-scale) regularity of a-harmonic maps, which itself is
based on a Campanato-type iteration, can be extended from periodic to random
coefficient fields. Under a strong assumption of ergodicity, namely that of a finite
range of dependence, optimal exponential moments for the random constant are
obtained.

This work motivated the paper of Gloria, Neukamm, and the second author [11],
which in turn is the basis for the present paper. In that work, another tool from pe-
riodic homogenization, namely the vector potential ¢ for the harmonic coordinates
(next to the well-known scalar potential ¢, also called the corrector), was transferred
to the random case, see (7) and (8) for the characterizing properties. This allowed
to establish a C1'®-Liouville theorem, meaning that the space of sub-quadratically
growing a-harmonic functions is almost surely spanned by the the constants and the
d a-harmonic coordinates x; + ¢;. This holds even for non-symmetric systems and
was shown under the mere assumptions of stationarity and ergodicity. More pre-
cisely, it relied on the almost-sure sublinear growth of the couple (¢, o) of correctors
in the sense of

@ e =0
where
] 1/2
(3) €p 1= SUp — <][ |92 + |o|? dx) .
r>r B \J By

This sublinear growth (2) was shown to hold under the assumptions of stationarity
and qualitative ergodicity. In a second step, large-scale C'*®-inner regularity esti-
mates for a-harmonic functions were obtained, where the random constant satisfies
a stretched exponential bound under mild decay assumptions on the spatial covari-
ance of a. In a later version of [11], the optimal stochastic moments for the random
constant were obtained.
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In the context of non-linear elliptic systems in divergence form, the result of
Armstrong and Smart [3] on the large-scale C%!1-estimate was generalized by Arm-
strong and Mourrat [2] to non-symmetric coefficients and well beyond finite range,
further confirming that the random large-scale regularity theory holds under just a
mild quantification of ergodicity, like expressed by standard mixing conditions.

In the present work, we go beyond C1'® and establish a large-scale C**®-theory
in form of a corresponding excess decay and Liouville result, see Theorem 3 and
Corollary 4. This lifts the result of Avellaneda and Lin [5] from the periodic to the
random case. To streamline presentation, we first establish the C?®-versions of our
theorems, see Theorem 7 and Corollary 8.

Let us clearly state that the contribution of this paper is exclusively on the
deterministic side. The large-scale regularity is obtained under the assumption
that the given realization a of the coefficient field is such that the corresponding
corrector couple (¢, o) satisfies the following slight quantification of (2), namely
(4) lim g3, =0

700

(5) Eop 1= Z min{1, 2™ /r}egm.

m=0

Note that (4) is equivalent to > °_ eom < 00.

In a recent preprint by the authors of the present paper [8], it is shown that (4)
holds for almost every realization a in case of a stationary ensemble of coefficient
fields under mild quantification of ergodicity in form of an assumption on a mild
decay of correlations of a: More precisely, given a stationary centered tensor-valued
Gaussian random field @ on R¢ and a bounded Lipschitz map & : R?*?¢ — Rdxd
taking values in the set of A-uniformly elliptic tensors, the coeflicient field

a:=d(a)

almost surely admits correctors with the property (4) assuming just decay of cor-
relations in the sense

[(a(z)a(y))| < Cla —y|™”

for some C' > 0 and some 8 € (0,¢(d, A)) (where (-) denotes the expectation). Note
that under the assumption of a spectral gap for the ensemble, as far as the corrector
¢ is concerned (but not the “vector potential” o), an estimate like (4) could also be
deduced to hold almost surely from [12, Proposition 2], modulo the passage from a
discrete to a continuum medium.

The key building block for this large-scale C**-theory is the space of a-harmonic
functions that grow at most like a polynomial of degree k at infinity. Proposition
2 and Corollary 4 imply that under our assumption (4) this space has the same di-
mension as in the Euclidean case — e.g. for kK = 2 the space of a-harmonic functions
that grow at most quadratically is spanned by 1 + d + @ — 1 maps — , which
partially answers the question by Benjamini, Duminil-Copin, Kozma, and Yadin in
[6, Chapter 6]. The kth-order excess (11), by the decay of which we encode the
C*_theory, measures the distance to this space in terms of the averaged squared

gradient. As our construction shows, there is a one-to-one correspondence between
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the asymptotic behavior of functions in this space and apeym,-harmonic polynomi-
als of degree k. However, there is no natural one-to-one correspondence between
elements of this space and kth-order ajom-harmonic polynomials.

In a recent preprint by Armstrong, Kuusi, and Mourrat published after our
present work, a higher-order regularity result related to our present results is ob-
tained [1], however under a much stronger assumption on the decorrelation of co-
efficient fields (namely, finite range of dependence).

Before stating our results, let us recall the definition of the correctors (¢, o). The
corrector ¢; satisfies the equation

(6) —V-a(e; +Vg¢;) =0.
The flux correction g¢;; is defined as
(7) gi = a(e; + Vi) — anome;

where apon, is the homogenized tensor, that is, apeme; is the expectation of a(e; +
V¢;). In our analysis, we will only use that azem, is some constant elliptic coefficient.
We introduce the corresponding vector potential o, (antisymmetric in its last two
indices) by requiring that

(8) V-0ij = gij-

For the actual construction of a ¢ with stationary gradient we refer to [11]; in
this note, we just use the property (8). In the context of periodic homogenization,
both the scalar and the vector potential ¢ and o may be chosen to be periodic.
In stochastic homogenization, one cannot always expect to have a stationary (¢, o)
(for instance in d < 2 even in case of finite range of dependence) but, as men-
tioned above, we expect sublinear growth in the sense of (4) under mild ergodicity
assumptions.

Finally, let us give a brief historical overview on stochastic homogenization of
elliptic PDEs. The qualitative theory of stochastic homogenization was initiated
by Kozlov [13] and Papanicolaou and Varadhan [17]; the first (non-optimal) quan-
titative estimate — derived under the assumption of finite range of dependence — is
due to Yurinskii [19]. Naddaf and Spencer introduced spectral gap inequalities to
quantify ergodicity in stochastic homogenization [16]. Gloria and the second author
[12] were the first to obtain optimal estimates on the size of the homogenization
error in the linear elliptic case, though with non-optimal stochastic integrability.
Optimal stochastic integrability — however with non-optimal estimates on the size
of the error — was obtained by Armstrong and Smart [3]. Finally, recently opti-
mal error estimates with optimal stochastic integrability were established by Gloria
and the second author [10] and Armstrong, Kuusi, and Mourrat [1]. For a more
probabilistic viewpoint of stochastic homogenization of linear elliptic equations, see
e.g. [15]. In the case of fully nonlinear elliptic equations, a logarithmic rate of con-
vergence has been established by Caffarelli and Souganidis [7] under a very weak
assumption on decorrelation; Armstrong and Smart [4] have obtained a power-law
rate of convergence in the case of finite range of dependence.

Notation. Throughout the paper, we use the Einstein summation convention,
i.e. we implicitly take the sum over an index whenever this index occurs twice. For
example, b;0;v is an alternative notation for (b- V)v and b;Vo; is an alternative
notation for Z?zl b;V;.
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By C we denote a generic constant whose value may be different in each appear-
ance of the expression C; similarly, by e.g. C(d,\) we denote a generic constant
depending only on d and A whose value again may be different for every use of the
expression C'(d, \).

By € :={E € R™?: (E;; + Ej;)(ahom)ij = 0} we denote the space of matrices
E;; for which Ejjz;x; is an apom-harmonic second-order polynomial.

The notation P (or P(z)) generally refers to a polynomial. By P*, we denote the
space of homogeneous polynomials of degree k. By ’Pl’fhom, we denote the space of
homogeneous polynomials of degree k which are ajom-harmonic. On the space P*,
we introduce the norm ||P|| := sup,cp, |P(x)|; note that any other norm on this
finite-dimensional space would do as well, since we do not care for C'(k)-constants.

2. MAIN RESULTS

The proof of our large-scale C*¥® regularity theory relies in an essential way on
the existence of kth-order correctors for the homogenization problem, which enable
us to correct apom-harmonic polynomials of degree k by adding a small (in the
L2-sense) perturbation.

The ansatz for the deformation of an apem-harmonic polynomial P, homogeneous
of degree k (i.e. P € Pghm), into an a-harmonic function v with the same growth
behavior is motivated by homogenization: We consider P as the “homogenized
solution of the problem solved by u”, so that we think in terms of the two-scale
expansion u &~ P + ¢0; P and have that the error ¥p := u — (P + ¢,.0x P) satisfies
-V - aVyp = V- ((¢pra — 0)VOrP). In order to construct u, we reverse the
logic and first construct a solution ¥ p to the above elliptic equation and then set
u:= P+ ¢p0kP + ¥p.

Theorem 1 (Existence of higher-order “correctors for polynomials”). Let d > 2,
k > 2, and suppose that the corrector ¢ and the flux-correction potential o satisfy the
growth assumption (4). Let o be large enough so that €2, < €o holds (the existence
of such ro is ensured by (4)), where g9 = eo(d,k,\) > 0 is a constant defined in
the proof below. Given any P € P*, there exists a “corrector for polynomials” 1 p
satisfying

(9) —V-aViyp = V-((¢p;a — 0;,)VO; P)
as well as
1 1/2
(10) sup —— <][ |Vapp|? dac) < C(d, k, \)||P||ea.r
r>r R Br

for any r > ro. Moreover, 1p depends linearly on P.

Our ¥ p indeed enable us — in conjunction with the first-order correctors ¢; — to
correct apom-harmonic kth-order polynomials.

Proposition 2. Letd > 2, k > 2, and let P € ’Pfhm. Suppose that p satisfies
(9). We then have

—V-aV(P + ¢;0;P +v¢p) = 0.

Let us now state our C*© large-scale regularity result.
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Theorem 3 (C* large-scale excess-decay estimate). Let d > 2, k > 2, and sup-
pose that (4) holds. Let u be an a-harmonic function. Let 1vp = 0 for linear poly-
nomials P (in order to simplify notation) and let ¥p be the functions constructed
in Theorem 1 for higher-order polynomials. Consider the kth-order excess
2

k
Vu—VY (Pt ¢idiPs+p,)| dr.

k=1

(11) Excg(r) :=  inf ]é

Let 0 < o < 1 and let ro be large enough so that €5, < ¢ holds (the existence of
such o is ensured by (4)), where g = eo(d, k, A\, ) > 0 is a constant defined in the
proof below. Then for all v, R > ro with r < R the C*® excess-decay estimate

2(k—1)+2c
(12) Excy(r) < C(d, k, \, a) (1)

R EXCk (R)

1s satisfied.

Our large-scale CF+t1@ excess-decay estimate entails the following kth-order Li-
ouville principle.

Corollary 4 (kth-order Liouville principle). Let d > 2, k > 2, and suppose that
the assumption (4) is satisfied. Then the following property holds: Any a-harmonic
function u satisfying the growth condition

1 1/2
- 2 _
(13) hTrglorolf sy (]ir [ul das) =0

is of the form
k
u=a+bi(x; + ¢i) + Z(Pm + 00 P +p,)
K=2

with some a € R, b € R, and P, € Py . for2 <k <k (ie P, is a homogeneous
Ghom-harmonic polynomial of degree k). Here, the 1p denote the higher-order cor-
rectors whose existence is guaranteed by Theorem 1.

In particular, the space of all a-harmonic functions satisfying (13) has the same
dimension as if a was replaced by a constant coefficient, say apom .

Note that the defining equation (9) and the growth condition

1 1/2
tim e (f weac) =0

together determine the corrector of order k& only up to a-harmonic “polynomials” of
order k — 1: The first-order corrector ¢; is determined only up to an additive con-
stant; the second-order corrector ¢p (for a quadratic polynomial P) is determined
only up to corrected affine functions of the form x + ¢ - (x + ¢) + ¢ with £ € R?
and ¢ € R, and so on. Let us denote by P* the space of solutions to the problem
—V - aVv = 0 which satisfy the growth condition

1 1/2
. 2 _
i i (f, wae) =0

With this notation, our higher-order correctors yield a canonical isomorphism of
the quotient spaces

k
Pa hom

/Pkfl ~ Pk//])kfl

hom
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defined by
[P] = [P+ ¢ VP +p]

for any P € ’Pffhom. Note that this isomorphism is independent of the particular
choice of the correctors ¢ and p.
The basic strategy of the proof of Theorem 1 and Theorem 3 is as follows:

e First, under the assumption that we already have constructed an appropri-
ate kth-order corrector on a ball Bg, we show a C*® excess-decay estimate
on large scales within this ball for a-harmonic functions (Lemma 14). This
result directly implies Theorem 3 as soon as we have proven the existence
of a corrector on R? (i.e. as soon as we have established Theorem 1). The
basic idea for this first part of the proof is a standard approach from regular-
ity theory: We transfer the regularity properties of the constant-coefficient
equation —V-apom Vupom = 0 to the equation —V-aVu = 0. To accomplish
this, we employ an error estimate for the homogenization error.

e Our C* estimate implies a C*~11 theory for a-harmonic functions on balls
Bpr, provided that we have already constructed an appropriate kth-order
corrector on Bgi. This is done in Lemma 17.

e At last, we are able to build our corrector, starting from small balls and
iteratively doubling the size of our balls: We decompose the right-hand
side of equation (9) into contributions from dyadic annulli. In each step,
we add the contribution from the next larger scale 5,23m " determined as the
Lax-Milgram solution to the problem

—-V- avggnro — V'(XBszrL,.O*Bz’"LrO (qﬁla — O'Z)VaZP),
to the corrector on the old scale 1/112;%. At this point, we make use of the
C*~L1 theory to show that after possibly subtracting an appropriate k — 1-
th order a-harmonic “polynomial”, the new contribution «Ei,m”) displays
kth-order decay in the interior {|z| < 2™y}, down to the ball {|z| < r¢}.
This ensures that on a ball of a given fixed size r with r < 2™rg, the
contribution from the next larger scale does not destroy the smallness of
the corrector. We are therefore able to construct the corrector on the next

larger scale ’(/JQPm " as the sum of the corrector on the old scale IQDMTO and

the new contribution 512;"”) minus the aforementioned a-harmonic “polyno-
mial”. This iterative enlargement is carried out in Lemma 18 and finally
enables us to prove Theorem 1.

e The kth-order Liouville principle stated in Corollary 4 is an easy conse-

quence of our C¥+1:® large-scale excess-decay estimate.

3. A C%*“ LARGE-SCALE REGULARITY THEORY FOR HOMOGENEOUS ELLIPTIC
EqQuaTions wiTH RANDOM COEFFICIENTS

For the reader’s convenience, we shall first provide a proof for the C%® case of
our theorems, as in this case the proofs are less technical while already containing
the key ideas. In particular, the overall structure of our proofs is the same as in
the C* case. Since we shall use a somewhat simplified notation in the C% case,
let us reformulate the C%¢ case of our theorems using this notation.
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Theorem 5 (Existence of second-order correctors). Let d > 2 and suppose that the
corrector ¢ and the fluz-correction potential o satisfy the growth assumption (4).
Let o be large enough so that e3,, < € holds (the existence of such ro is ensured
by (4)), where g = €o(d, \) > 0 is a constant defined in the proof below. Given any
E € R¥¥4  there exists a second-order corrector g satisfying

(14) - V- CLV’(/JE = Eij V'[Uij + Oji + a(qﬁiej + ¢jei)]

as well as

1/2

1

sup (][ |Vep|? da:) < C(d,\)|E|ea,r

r>r B \Jp,

for any r > rg. Moreover, the corrector Vg depends linearly on E.

Due to the linear dependence of ¥ on E, below we shall also write E;;1;; in
place of ¥g.

Note that our second-order correctors indeed enable us — in conjunction with the
first-order correctors ¢; — to correct apom-harmonic second-order polynomials.

Proposition 6. Let d > 2 and let E € £ (i.e. assume that the polynomial E;;x;x;
i$ apom-harmonic). Suppose that Vg satisfies (14). We then have

- V- aVEij (:EZ-CL’]' + xiqu + (ZSZ'ZL']' + ww) =0.
Our C?© large-scale regularity theorem reads as follows.

Theorem 7 (C?° large-scale excess-decay estimate). Let d > 2 and suppose that
(4) holds. Let u be an a-harmonic function. Let 1y be the second-order corrector
constructed in Theorem 5. Consider the second-order excess

(15)

Exca(r) :=

2
bele}l,EeS][B } U ( (m; + i) + J(x:chr:c(;SjJrgb:chrq/)J))} Z

Let 0 < o < 1 and let ro be large enough so that €2 ., < e holds (the existence of
such ro is ensured by (4)), where 9 = o(d, A\, &) > 0 is a constant defined in the
proof below. Then for all ) R > ro with r < R the C*% excess-decay estimate

r

24+2a
(16) Exca(r) < C(d, A, @) (f) Exca(R)
R
is satisfied.

Our large-scale excess-decay estimate entails the following C?* Liouville princi-
ple.

Corollary 8 (C?*“ Liouville principle). Let d > 2 and suppose that the assumption
(4) is satisfied. Then the following property holds: Any a-harmonic function u
satisfying the growth condition

1 1/2
lim inf —— <][ |u? dx) =0
r—oo peTe B,

for some . € (0,1) is of the form
u=a+bi(z; + ¢:;) + Eij(zizj + z:d; + dizy + ij)
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with some a € R, b€ R, and E € £ (i.e. some E € R™? for which E;jx;x; is an
Qhom-harmonic polynomial).

Let us start with the proof of Proposition 6, which only requires a simple com-
putation.

Proof of Proposition 6. Making use of the fact that E;;((anom)ij + (Ghom)ji) = 0
(in the third step below), we compute
EijV-(0ij +0ji) + Eij V-a(gie; + djei)

(8)
= Eijqij + Eijqji + Eij V- a(¢ie; + ¢jei)

D By (a0((1d)ik + 0eds) — (anom) ;i) + Fij(ai((1d) 1 + ;) — (anom)ss)

+ Eij V- a((biej + (bjei)
= Eij(ajx(Okwi + ki) + aix (O + Ok ;)
= Eij (GV(LCZ + ¢1) . ViCj + G,V(.’Ej + ¢]) . Vxl) + Eij V- a(@ij + @le)

(g) Eij V(I‘JGV(IZ + (/bz) + .’EZ‘CLV(JJ]‘ + ¢])) + Eij V- a(@ij + @sz)

We therefore obtain

EijV-(0ij +0ji) + Ei; V-a(giej + e;d;5)

= Ei; V-aV(x;xj + 205 + ¢ixj),
which together with (14) implies our proposition. O
3.1. The C%“ excess-decay estimate. To establish our C>® excess-decay esti-

mate, we make use of the following lemma, which essentially generalizes Theorem 7
to correctors which are only available on balls Bp.

Lemma 9. Let d > 2. For any E € £, denote by 1/~JE a solution to the equation
of the second-order corrector (14) on the ball Br (without boundary conditions);
assume that Vg depends linearly on E. Set

1/2
17 e- = sup p ! max ][ Vgl do .
(17) b= BD P <Eee,|E|—1 B,,| vl

For an a-harmonic function u in Br, consider the second-order excess

(18) Exco(r) :=

2
beﬂal(?ges]{gr ‘VU — V(bi(z; + ¢i) + Eij(ziz; + zi¢; + diwj + 1/%;‘))‘ dx.

For any 0 < a < 1 there exists a constant €,y > 0 depending only on d, X\, and
a such that the following assertion holds:
Suppose that 7o > 0 satisfies €., + €iro.R < Emin- Then for all v € [ro, R] the
C?% excess-decay estimate
— r 2420
(19) Exca(r) < C(d, A, ) (E) Exca(R)

s satisfied.
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Note that the infimum in (18) is actually attained, as the average integral in

the deﬁm'tz'on of Exca(p) is a quadratic functional of b and E. Denote by bP™n
and EP™™ q corresponding optimal choice of b and E in (18). We then have the
estimates

(20) R2|Er,min _ ER,min|2 + |br,min _ bR,min|2 < C(d, A\, Q)E;(/:2(R)
and

(21) R2|E™™|2 4 |prmin |2 < C(d,A,a)][ |Vu|? dz.
Br
Proof of Theorem 7. Theorem 7 obviously follows from Lemma 9 by setting ¢ :=

Yp, with ¥g being the second-order corrector whose existence is guaranteed by
Theorem 5. U

The following lemma is essentially a special case of our C% large-scale excess-
decay estimate Lemma 9; it entails the general case of Lemma 9 (see below).

Lemma 10. Let d > 2 and let R,r > 0 satisfy r < R/4 and egp < 1. For any
FE € &, denote by @/;E a solution to the equation of the second-order corrector (14)
on the ball Br (without boundary conditions); assume that T;E depends linearly on
E. For an a-harmonic function u in Bg, consider again the second-order excess
(18). Then the excess on the smaller ball B, is estimated in terms of the excess on
the larger ball B and our quantities e and V1/~1E: We have

_ 4 P - —d
Exca(r) < C(d, \) [(;) i <5?%/(d+1) L R? Eel?fgﬁﬂ]{g Vis[? dx) (%) ]
X E/E(EQ(R)

Before proving Lemma 10, we would like to show how it implies Lemma 9.

Proof of Lemma 9. First choose 0 < 6 < 1/4 so small that the strict inequality
C(d,\)0* < 6122 is satisfied (with C(d, \) being the constant from Lemma 10).
Then, choose the threshold €, for ., + €Jro.R SO small that the estimate

C(dN) [0+ (20" et ) omd] < g2ree

holds.
Let M be the largest integer for which 6 R > r holds. Applying Lemma 10
inductively with R,, := 0™ 'R, 7, := ™R for 1 < m < M, we infer

Excy (0™ R) < (6272*)MExcy(R).
Since we have trivially
Exca(r) < () Exca(rar)
™M

and since by definition of M we have r > 6r); and thus 0™ < 9_1% (where we
recall 8 = 0(d, \, ), we infer
r )2+2a —

Exca(r) < C(d, A, a) (E Exca(R).
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It remains to show the estimates for [b"™" — pFmin| and |Ermin — pRmin| ag well
as the bounds for |[b™™™| and |E™™™|. To do so, let us first estimate the differences
|pRmsmin _ prmsmin| and | pFm.min _ prm.min| - \We have the estimate

B

me T s M 7 2
+ V(Egm’ " Eij m n)(a:ixj +xi0; + pix; + wi_j)‘ dx
. . - 2
< 2][ ‘Vu — Vbzm,mzn(mi + ¢1) — VEZ"’mzn(,TiLL'j + l‘i¢j + ¢ixj + wij)‘
B7‘1n

+ 2][ ‘VU — Vb (@ ¢) = VELT (i + @iy + Gy + ig)
Brm

2
‘dw

d
Rm) Fxca(Ry)

T'm

< 2Excy(rm) + 2 (

2420 242
< C(d, ) @) (%) Exca(R) + O(d, \, )0~ (RR> Exca(R)

'm 20 \mTpo .
< .
C(d,\ a) ( z ) (62%)"Exc(R)
From Lemma 11 below, we thus obtain
|me,min o brm,minl + R|ER,,,,min _ Erm,min| < Cv(d7 )\’a)(ea)m E;(JCQ(R)

Note that a similar estimate for the last increment |p™ ™ — prmin| 4 R| prasmin _
E™™"™ can be derived analogously. Taking the sum with respect to m and recalling
that Ry = R and r,, = Ry41, we finally deduce

M
|bR,min _br,min| +R|ER,min Ermml < C d /\ @ Z 004 m /EXCQ(R)
m=0

< C(d, A, o) \/ Exca(R).

It only remains to establish the last estimate for [b"™™"| and |E™™"|. By the
previous estimate, it is sufficient to prove the corresponding bound for 5™ and
EERm™n  This in turn is a consequence of the inequality

Jo

< 2Excy(R) + 2][

Br

dxr

, . -2
VO (s 4 i) + VEG™ " (@i + wid; + Gy + 1/%;')‘
|Vul? do < 4][ |Vul|? dx

Br
together with Lemma 11 below. ([l

The following lemma quantifies the linear independence of the corrected polyno-
mials @; + ¢, Eij(xix; + 205 + ¢z + 1i5); it is needed in the previous proof.

Lemma 11. Suppose that for every E € £\ {0}, the functions ¢ and v satisfy

][ 61 dw+p*2|Er2f Vsl de < <2,

B, B,
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where gy = eo(d) is to be defined in the proof below. Then for any b € R? and any
FE € &, we have the estimate

|b]* + p*|EJ?
(22) < C(d)][ |Vbi(x; + ¢i) + VE;(zx; + x5 + ¢ij + %)\2 dz.
BP

Proof. Poincaré’s inequality (with zero mean) and the triangle inequality imply

f

1/2
1, )
= C(d) p ;Ielufa <]{30 i (@i + ¢i) + Bij(wizj + 2:6) + ¢izj + Pig) — al? dm)
1/2
][ |biz; + Eijxiz; — af® do
BP

1/2
— inf (][ |bz¢z + Eij(xiéj + (ﬁﬁlﬁj + ’(/;Z'j) — a|2 dI) ] .
B,

a€R

1/2
|Vbi(xi + ¢l) + VEij(.%‘ixj + l‘iqu + (bil‘j + 1;17‘)‘2 dl‘)

P

On the one hand, by transversality of constant, linear, and quadratic functions we
have

Q

1/2
1 1
— inf ][ biz; + Epizix; — al? do > bl + p|E|).
,OGER<BP J J | > (d)(‘| | |)

On the other hand, we have by the triangle inequality and Poincaré’s inequality

1/2
1 ~
Z inf <][ bidhi + Eij (25 + diwj + ij) — a? dx)
BP

paGJR
1/2 1 1/2
|p|? da +p|E|=  max ][ |V z|? do
P Eeg |E|=1 \/B,

Putting these estimates together, by boundedness of the integrals in the previous
line by €3p? our assertion is established. (]

<c(@ | +p\E|>% (f

B,

Proof of Lemma 10. In the proof of the lemma, we may assume that

(23) Fxca(R) :]é Vul? de.

To see this, recall that the infimum in the definition of E—;CQ(R) is actually attained.
Denote the corresponding choices of b and E by b™" and E™". Replacing u by
w— b (2 + ¢) — Eg”"(xzxj + 205 + dizxj + @j% we see that we may indeed
assume (23): The new function is also a-harmonic due to (6) and Proposition 6.

We then apply Lemma 20 below to our function u. This yields an apom,-harmonic
function upe.m close to u which in particular satisfies

][ Vitnom|? dz < C(d, /\)][ Vul? da.
Bry2

Br
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By inner regularity theory for elliptic equations with constant coefficients, the apom-
harmonic function wup,,, satisfies

|Vthom (0)| + R sup |VZunom| + R? sup |V3unom|

BRr/a Brya

1/2 1/2
< C(d,\) <][ |Vthom|? d:c> < C(d,\) (][ |Vul? d:c) :
Br/2 Br

Let us define

bR,TaleT :=VUhom (0)’

ER)TaleT ::V2Uhom (0) .

Since — V- apom Vurom = 0 holds, we infer Eg’Taylor(ahom)ij = 0 and therefore

ER:Taylor ¢ £ (note that E?Tﬂylor = Eﬁ’TaleT). By Taylor’s expansion of Vupom
around z = 0 we deduce for any x € B/, the bound

1
Vthom (x) — bIHTevIr — §E£7Taylor($j€i + zie5)| < |af? sup V3 Unom|-
R/4

Making use of the identity

1
(Id+(V¢)t)Vuhom v/ <b£%,Taylor($i + ¢Z) + 7E5,Taylor(xixj + mi(bj + (bzx]))

2
1 aylor
+ §E5’T YT (pie: + die)
1
_ (Id +(v¢)t> (vuhom<x) _ bR,TCLleT' _ §E5’Taylor<$j€i + xlej>> ,

the previous estimate yields in connection with the bound for |V3upep,| and r < R/4

Jo

1
(4 (T0) )T un, = 9 (BTN 00+ GBS oy + i + 0y

2

1 a or
+ BT (pjei + diej)| dx

274

4
< CO(d, \) (1) ][ Vuf? dz x][ 11d +(V)!|? da.

R/ Jpyg B,
By the Caccioppoli inequality for the a-harmonic function z; + ¢; (see (6)), we have

C(d, N

r2

(24) ]i |Td +(Ve)!|* da < ]{? |z + ¢|* de < C(d, \)(1 +€3,).

The approximation property of upom + ¢;0iUnom in Bp /2 from Lemma 20 below
implies

2 —d
][ IVt — V (tom + i0sttnom)|? dz < C(d, \)eX (@Y (%) ][ IVu|? da.
B, Br
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Combining the last three estimates and the equality
aylor 1 aylor 7
Vu—V (bf’T Y (2 + @) + §E£’T N (@i + iy + Py + %‘))

1
4Vt = ¥ (BT (4 00 + BB a0 0y + 12))

1 aylor 1 aylor 7
+ §E5’T 1 (pje +¢¢6j)} ~3 LT (e + diej + Vibij)

+ {Vu — V(tupom + gbiaiuhom)] + ¢V OiUnom,

we infer

L
o

2
dxr

aylor 1 aylor "
VeV (bf’T YT (4 + ) + §E£"T Y (s + iy + piwy + 1/’17'))

1
(0 (V0 )T una, ¥ (BT 400+ BB ity + 16 + )

2
dz

T

1 aytor
* §E5’T T (Gsei + die;)

2

1 -
7E£7Taylor(¢jei + Qbiej + V¢U) dx

2

+ 4][
B

+ 4][ [Vt =V (tuhom + ¢iOitinom)|? dz
B

+ 4][ |65V Ostinom|* da
Br

< C(d,N) (%)4 (1 +s£)]{3 IVul? do

R

+ C(d)|ER’T“ylm"|2 (7“253 4+  max ][ |V1&E|2 dx)

Ee€&,|E|=1 B

2/(d+1)* ()74 2
+C(d, \)e (R) ]iRWu' dz

+ C(d)T‘Qt’:‘E sup |V2uhom‘2'
Brya

This finally yields in connection with the above bounds on V2w, in B /4 (recall
that Ef&Tavlor — g2y, (0))

Jo

< CO(d,\) (%)4 (1+ 53)]{3 \Vul? da

+ C(d, /\)R72][ |Vu|? do (TZ&‘? +  max ][ \Vip|? dl‘)
Br 1‘

2
dx

1 ~
Ve v (bf’“ylor(%‘i i) + G B (@i + wids + duj + %'))

Ecé&|E|=1 B

2/(d+1)2 (T \ 74 2
+ C(d, Nep (R) ][J;R|Vu| dzx
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+ C(d, \)r?e? R~ |Vul? da

Br
r\4 2/(d+1)2 9 ][ ~ ry\ —d
<c@N|(5) R Vil do ) (1)
<c@n |(5) + (e pomns L 1vdep as) (
x][ |Vul|? d,
Br

where in the last step we have used the inequality ¢2 < (%)d 5% < (%)dgi{(dﬂ)z.
The new bound directly implies the desired estimate. (I

3.2. The C!! excess-decay estimate. We now show how our C%® excess-decay
estimate for the second-order excess Excy from Lemma 9 entails a C'''! excess-decay
estimate for the first-order excess Exc.

Lemma 12. Let d > 2 and R > 0. For any E € &, denote by ¥ a solution to
the equation of the second-order corrector (14) on the ball Bg (without boundary
conditions); assume that @ZE depends linearly on E. There exists a constant €p,in >
0 depending only on d and A such that the following assertion holds:

Suppose 1o € (0, R] is so large that e,y < €min and

1/2
sup pt max ][ |V1ZJE\2 dx < Emin
ro<p<R E€&,|E|=1 B,

hold. Let u be an a-harmonic function on Br. Then there exists b® € R? for which
the estimate

2
][ \Vu — VbE(z; + ¢)[? da < C(d, \) (1) ][ V)2 dx
B, R

Br

holds for any r € [ro, R]. Furthermore, b% depends linearly on u and satisfies

bf)? < C(d, )\)][ |Vul|? da.

Br

Proof. In Lemma 9, fix a := 1/2. We then easily verify that Lemma 9 is applicable
in our situation. Set b% := b7™" and EF := E70™": this implies that b’ depends
linearly on u. The estimate (21) takes the form

R2|ER12 + pR12 < O(d, /\)][ |Vul|? dz.

Br

Furthermore, applying Lemma 9 with ry playing the role of r and r playing the role
of R, we deduce from (20)

Tz‘ER o Er,min|2 + |bR N br,min‘Z < C(d, )\)E;EQ(T)

(19) r2+H2a r A 2+2a
< C(d, N (= Exco(R) < C(d,\) (= ][ Vul? dz.
@ (%) (B <CEN (7)) f, 194l
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We now estimate

][ |Vu — VbE (z; + ¢;))? dx
BT‘

. . - 2
B,

‘ -2
+3f |V i+ a0, + b+ da

n 3][ 7™ — BRY (s + 60)? da

< 3Excy(r)
+ C(d)|Emmin 2 <][ |6|? + 72| 1d +(V$)|? de + max ][ |Vp|? dx)

EcE|E|=1)p

r

+ 3|br,min o bR‘2 |Id +(v¢)t|2 dx
(19,24) 7 2t2e — rmin 2,2/ 2 2 2
C(d’ )\) (E) EXCQ(R) + C(d7 )\)|E ’ | r (Er + (1 + €2r) + gqﬂ,ro,R)
+ C(d, )\)lbnmin _ bR|2(1 + Egr)
2420

< O@d,\) (%) Exca(R) + C(d, \)| E™™"|%2 4 C/(d, \)|prmim — bR,

In conjunction with the two previous estimates, we infer

][ ‘VU — be%(xl + ¢z)|2 dx
B

Sc(d,A) [(;)2+2a+<<;>2+(;)2+2a>+(;)2+2a:|f3 |vu‘2 dz
R
Our lemma is therefore established. O

3.3. Construction of second-order correctors. Using the C!:! theory estab-
lished in the previous subsection, we now proceed to the construction of our second-
order corrector. The following lemma provides the inductive step; starting from a
function which acts as a corrector on a ball Bg, we construct a function acting as
a corrector on the ball Bsg.

Lemma 13. Let d > 2 and let ro > 0 satisfy the estimate €2,, < €9, where
g0 = eo(d,\) is to be chosen in the proof below. Then the following implication
holds:
Let R = 2Myq for some M € Ny. Suppose that for every E € R¥*? we have a
solution Y& to the equation
~V-aVi = Ei; V- xpgloij + 0ji + aldie; + ¢jei)]

subject to the growth condition

1/2 M
o (f veR ae) < @IS mins 2o reans,
B m=0

for all v > 7o, where C1(d, \) is a sufficiently large constant to be chosen in the
proof below. Assume furthermore that V& depends linearly on E.
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Then for every E € R4 there exists a solution yF to the equation
~ V- aVit = Ei; V-[XBan (03 + 0ji + aldie; + ¢je:))]

subject to the growth condition

1/2 M+1
Pl (][ \Vep2f |2 d:r) < Ci(d, N)|E| Y min{1,2" 7o /r}eamy,
B m=0

for all r > rq. Furthermore, 9% depends linearly on E and we have

1/2
rt (f Vit — Vyg|? dx) < Cy(d, N)|Elegniiny,.
B,

Proof. To establish the lemma, we first note that the assumptions of the lemma
ensure that the C1'! excess-decay lemma (Lemma 12) is applicable on Bg with
Y = B, To see this, we estimate for any r € [ro, R]

1/2
- (][ VE 2 da:> < Cy(d, N)|Elesry < Cy(d, M| Eleo.
B,

By choosing g > 0 small enough depending only on d and A and Cy (which is to be
chosen at the end of this proof), we can ensure that the assumption of Lemma 12
regarding smallness of €5, p is satisfied.

Let now £ be the weak solution on R? with square integrable gradient, which is
unique up to additive constants and whose existence follows from the Lax-Milgram
theorem, to the problem

—V-aVEE = Bij Ve XBon—Br (045 + 05i) + Eij Ve XBop— Bra(die; + dje:).

Obviously, VEE depends linearly on E; after fixing the additive constant e.g. by
requiring |’ B, 13 g de =0,¢& g itself depends linearly on E. Furthermore, we have the
bound

[ VB do < CONBE | pan-palo + Xpn-palol do
and therefore

(25) [ IVEBP do < COVBPR 3,

As ¢B is a-harmonic in Br, Lemma 12 now implies the existence of some b € R?
for which the estimates

(26) BEP < CN | [VERP do < Cld VB Ry
Br
and

L, 19eE - VOB i+ oo dr <oy (§) f, weRR an

Br
< C(d, N)|E|*r’esp

hold for all r € [rg, R] and which linearly depends on E.
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Furthermore, we have for r > R

][ IVER —V(bE)i(zi + ¢5)| da

r

)

(24
< o, (rd / Vehp? dw+|b§2(1+e§n)
B,

(25,26) R\ ¢
< C(d,\)|E|*R? (r) +1+¢3, | esg

< C(d,\)|E|?R%e25.
The combination of both r-ranges yields

1 1/2
@0 1 (f IV - Voo &) < CUNIE mingL, 2R/ r)ear,

In total, we see that
Bi= 0+ & — (b3)i (s + 61)

is the desired function (note in particular that the last term is a-harmonic), provided
we choose C7 to be the constant appearing in (27). O

We now establish existence of second-order correctors by means of the previous
lemma.

Proof of Theorem 5. We just need to construct an “initial” second-order corrector
Y subject to the properties of Lemma 13; then Lemma 13 yields a sequence
(wémm)m which is a Cauchy sequence in H'(Bg) for every R > 0 due to the last
estimate in the lemma and our assumption (4) which implies summability of egm,, .
Thus, the limit 15 satisfies the equation (14) in the whole space, depends linearly

on F, and satisfies the estimate

-1 \V4 2d>
" (Jé' Vel do

for any r > .
To construct 1}, just use Lax-Milgram to find the solution ¥} on R? with
square-integrable gradient (unique up to an additive constant) to the equation

-V CLVlﬁrEo =FE;; V-[XBTO (Uij + 05 + a(qﬁiej + ¢j€i))].

1/2 o
< Ci(d, N)[E] Y min{1, 27 /r}eamn,

m=0

Obviously, after fixing the additive constant appropriately ¢} depends linearly on
FE. Furthermore, we have the energy estimate

[ 19l do < OB [ xn,of + a, ool do
R R 0 0
i.e. for any r > rg

[ 1v0E de< c@nIER [ joP + lof? do
B, B

70
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and therefore

V0B do < c@ BRI, i

< C(d,\)|E*r* min{1, (ro/r)2}620.

We note that this provides the starting point for Lemma 13, possibly after enlarging
the constant (7 in the statement thereof. O

3.4. Proof of the C*“ Liouville principle. The C*“ Liouville principle (Corol-
lary 8) is an easy consequence of our large-scale excess-decay estimate (Theorem 7).

Proof of Corollary 8. Let a € (0,1) be such that

1 1/2
. 2 _
i s (]i uf ) =0

holds. By the Caccioppoli estimate, we deduce

1 1/2
. 2 o

Fix r > rg. The excess-decay estimate from Theorem 7 yields together with the
trivial bound Exca(R) < an |Vu|? dr that

r

24+2a
Exca(r) < C(d, A, @) (f) Exca(R)

R
1/2\ 2
][ |Vu|? dm) )
Br

o 1
< C(d A a)r*t? (RH (

Passing to the limit R — oo, we deduce that
Exca(r) =0

holds for every r > rg. Therefore, on every B, with r > rg, Vu can be represented
exactly as the derivative of a corrected polynomial of second order (since the infi-
mum in the definition of Excy is actually attained, as noted at the beginning of the
proof of Lemma 10), i.e. we have

Vu = Vbi (z; + ¢i) + VE; (ziz; + i) + ¢ixj + Pij)

in B, for some b" € R% and some E" € £. It is not difficult to show that for r
large enough, the b” and E” are actually independent of  and define some common
b€ R? and E € &: For example, one may use Lemma 9 to compare the b", E”
for two different radii r1, 79 > 70; the estimate for [b™ — b™2| and |E™ — E"2| then
contains the factor Exce(max(r1,72)) and is therefore zero. Moreover, the gradient
Vu determines the function u itself up to a constant, i.e. we have

u=a+bi(z; + ¢:;) + Eij(zizy + :d; + dizy + ij)

for some a € R, some b € R?, and some F € £ C R?*<, (]
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4. A C*® LARGE-SCALE REGULARITY THEORY FOR ELLIPTIC EQUATIONS
WITH RANDOM COEFFICIENTS

We now generalize our proofs from the C? case in order to correct polynomi-
als of order k and obtain our C*® large-scale regularity theory. We proceed by
induction in k.

In order to establish our C*® regularity theory, let us first show Proposition 2,
which — like the proof of Proposition 6 in the C>“ case — only requires a simple
computation.

Proof of Proposition 2. Making use of the fact that we have (anom)i;0;0;P = 0 (in
the third step below), we obtain

—-V- (UZV&P)

= (V . Ui) . VazP

g vor

D a(e; + Vey) - VOP

©y. (0;Pale; +Vy)).

This yields

V- ((¢ia — 0)VO; P)

=V -a(¢;VO; P+ 9;Pe; + 0;PV ;)

=V - aV(P + ¢:0;P),
which together with (9) implies our proposition. O
4.1. The C** excess-decay estimate. To establish our C*® excess-decay esti-

mate, we make use of the following lemma, which essentially generalizes Theorem 3
to correctors that are only available on balls Bg.

Lemma 14. Letd > 2 and k > 2. Suppose that Theorem 1 holds for orders 2, ...,
k—1, and set p =0 for first-order polynomials P to simplify notation. For any
P e Pk . denote by 1p a solution to the equation (9) on the ball By (without

boundary conditions); assume that the Yp depend linearly on P. Set

1/2
28 e = sup p_(k_l) max ][ V?ﬁp 2 dx .
(28) dbrp = SUP pers ™ byt Bpl |

For an a-harmonic function u in Br, consider the kth-order excess
(29)

Excy(r) =

inf ][
K
P€Ps, o B,

For any 0 < a < 1 there exists a constant €y > 0 depending only on d, k, A,
and « such that the following assertion holds:

2
dx.

k—1
Vu— V(Y (P + 6:0: P +9p,) + (Pi + 6:0: P, + ¥p,))
k=1
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Suppose that ro > 0 satisfies €2y + Egro.R < Emin- Then for all r € [rg, R] the

CFe excess-decay estimate
— ra2(k—1)42a

(30) Exci(r) < O(d, k, A\, a) (E) Excy(R)
is satisfied.

Note that the infimum in (29) is actually attained, as the average integral in
the definition of E/)x\/cQ(p) is a quadratic functional of P.. Denote by PP™" g
corresponding optimal choice of P, in (29). We then have the estimates

k
(31) > RN prmin  pliming2 < O(d, k, A, a)Excy (R)
k=1
and
k .
(32) > R prmin| 2 < C’(d,k7)\,a)][ |Vul|? da.
k=1 Br

Proof of Theorem 3. Once we have shown Theorem 1, Theorem 3 obviously follows
from Lemma 14 by setting ¢ p, := ¢¥p,, with ¢p, being the kth-order corrector
whose existence is established in Theorem 1. (]

The following lemma is essentially a special case of our C* large-scale excess-
decay estimate Lemma 14; it entails the general case of Lemma 14 (see below).

Lemma 15. Let d > 2, k > 2, and let R, > 0 satisfy v < R/4 and g2, p <
eo(d,k—1,\), with eo(d, k — 1, X) being the constant from Theorem 1 for the orders
2, ..., k—1. Assume that Theorem 1 holds for orders 2, ..., k—1, and let vp =0
for linear polynomials P in order to simplify notation. For any P € Py, . denote
by ¥p a solution to the equation (9) on the ball By (without boundary conditions);
assume that 1/~Jp depends linearly on P. For an a-harmonic function u on Bg,
consider again again the kth-order excess (29). Then the excess on the smaller ball
B, is estimated in terms of the excess on the larger ball B and our quantities o g
and V&p: We have

Exci(r) < O(d, k, \)Exck (R)

PN/ | page ; ry
z R ][ Vil do | (1)
(R) + (623 + PeP;“:lj,}I{IPH:l BR‘ el dz R

Before proving Lemma 15, we would like to show how it implies Lemma 14.

X

Proof of Lemma 14. First choose 0 < § < 1/4 so small that the strict inequality
C(d,k,\)0% < §2(k=D+2a ig gatisfied (with C(d,k, \) being the constant from
Lemma 15). Then, choose the threshold €,y for 2., + €Jro.R SO small that the
estimate

C(d, R, \) (0% 4 (35D 4 22

i R) e—d] < g2k—1)+2a
sT0, -

holds.
Let M be the largest integer for which 6 R > r holds. Applying Lemma 15
inductively with R,, := ™ 'R, r,, := §™R for 1 < m < M, we infer

Exci (M R) < (92~ D+2)MExc, (R).
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Since we have trivially

Excy(r) < (7;) - Exc (ra)

and since by definition of M we have r > 6r); and thus 6 < 9_1% (where we
recall = 0(d, k, A\, a)), we infer

__ P\ 2(k—1)4+20
Excy(r) < C(d, k, \, a) <E) Exci(R).

It remains to show the estimates for ||P7™" — PREmin|| a5 well as the bounds for
||Pr™in|. To do so, let us first estimate the differences ||PRm-min — prm.min|| of
two successive polynomials. We have the estimate

k—1

]é \V4 Z (Pé{m,mm _ P’:m,mm + ¢zaz (me,mm _ P:m,mm) + wp,f'm*mi"—P,:m’mm)

k=1

™m

2

+ v(P’fEm,min o P]smymin + Qsiai(P]fm’min o P}:m,7min) + &P,fm’mm—P;:m’mm> dx

<2f
B

k—1
V=V 3 (P P )
m k=1

2

i v/ (Pll"m,mm + (biaiplz“m,m’m + ¢p;‘m»"”"> dx

k—1
+2 YViu—V Z (P’fwmmi’ﬂ + (biaiplfm,min + ¢P§m,mm)
k=1

B

™m

2

v (P]fm,min + ¢iaiplfm;min + '(/’}Pli%m,min) dx

T'm

— R\Y
< 2Excy (rm) + 2 (m) Exci(Rm)

2(k—1)+2a 2(k—1)+2a -
< O,k \ ) (%‘) Excy(R) + C(d, k, \, )0~ (Ré”) Exci(R)

>2(k—1)

< C(d,k,\ ) (% (6™ Excy (R).

From Lemma 16 below, we thus obtain

k

> RV Plemin — proemin|| < C(d, k, A, a)(0%)™ ) Bxcg (R).
k=1

A similar estimate for the last increment Y2F_, RF=1||Praomin — prmin|| can be
derived analogously. Taking the sum with respect to m and recalling that Ry = R
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and r,, = R,,4+1, we finally deduce

k
Z Rnfl||P£,mzn _ P’:,man

k=1
M
C(d. kA a) Y (6%)™\/Excy(R)
m=1

< O(d, k, A, @) \/ Exci (R).

It only remains to establish the last estimate for ||P7™"||. By the previous esti-
mate, it is sufficient to prove the corresponding bound for ||P£™i"||. This in turn
is a consequence of the obvious inequality

Jo

k-1
VY (PR 4 40, PR 4 )

k=1

2

+ (P 4+ 6O P 4 Y prin )| da

< 2Exci(R) + 2][
Br

in conjunction with Lemma 16 below. (]

|Vu|? de < 4][ |Vu|? d
Br

The following lemma quantifies the linear independence of the corrected polyno-
mials P, + ¢,0;, P + ¥p, (with 1 < k < k); it is needed for the previous proof.

Lemma 16. Suppose that the functions ¢ and 1/NJPK (2 < k < k) satisfy

k
—2 Z 2 —2(k—1) -2 l 72 2
dx + E m P V dx < g,
B, o szp berg a?I(IPH:1 171l Verl™ de < &

Ahom P

where €9 = eo(d, k) is to be defined in the proof below. Set qﬁp = 0 for linear
polynomials P in order to simplify notation. Then for any P, € Py, (1 <k <k)
we have the estimate

k
B3 S A IIRIE < cmf

k=1 By

k

VY (Ps+ ¢:i0iPs +Up,)

k=1

2
dx.

Proof. Poincaré’s inequality (with zero mean) and the triangle inequality imply

) 1/2
f ‘)
B
k 2 1/2
dm)

Z(PK + (bzazpm + &PN) —a
) 1/2
dx) ]

k

VY (Ps+ ¢:0:Pc +p,)

k=1
]ip

P

/2

Kk — Q

k=1
dx)

k
> ($:i0:Ps+p,) —a
k=1

— inf <][
a€R B,
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On the one hand, by transversality of constant, linear, homogeneous second-order,
, and homogeneous kth-order polynomials we have

1/2 .
—1
pélénfg (][ dm) =0 d k) Z:: 1P

On the other hand, we have by the triangle inequality and Poincaré’s inequality
) 1/2

1
— inf <][ dx)
pacR \/p,

& ) 1/2

SO E
% ) 1/2
+ | P || — max ][ Vip|? dz .
3P s ( Ve

Putting these estimates together, by boundedness of the integrals in the previous
line by sgpQ(“’_l) our assertion is established. (|

k —

k

> (60 P+ Yp,) —a

k=1

Proof of Lemma 15. In the proof of the lemma, we may assume that
(34) Fxcx(R) =][ Vul? da.
Br

To see this, recall that the infimum in the definition of Excy, (R) is actually attained.
Denote the corresponding choices of P, by P™". Replacing u by u— Zﬁ: (Pmin 4
$i0; PV +4p ponin ) — (Pg”"—l—@@iP,;”i”—i—d;P;nm)), we see that we may indeed assume
(34): The new function is also a-harmonic due to (6) and Proposition 2.

We then apply Lemma 20 below to our function uw. This yields an apom-harmonic
function ey close to u which in particular satisfies

][ Vitnom|? dz < C(d, )\)][ Vul? de.
Bry2 Br
By inner regularity theory for elliptic equations with constant coefficients, the apom-
harmonic function upe., satisfies
k
(35) | Vthom(0)] + R sup [V2tnom| + > R sup [V o,

R/4 k=2 R/4

1/2 1/2
< C(d,k,\) <][ |Vnom|? d:z:) < C(d,k,\) <][ |Vu|? dz) .
Br/2 Br

Let PRTaylor (for 1 < k < k) be the term of order s in the Taylor expansion of
Upom at £g = 0. We now show (for k > 2, as for k = 1 this assertion is trivial)
that Pf’T“leT € P, . The term-wise Hessian of the Taylor series of upop, yields
the Taylor series of VZuUpom. We now know that anom : V2Unom = 0; thus, the
Taylor series of anom : V>Unom is identically zero and by equating the coefficients
we deduce apom : V2PETWor —( for 2 < x < k.
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As the term-wise derivative of the Taylor series of upn, yields the Taylor series
of Vupom, we obtain by the standard error estimate for the Taylor expansion of
Vupom at g =0 for any x € Br/4 the estimate

k
‘Vuhom(x) — ZVPE"TU’?’/ZOT(I) < \x|k sup \VkJrluhom .

k=1 Brya
Making use of the identity
k
(Id +(V¢)t)vuhom v/ Z(Pf,Taylor + ¢i6iP£,Taylor)
k=1
k
+ Z ¢ivaiP£,Taylor
K=2

k
= (Id+(V¢)") (Vuhom(x) - VP ’T“yl‘”(x)> ;

k=1

the previous estimate yields in connection with the bound for |Vk+1uhom\ and
r<R/4

k
]{3 (Id +(v¢)t)vuhom i v/ Z(P:E,Taylor + d)iaiPKR,Taylor)
r k=1
k 2
+ Z qu@iP,f’T“yl‘” dx
k=2

2k
< C(d,k,\) (%) ][ \Vul? da x][ 11d+(Vo)t|? da.
Br B,

By the Caccioppoli inequality for the a-harmonic function z; + ¢; (see (6)), we have

(36) ][ |Td +(V)!|* da < %][ |z + ¢|> de < C(d, \)(1 +€3,).
Ba,

The approximation property of upom + ¢i0iunom in Br/s from Lemma 20 below
implies
—d
][ |V’LL - v(uhom + ¢i8iuhom)|2 dx < C(d7 A)E?Q/(dJrl)z (1) ][ |vu|2 dx.
B, R Br

Combining the last three estimates and the equality
k—1
YVu—-V Z (P’fyTaylor + ¢iaiP§,Taylor + wPR)Taylw)

k=1

-V (P,fvT“yl‘” + ¢,0; T avtor &PR,MW)
k

k
_ |:(Id +(v¢)t)vuhom i v Z (Pf,Taylar + Q/)iaipf,Taylar)

k=1
k k k—1
R,Tayl R,Tayl 7
+ E $; Vo, PITay 07":| . § :¢iV5iPN JTaylor _ E v/lpP’fi,Taylor — valf,Taylor
K=2 K=2 k=2

+ |:VU - v(uh(mfb + ¢iaiuhom):| + (bivaiuhonfu
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A

we infer
k—1
Vu—V Z (PE,Taylor + ¢i6iP£,Ta’yl0T + wP,f‘TaleT)

k=1

2

-V (Plj%,Taylor + ¢iaiPI£%,Taylor + Q;PR,Taylor) dx
&

<of
B

k
(1+(V6) ) Vtnom — V' > (PRI 4 gy, pTester)
k=1

r

k 2
+3 ¢ Vo PRI dy
r=2
k
+Cf ST IVIPETI PP do
B k=2

k—1
+ Ok S [V da

By =2

+ 6][ ‘V'lLPR,TayloT 2 d:L'
B, k

+ 6][ [Vt =V (tuhom + ¢iOitthom)|* da
B

+ 6][ |¢iV8iuhom|2 dxr

s

2k
<k () (1+s;%)][ Vuf? da

Br

k
+C(d, ) 3 V| PR 222

k=2

k—1
C(d. k PR,Taylor 2 P 72][ v 2 d
+C(d, )NEZQII o [I” max ||| BTI Yp|” dx

+CERIPET M max |IPIL (V3P da

Yhom

2/(d+1)> (T ¢ 2
O N (1) ]{BRVM de

+ C(d)r%f sup |V2uh0m|2.
BRr/a

This finally yields in connection with the bounds on V*upen, in Br/y (see (35))
1/2
which in particular imply ||Pf:Tevlor|| < C(d, k, \) R} " (JEBR |Vul? dz)

A

k—1
vu _ V Z (PE,TG.ZJIOT‘ =+ qsiaiPE,TaleT + wp’fj‘aylor)
r=1

2

_v (Pli%,Taylor + qsiaiP]f,Taylor + J)PSVTWLOT> dx




HIGHER REGULARITY FOR RANDOM ELLIPTIC OPERATORS 27

T2 2 2
< CO(d, k, \) (E> (l—l—er)]é IVul? dz
R

ko N\ 205—1)
+C(d,k,/\)522(§) ][ Vul? de
Br

" k—1
+ C(d,k,/\)]éR |Vul? dx;R_g(“_l) max ||P||‘2]ér \Vipp|? dx
+C(d,l~c,/\)][ Vul? de x B2 max ||P||—2][ Vip[? do
Br pePk, B,
+O(d, N2 @D (;)_d]i Vul? do
®

+C(d, )\)7'253}2’2][ |Vul? da
Br
2k
< O(d kA 24z (2
< C(d,. )][BR'V“' m[(R)

2/(d+1)? R—2(k—1) ][ Viol? d (1)_‘1
+ <€Q’R + PEPkmE/{HPH:l BRl ’l/)P‘ v R ’

Ahom

w

. . . d d 2
where in the last step we have used the inequality e2 < (£)"¢%, < (£) s?{(dﬂ)
and eg < g5 p as well as (10) for 2 < k < k —1. Our new estimate now implies the
desired bound. O

4.2. The C*~11 excess-decay estimate. Like in the C%% case, we now show
how the C*® excess-decay estimate for the kth-order excess Excy (in Lemma 14)
entails a C*~1:! excess-decay estimate for the (k — 1)th-order excess Excy_1.

Lemma 17. Let d > 2, k > 2, and R > 0. Assume that Theorem 1 holds for the
orders 2, ..., k—1, and let vvp = 0 for linear polynomials P in order to simplify
notation. For any P € Py, . denote by Up a solution to the equation (9) on the
ball Br (without boundary conditions); assume that the 1/;1: depend linearly on P.

Then there exists a constant €y > 0 depending only on d, k, and A such that the
following assertion holds:

Suppose 1o € (0, R] is so large that €2 ry < Emin and

1/2
sup p~ 1 ( max ][ |Vp|? dac) < €min
BP

ro<p<R pPePk ||P||=1

Yhom

hold. Let u be an a-harmonic function on Bg. Then there exist PE ¢ P~

(1 <k <k —1) for which the estimate o
Vu-V Z (P,f + qbzalP,f" + wpé%)

][BT k=1

2(k—1)
< C(d,k,\) (%) ]{9 Vul? do

k-1 2

dx
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holds for any r € [ro, R]. Furthermore, the PE depend linearly on u and satisfy

k—1
> REDPEE < 0@ b N [Val d
k=1 Br

Proof. In Lemma 14, fix a := 1/2. We then easily verify that Lemma 14 is applica-
ble in our situation. Set PX := Promin. this implies that the P® depend linearly
on u. The estimate (32) takes the form

k
S R2<1)|| pR|j2 < O(d,w][ Vul? dr.

k=1 Br

Furthermore, applying Lemma 14 with r¢ playing the role of r and r playing the
role of R, we deduce from (31)

k
Z 7,2(»@—1)HP’§ o P}:,minHQ

k=1
< C(d, k, \)Excg(r)
(30) 2(k—1)+20
< Cd kN (1) Excy(R)
7 2(k—1)+2a
<C(d,k,\) (= ][ Vul? de.
(k3 (5) 19l

We now estimate

A
s

k—1
Vu—V Y (PF+¢:i0PF + pr)
k=1

2
dx

k—1
Vu— V7 (PIm 4 gidiPL " 4 )
k=1

”
2

= V(PP 4 GO PP + D )| de

. . - 2
B

+3f
B,

< 3Excy(r)

k—1 2
v Z (P’:,min o P’f + QSZ(?Z(P,Z’"”” _ P}?) + wP,Q’”"""—PR)

k=1

dzr

r

+ p2(k=2) max ][
pepg, IPII=1/B
k—1

+C(d, k) S p2D) | promin P5||2][ 14 +(Ve)'|? de
B.

k=1

+ C(d, k)|| P |22t 2) (f 8> + r?|1d +(V¢)'|* dx

[Vpp|? dx)

T
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k—1
+C(d, k prmin _ pR|2 max ][ r205=2)| 412 4 (T2 di
@h 3| P g%, 7O [V

(10,30,36) 2(k—1)+20
< C(d, k,\) (%) Excy(R)

+C(d ke, VIIPE™ ™ 220D (2 4 (1 €3,) +€3, )

k—1
+ C(d, k, )\) Z 7n2(’f—1)||Pl:,min . P§||2(1 I 5%,«)
k=1
k—1 ‘
+ C(d,kX) 3 r2DIPE = PP+ )
K=2
2(k—1)+20 ‘
< C(d7 k, )\) (%) EXCk(R) + C’(d7 k, )\)||P,:’m7'n”27'2(k_1)
k—1
+ C(d, k', A) Z T2(K71)||P}:,min o P£||2
k=1

In conjunction with the two previous estimates, we infer

k—1 2

][ Vu—VY (PF+¢0iPF +1pr)| da

B k=1

7 2(k—1)+2a 7 2(k—1) 7 2(k—1)+2a 7 2(k—1)+2a
< — _ — _
—C(d’k’A){(R) +<(R> +(3) >+(R> }
x][ |Vu|? da.
Br

Our lemma is therefore established. O

4.3. Construction of correctors of order k. Using the C*~11 theory estab-
lished in the previous subsection, we now proceed to the construction of our kth-
order corrector. The following lemma provides the inductive step; starting from a
function which acts as a kth-order corrector on a ball Bgr, we construct a function
acting as a kth-order corrector on the ball Bog.
Lemma 18. Let d > 2, k > 2, and assume that Theorem 1 holds for the orders 2,

.., k—=1. Let ro > 0 satisfy the estimate 2., < €9, where eg = o(d, k, A) is to be
chosen in the proof below. Then the following implication holds:

Let R = 2™y for some M € Ny. Suppose that for every P € P* we have a

solution V& to the equation

—V-aVyE = V-(xB,(¢ia — 0;)VO; P)

subject to the growth condition

1/2 M
00 ([ 1uER de) < Gl kNI ming1. 2o/l
B,

m=0
for all v > 1o, where Cy(d, k, \) is a sufficiently large constant to be chosen in the
proof below. Assume furthermore that Y% depends linearly on P.
Then for every P € PF there exists a solution V2 to the equation

—V-aVy2 = V-(xB,, (bia — 0;)V; P)
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subject to the growth condition

1/2 M1
o (][ VRt dm) < Cu(d R, V)[IPI| D min{1, 2™ ro/rYeam,
B, m=0

for all r > rqg. Furthermore, w%R depends linearly on P and we have

1/2
P (][ VU — vyl dw) < Co(ds b V)| |Pllessionn,.
B,

Proof. To establish the lemma, we first note that the assumptions of the lemma
ensure that the C*~1! excess-decay lemma (Lemma 17) is applicable on Bp with
Yp = E. To see this, we estimate for any r € [rg, R]

1/2
pm(k=1) <][ |V &2 dm) < C1(d, k, N)||Plg2.r, < C1(d, k, N)||P]|<0-
Br

By choosing ¢ > 0 small enough depending only on d, k, A, and C; (which is to be
chosen at the end of this proof), we can ensure that the assumption of Lemma 17
regarding smallness of Edro.R 1S satisfied.

We now turn to the construction of ¢%,R — ¢1}§ and to that purpose denote by
¢E the weak solution on R? with zero mean in Bag and square integrable gradi-
ent, whose existence and uniqueness follows by the Lax-Milgram theorem, to the
problem

-V av£§ = v'(XBQR*BR(¢ia - Jl)valp)

Obviously, ¢& depends linearly on P. Furthermore, by ellipticity we have the
estimate

[ vek ds
R4
1/2 1/2
< @) 5w 2P| ([ xma-maloal +lo) de) ([ (0eBP o)
Bar R4 Rd

which gives

1/2 1/2
( [ wepe dx) < C(d,\) sup V2P| ( [tk o d:c) -
Rd B2R B2R

The last estimate in turn implies
(37) [ V6P do < (@ kA IPIPR 252,

We now obtain 927 — & by modifying ¢ by an a-harmonic function of degree
k—1. As ¢E is a-harmonic in Bg, Lemma 17 now implies the existence of some
P,fp € P for 1 < k < k—1 which depend linearly on P and for which the estimates

(37)
(38) ||P£P||2§c<d,k,A>R*2<N*1>f VEB do < C(d, b, || PIP R <2,
Br
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and

2

k—1
VEE-vY (P,ffp + $:0:PFp + wpgp) dx
k=1

1,
T

2(k—1)
< ok (%) ]iwgﬁﬁ dz
R

(37)
< C(d7k7)‘)”PH2r2(k_l)EgR

hold for all r € [ro, R].
Furthermore, we have for r > R

A

(36,10)
<

2

k—1
VEE-vY (P,ffp N ¢P5P) dz
k=1

C(d, kX <T‘d/B IVERI? da + || Pp[[* (1 + €3,)

k—1
+ ) Y| PR (1 + €3, + e%,,»)
r=2

(37,38) R\ P 2(k—2)
< C(d,k,\)||P|PR**D ((r) +1+¢e3, + (1+e2 +e2,) (E> ) E5r

< C(d,k,N)||P|Pr2*-2DR2:2 .
The combination of both r-ranges yields
1 k—1 2 1/2
(39) pur <]{3 ’v§1§_v2:1(P£P+¢161P5P+¢P§p) dz)

< C(d, k, V|| P|| min{1,2R/r}ear.

In total, we see that

k—1
Bim vl e =Y (PR + 0 PRp + tpn )

k=1

is the desired function (note in particular that the last term is a-harmonic), provided
we choose C7 to be the constant appearing in (39). O

We now establish existence of kth-order correctors by means of the previous
lemma.

Proof of Theorem 1. We just need to construct an “initial” kth-order corrector ¢}
subject to the properties of Lemma 18; then Lemma 18 yields a sequence ( 12;””’)m
which (after subtracting appropriate constants) is a Cauchy sequence in H'(Bg)
for every R > 0 due to the last estimate in the lemma and our assumption (4)

which implies summability of eam,,. Thus, the limit ¢p satisfies the equation (9)
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in the whole space, depends linearly on P, and satisfies the estimate

1/2 >
T_(k_l) (][ |va‘2 d$> S Cl(d7k’)\)||P|| Z min{1,27n7'0/’l"}52mro
B,

m=0

< Ci(d, k,N)||Pllea,

for any r > .
To construct ¢}, we use Lax-Milgram to find the (unique) solution 1} on R¢
with square-integrable gradient and zero mean on B,, to the equation

—V- avwg’ = V'(XBTO (¢ia — a,)Vo”’lP)

Obviously, ¥ depends linearly on P. Furthermore, we have the energy estimate

/ e de
Rd

1/2
< C(d, ) sup |V2P) (/ x5, adl? + s, of? dx) (/ |vw};°2dw)
Rd Rd

70

1/2

We therefore get

1/2
(/ Ve dx) < C(d, \) sup [V2P| </
R4 B B,

0

1/2
|| + |o|? da:) )

0
This yields in particular for any r > rq
[ V0Bl do < c@rNIPPRE [ (0P 4o de
r BTO
and therefore

][ (VYR 2 de < C(d, k, A)||P||2r=drg* D2 2t

T

< C(d, k,N)||P))*r** =Y min{1, (ro/r)?}e2,.

We note that this provides the starting point for Lemma 18, possibly after enlarging
the constant (7 in the statement thereof. O

4.4. Proof of the kth-order Liouville principle. Like in the C% case, the
C* Liouville principle (Lemma 19 below) is an easy consequence of our large-scale
excess-decay estimate (Theorem 3). The kth-order Liouville principle (Corollary 4)
in turn is an easy consequence of the C**t1< Liouville principle.

Lemma 19. Let d > 2, k > 2, and suppose that the assumption (4) is satisfied.
Then the following property holds: Any a-harmonic function u satisfying the growth
condition

1/2
o 1 2
(40) hTH_l)géf ey (f};r | dm) =0

for some a € (0,1) is of the form

k
u=a-+bj(x; + ¢;) + Z(Pn + ¢$:i0; P +p,)

K=2
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with some a € R, b € R, and P, € Py for2 <k <k (ie P, is a homogeneous
Ghom-harmonic polynomial of degree k). Here, the 1bp denote the higher-order cor-
rectors whose existence is gquaranteed by Theorem 1.

Proof of Corollary 4. Obviously, (13) entails (40) with k + 1 in place of k and e.g.
« = z. By Lemma 19, any a-harmonic function v subject to condition (13) must
be of the form

=

ht1
(41) w=a+bi(x;+¢:)+ Y (Pe+ ¢:i0;Ps +1p,)

K=2

with some a € R, b € Rd, and P, € ’P[fhom for 2 < k <k + 1. Our stronger growth
condition (13) however shows that we have P11 = 0: Since the ¢; grow sublinearly
(see (2)) and since ¥p, ., grows slower than a polynomial of degree k +1 (see (10)),
we see that for large |z| the term Py1; would be the dominating term in (41) if it
were nonzero, contradicting our growth condition (13). (]

Proof of Lemma 19. Let « € (0,1) be such that

1 1/2
o 2 _
IIRIILIOI})f Thia <]€3R ul dx) =0

holds. By the Caccioppoli estimate, we deduce

1 1/2

o 2

%zniloréf TE-ita <]€33 [Vul dx) =0.

Fix 7 > rg. The excess-decay estimate from Theorem 3 together with the trivial
bound Exc(R) < fg [Vul* dz yields

2(k—1)+2a
Exci(r) < C(d, k, \, a) (%)

2
1 1/2
< O(d, k, A, q)r?th-1t2e <Rk—1+a <][ Vul? daf) > :
Br

Passing to the lim inf R — oo, we deduce that

Excp(r) =0

EXCk(R)

holds for every r > rg. Therefore, on every B, with r > ry, Vu can be represented
exactly as the derivative of a corrected polynomial of kth order (since the infimum
in the definition of Excy is actually attained, as noted at the beginning of the proof
of Lemma 15), i.e. we have

k
Vu = Vb (z; + ¢:) + V Y (P + ¢:0: Py + ¥py)
K=2
in B, for some b" € R? and some P, € P% (2 < k < k); recall that we have
used the convention ¥p = 0 for linear polynomials P. It is not difficult to show
that for r large enough, the 0" and P[ are actually independent of r and define
some common b € R? and P, € Py, For example, one may use Lemma 14 to
compare the b", P! for two different radii r1,79 > 79; the estimate for [b™ — b"2|
and ||PI* — Pr2|| then contains the factor Excy(max(r1,72)) and is therefore zero.
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Moreover, the gradient Vu determines the function u itself up to a constant, i.e.
we have

k
u=a+b;(x; + &)+ Z(Pﬁ + ¢:0; P + ¢¥p,)
K=2
for some a € R, b€ R?, and P, € Py (2<Kk<k). O

APPENDIX A. APPROXIMATION OF a-HARMONIC FUNCTIONS BY CORRECTED
ahom-HARMONIC FUNCTIONS

Our proofs make use of the following lemma, which is implicitly derived in the
course of the proof of Lemma 2 in [11]. For the reader’s convenience, we recall its
proof here.

The lemma essentially states that an a-harmonic function u on a ball Br may

be approximated on the ball Bg/; up to a small error (of order 6}{('1“)2) by an
appropriate apom-harmonic function up.,, and correcting this function upe,, using
the first-order corrector ¢;.

The purpose of the lemma is the same as in classical elliptic regularity theory:
The function wuy,,, satisfies an elliptic equation with constant coefficients, i.e. it
is smooth and good estimates for its higher derivatives are available. In our proof
above, we show by means of the present lemma that this high regularity of upom
transfers (in an appropriate sense) to w itself.

Lemma 20. Let R > 0 and let u be a-harmonic on Br. Suppose that eg < 1 (with
er as defined in (3)). Then there exists an apom-harmonic function upom on Brjs
satisfying the following two properties: First, we have the energy estimate

(42) ][ (Vhom|? dz < C(d, /\)][ |Vul? dz.
Br/2 Br

Second, the “corrected” function upom + @iOiunom 18 a good approximation for u in
the sense that

f IVt — Y (thom + $idiunom)|* dz < C(d, ey’ ][ Vul? dz.
Br/2 Br

Proof. Choose some R’ € [2R, R] for which
(43) r{  |[VuPds < C(d)][ Vul? da
aBR/ Br

holds. Let upom be the apom-harmonic function in Bg which coincides with u on
OBps. Testing the equation — V- apom Vthom = 0 with wpem —u (note that this test
function is admissible since we have upom —u = 0 on dBpg/), we infer by ellipticity
of a and (in the second step) Young’s inequality

][ Vo |2 dz < C()\)][ IVl [Vanom| dz
B

B
1

(44) <3t
2/p

which because of R/2 < R’ < R gives the desired energy estimate. It remains to
establish the approximation property of upom + @;0iUnom-

|vuh0m‘2 dz + C()\)][ |VU|2 dl’,

R’ BR/
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Denote by 79 : R — R a smooth function with 79(s) =1 for s > 1 and n9(s) =0
for s <0. Let 0 < p < R/4 and set n(z) :=no(2(R' — p/2 — |z|)/p). Note that we
have |Vn| < C(d)/p as well as = 0 outside of Br/_,/» and n =1 in Br/_,. Due
to p < R/4, we also have R’ — p > R/2. We will optimize in this “boundary layer
thickness” p at the end of the proof.

Let us abbreviate

V= U — Uhom — n¢i6iuhom-

where the purpose of 7 is to have v = 0 on dBg/. The desired approximation
property of Upom + @i0iUnom as stated in the lemma will be a consequence of an
appropriate energy estimate for v (recall that we have n = 1in Bg/, since p < R/4
and R’ > 3R/4).

To derive this energy estimate, we would like to show that v is approximately
a-harmonic. We first compute using the fact that v and x; 4+ ¢; are a-harmonic (see

(6))
—V-aVv
=—V-aVu+ V-(1 —n)aVupom + V-ale; + Vo, )n0ithom + V- ¢:aV (0 uhom)

© V(1 = n)aVurom + ale; + Vi) - V(nOitnom) + V- $:aV (n0itinom)
= V(1 = n)(a — ahom)Vnom + (ale; + Vi) — anome:) - V(10itnom)
+ V. ¢iav(778iuhom)a
where in the last step we have used the apom-harmonicity of upen, in form of the
equality — V(1 — 9)ahom VUhom — Ghomei - V(n0ithom) = 0. Taking into account
the formula a(e; + Vi) — apomes = V-0, (see (7),(8)) and the fact that
(V . Ui) . V’LU = [*)kaijkajw = 8k(0ijkajw) = —Gk(aikj(?jw) = — V~(ain)
holds for any function w by skew-symmetry of o;, we may rewrite the right-hand
side in divergence form:
—V-aVu =V-(1—=n)(a — ahom)VUrom + V-(dia — 0;)V(nOithom)-

Testing the weak formulation of this equation with v (recall that v = 0 on 0Bg/)
and using the ellipticity of a, we deduce using Young’s inequality and the properties

of
/ |Vo|? dz
Bps

< C(A)/ (1 =n)(a— ahom)vuhom|2 + [¢ia — Ui|2|v(7781iuhOM)|2 dx
B

R’/

< 0(d, A)/ 1= 0f*|Vthom|* do

R/
+C(dw\)/ (162 + 1o ) IV [Vunom|* + 0?1V unom|*) dz
Bps

< C(d, A)/ |Vtnom|? dz

Bpi—Bpi_,

1
+C(d,A) sup (2lwhom|2+|v2uhom|2> / |6 + |of? da.
B

Bri_p/2 R’
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Since our function upem, iS apom-harmonic, we have the regularity estimates

1 C(d, A
sup (2|vuhom2 + VQUhom|2) < % sup ][ ‘VUhole dI,
Bri_p)2 p YEBR/_,/2Y B, (y)

2/p
(/ [Vupom|? d:c) < C(d, /\)/ |Vm”uhom|2 ds,
BRI 8BR/

where p := 2d/(d — 1): The first estimate is a standard constant-coefficient in-
terior regularity estimate (which is a consequence e.g. of an iterative applica-
tion of Theorem 4.9 in [9] and the Sobolev embedding). The second estimate
follows by combining 1) the existence of an extension % of e, subject to the
estimate ||Val|zo(p,,) < C(d)|V** Unom||12(08,,) and 2) the Calderon-Zygmund
estimate on Brs, which reads ||Vw||rr(5,,) < C(d, N)||Vil|pr(z,,) for any solution
w € HY(Bg/) with w — 4 € H}(Bg') to the equation — V- apmVw = 0. For the
latter estimate, see Theorem 7.1 in [9)].

Using these regularity estimates, the equality Vi upeym = VI%"u on 0Bg, as
well as the obvious inequality

, 2R\ )
sup |VUhom|” de < |Vunom!|” da,
YEBR/ /27 B, a(y) p Br

we infer by p < R'/4 and 3R/4 < R' <R

2/p
/ Vol de < C(d, N)| B — Bar_|'=2/7 ( / IVttnom|? dx)
Bpr BleBRlip

1 (R\"
e o R I e e i
R/ p BR’ BR/

(44) -
< C(d, )\)pl/dR/(d 1)/d/ |vtanu|2 ds
OBp

R/ d+2
+ O, M) () / Vul? do
p Bp
(43) p\1/d )
< LA
< C(d,\) (R,) /BR|vu| dz

N\ d+2
+Cd, N (R) / Vul? da.
p Bp

imize i X . 1.2d/(d+1)% o . . - .
We optimize in p by choosing p := ;e R’ (which thanks to the assumption

er <1 is admissible in the sense of p < %R’). This yields

/ Vo2 do < C(d, \)e2 @+D° / |Vul? dx+/ Vul? dz
Bp/ B Br

which together with the estimate 3R/4 < R’ < R and = 1 in Bg/, proves the
desired approximation result. (I

R’
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APPENDIX B. FAILURE OF LIOUVILLE PRINCIPLE FOR SMOOTH UNIFORMLY
ELLIPTIC COEFFICIENT FIELDS

We now provide the argument that smoothness of a uniformly elliptic coefficient
field does not prevent Liouville’s theorem from failing: Even for smooth uniformly
elliptic coefficient fields, sublinearly growing harmonic functions are not necessarily
constant, implying a failure even of the zero-th order Liouville theorem.

Proposition 21. For any a € (0, 1) there exists a smooth, bounded, and uniformly
elliptic symmetric coefficient field a on R? such that the following holds: There
exists a smooth function u which is a-harmonic and satisfies

(45) (]i u? dxf ~R* forR>1.
R

Proof. By a classical example in dimension d = 2 (see e.g. [18]), for any exponent
a € (0,1), there exists a uniformly elliptic, symmetric coefficient field ag of a scalar
equation and a weakly ag-harmonic function ug (in particular, it is locally integrable
and of locally integrable gradient) whose modulus on average grows like |z|*, for
instance as expressed by

(46) <]€3 ud dm)é ~ R

Moreover, in this example
(47) ao and ug are homogeneous and smooth outside the origin.

We now argue that this example may be post-processed to an example of an ev-
erywhere smooth uniformly elliptic symmetric coefficient field ¢ and a smooth a-
harmonic function w such that still (45) holds.

Indeed, because of (47) we can easily construct a uniformly elliptic coefficient
field a that agrees with ag outside of By and is smooth. Next we observe that (47)
also implies (using d = 2 and « > 0) that Vuy is locally square integrable, so that
by Riesz’ representation theorem, there exists a weak solution of

(48) -V -aVw =V " (a—ap)Vug

in the sense that w and its gradient are locally integrable and that
(49) /|Vw|2 dx < C(N).

Equation (48) is made such that u = ug+w is a weak solution (i. e. locally integrable
with locally integrable gradient) of
-V -aVu =0,

and thus smooth since a is smooth by classical uniqueness and regularity results.
It remains to give the argument in favor of (45), which in view of (46) follows once
we show that (49) implies in particular for large R

(50) (]{B w? dx)% = o(R").
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This is a well-known argument related to “bounded mean oscillation”: By Poincaré’s
estimate with mean value zero we have on every dyadic ball around the origin

(/1;;2n(w_]{32nw)2 dgc)é <C(d)- 2 (/B IVl dm>2,

which for d = 2 takes on the form

(51) (]é (w _]{Bw w)? czgc)é <c (/B IVl dgc)é P eow.

By Jensen’s and the triangle inequality, this yields in particular |fB Lw dx —
on—

wa w dx| < C(\) and thus, since we may w. l. 0. g. assume fBlw dr = 0,

‘JEBQ" w dx| < nC(N). Inserting this back into (51) gives

(]é w? dx>é <nC(N),

that is, (50) in the stronger form of

Nl=

<][ w? d:v) < C(d)logR.
Br
O

Proposition 22. There exists a smooth, bounded, and uniformly elliptic symmetric
coefficient field a on R3 such that the following holds: There exists a smooth map
u: R3 — R® which is a-harmonic and satisfies

(52) (][ u? dx)% ~R™™ forR>1,
Br

where o = (1 — \/%)

Proof. By a classical example of De Giorgi in dimension d = 3 (see e.g. Chapter
9.1.1 in [9]), there exists a bounded, symmetric, and uniformly elliptic coefficient
field ap which is radial and smooth away from the origin, for which the map

x
(53) uo(x) := R
with v = %(1 - \/%) is ap-harmonic. Choose a to be a smooth, bounded, and

uniformly elliptic coefficient field which agrees with ag outside of the unit ball B;.

We now show that the ap-harmonic map ug may be modified to yield an a-
harmonic map w with the same decay properties on large scales. To construct
the difference u — wug, let w be the Lax-Milgram solution (which is unique up to a
constant) to the problem

(54) —V-aVw =V - (a—ag)Vug.

Since a — ag is supported in By, since a and ag are bounded, and since Vugy belongs
to L? (R?), we deduce by the standard energy estimate

loc

(55) /|Vw|2 da < c/ (0 — ag)Vuo|2 dz < C.
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Poincaré’s inequality now implies for any R > 0

(55)
(56) ][ |w7][ w|2 dr < 032][ |Vwl|? dx < CR*I/ |Vw|? dz < CR™1,
Br Br Br Br

][ wdx—][ w dx
Br Bar

We therefore deduce that the sequence fan w dx is Cauchy: We have for any

N>n>0
][ w dx —][ ][ w dx —][ w dx
Bon B Bym Bym+1

N—-1
<> crmP<or

m=n

which entails

< CR™'/2,

N—1
wdr| <
N m

2 =n

Possibly adding a constant to w (to ensure that the limit of the above sequence is
zero), we therefore may assume that

][ w dx
Bon

In conjunction with (56), we infer for any R > 1

1/2
(57) (][ Jw|? da:) < CR™'2
Br

By (54), the map u := ug + w is a-harmonic. As u solves a linear elliptic system
with smooth coefficients and belongs to H}. .(R?), u itself is smooth. Since we have

o=~ —1< %, the estimate (57) in conjunction with (53) entails (52). O

<0272,
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