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ABSTRACT. In the computation of the material properties of random alloys,
the method of “special quasirandom structures” attempts to approximate the
properties of the alloy on a finite volume with higher accuracy by replicating
certain statistics of the random atomic lattice in the finite volume as accurately
as possible. In the present work, we provide a rigorous justification for a
variant of this method in the framework of the Thomas—Fermi—von Weizsécker
(TFW) model. Our approach is based on a recent analysis of a related variance
reduction method in stochastic homogenization of linear elliptic PDEs and the
locality properties of the TFW model. Concerning the latter, we extend an
exponential locality result by Nazar and Ortner to include point charges, a
result that may be of independent interest.

1. INTRODUCTION

In material science, direct simulations based on density functional theory [14]
15| 21] are currently limited to hundreds to thousands of atoms and therefore to
material samples just about one order of magnitude larger than the atomic length
scale (see e. g. [22]). Multiscale approaches — employed for example in the simulation
of dislocations [9, 19, [25] — rely on an extrapolation of the elastic properties of the
material from such microscopic samples to larger scales, a concept also known in
the context of continuum mechanics as “method of representative volumes”. While
for materials with a periodic lattice the computational problem on the atomic scale
may often be simplified to a problem on a single periodicity cell [3] 9] [19] 22] 25],
such a simplification is no longer possible for materials with random atomic lattices
like random alloys (see Figure 1| for an illustration). As a consequence, for random
alloys the atomic-scale samples must be chosen significantly larger, giving rise to a
computationally costly problem.

For the computation of the effective properties of random alloys, an approach
called “special quasirandom structures” (SQS) has been proposed by Zunger et al.
[29] to increase the accuracy of DFT computations without increasing computa-
tional effort. The key idea of the method of special quasirandom structures is to
construct a periodic configuration of atoms with finite but large periodicity cell
(“superlattice”) which reflects certain statistical properties of the random atomic
lattice particularly well — like the proportion of the atomic species, the proportion
of nearest-neighbor contacts of the various atomic species, and so on (see Figure
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FIGURE 1. A simple example of a random atomic lattice, the dif-
ferent atomic species being indicated by the colors red and blue
(left). An illustration of the method of representative volumes
(right): For ab initio computations of material properties, a sam-
ple of microscopic extent must be chosen.

for an illustration). Further developments and applications of this method of “spe-
cial quasirandom structures” may be found in [27, 28]. Related approaches have
been employed in the context of homogenization in continuum mechanics [11 2], 23].

Inspired by the method of special quasirandom structures, in the continuum me-
chanical context of homogenization of random materials a selection approach for
representative volumes has been proposed by Le Bris, Legoll, and Minvielle [16]:
This selection approach proceeds by considering a large number of microscopic sam-
ples of the random material and selecting the sample that is “most representative”
for the material as measured by certain statistical quantities, like for example the
volume fraction in the case of a two-material composite. The effective material
properties are then approximated by numerically evaluating the cell formula pro-
vided by homogenization theory on the selected sample. In the context of stochastic
homogenization of linear elliptic PDEs —V - (a.Vu) = f, for the computation of
the effective (homogenized) coefficient the selection approach has been shown to
yield an increase in accuracy of up to one order of magnitude in a numerical ex-
ample with ellipticity ratio 5 [I6], while requiring negligible computational effort.
Recently, a rigorous mathematical analysis of the selection approach by Le Bris,
Legoll, and Minvielle in the context of homogenization of linear elliptic PDEs has
been provided by the first author [11].

The main goal of the present paper is to show that the selection approach of
Le Bris, Legoll, and Minvielle [16] — which is conceptually closely related to the
method of special quasirandom structures of Zunger et al. [29] — also allows for an
increase of accuracy in the computation of the effective elastic properties of random
atomic lattices in the context of orbital-free density functional theory (orbital-free
DFT). More precisely, we neglect exchange-correlation energy and consider the
approximation of effective energies of random atomic lattices in the framework of
the Thomas—Fermi—von Weizsécker (TFW) model. In the TFW model, for a given
nuclear charge distribution m the associated electronic density p of the ground state
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is determined by minimizing the TFW energy

1
[ IV VB + Creg 4 Som = pods
with the electric potential ¢ being subject to the Poisson equation
—A¢ = 4nt(m — p).

By rescaling, we may henceforth assume that Cy = 1 and Cpp = 1. Recall that
it is convenient to reformulate the TFW model in terms of the square root of the
electronic density u := ,/p. With this notation, the Euler-Lagrange equation for
the TFW model reads

(1a) fAqugu% —pu=0,
(1b) — A¢ = 4n(m — u?).

In orbital-free DFT, further contributions accounting for exchange and correlation
energy are typically added to the TEFW energy (and, corrrespondingly, to the Euler-
Lagrange equation). In the present work, we shall neglect those terms. We will also
assume that the positions of the nuclei are given a priori. While in a more realistic
model the positions of the nuclei would be determined by energetic relaxation, the
question of crystallization in variational models of interacting atoms is a challenging
topic on its own, with positive answers currently restricted to rather elementary
(mostly non-quantum mechanical) models; see e. g. the review [6]. For this reason,
we restrict ourselves to the aforementioned setting of fixed nuclei positions. For an
overview of the mathematical theory of the TFW model, we refer to [7] and the
references therein.

Recall that in the framework of hyperelasticity the deformation of an elastic
body is determined by minimization of the total (elastic and potential) energy. In
the context of an atomic lattice, the elastic energy is given as the overall energy of
electrons and nuclei. In a multiscale approximation, the macroscopic deformation of
the elastic body is approximated on the atomic length scale by affine deformations.
In many cases, for a macroscopically affine deformation the state of minimal energy
of the atomic lattice is given by an approximately affinely deformed atomic lattice (a
principle known as the Cauchy-Born rule, see e. g. [8,[12]). The associated effective
(homogenized) elastic energy density is then given by the thermodynamic limit
(i.e. the “infinite-volume average”) of the energy of the affinely deformed atomic
lattice. In other words, in the context of the TFW approximation the effective
elastic energy density is given as the thermodynamic limit of the TFW energy, i.e.
— up to subtracting the self-energy of point charges — by the quantity

(2) B = lim VAl + 07+ S(m - p)p e,
R—o0 [-R,R)4 2

where the nuclear charge distribution m has been subjected to an appropriate affine
change of variables to account for the affine deformation of the lattice. Note that the
almost-sure existence of this thermodynamic limit has been established for certain
random lattices in [5]; see also [4] [7] for an overview and related questions. Under
the assumptions (A0)-(A3), the almost sure existence of the limit (2] could also be
shown by an argument similar to our proof of Theorem 3

In practical computations of the effective energy , the infinite-volume average
in must be replaced by an average over a finite volume, say, a box of the
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form [0, L]?, an approach also known in the context of continuum mechanics as
the method of representative volumes. Note that in this setting one must specify
appropriate boundary conditions for p on 9[0, L]?. We shall denote the resulting
finite-volume approximation for Eo, by ERVE.

As boundary layer effects may negatively impact the rate of convergence (in the
length L) of the representative volume approximations EXVE towards the thermody-
namic limit E, (see for instance [I1] for a brief discussion of the analogous problem
in the context of periodic homogenization of elliptic PDEs), it is desirable to work
with periodic representative volumes. In the context of nuclear charge distributions
m arising from random lattices, this requires the existence of a periodization of the
probability distribution of the nuclear charges m, that is an L-periodic variant m
of the probability distribution of m (see for instance Figure [2| for an illustration).
Note that care must be taken to align the definition of the representative volume
with a possible underlying periodic structure. For a more precise explanation of
this notion of periodization, see the discussion preceding conditions (A3,)-(A3.)
below. From now on and for the rest of the paper, we will assume that the rep-
resentative volume approximation ERVE for the effective energy density E., has
been obtained by evaluating the averaged TFW energy (see @ below) on such a
periodic representative volume.

Our main result — Theorem [3| — states that the selection approach for repre-
sentative volumes of Le Bris, Legoll, and Minvielle [I6] increases the accuracy of
approximations EEVE | at least for a wide class of random nuclear charge distribu-
tions: Instead of choosing a representative volume (that is, an L-periodic nuclear
charge distribution) uniformly at random from the (periodized) probability dis-
tribution, it is better to preselect the representative volume to be “particularly
representative” for the random alloy in terms of certain basic statistical quantities
like the proportion of different types of atoms in the representative volume, the pro-
portion of nearest-neighbor contacts of certain types in the representative volume,
and so on. We denote the resulting approximation for the effective energy density
by Eiel'RVE. In Theorem |3| we show that the approximation Eiel'RVE is typically
more accurate than the approximation ERVE. From a mathematical viewpoint, the
interest in our main result is twofold:

e It provides a rigorous justification of the method of “special quasirandom
structures” in a quantum mechanical model, the setting in which these
methods were first developed [29].

e It provides a first example of a nonlinear PDE for which the selection ap-
proach for representative volumes of Le Bris, Legoll, and Minvielle [I6] can
be proven to be successful.

Let us briefly comment on the mechanism for the gain in accuracy achieved by the
method of special quasirandom structures. The leading-order contribution to the
error in the method of representative volumes consists in fact of fluctuations, while
in expectation the method of representative volumes is accurate to much higher
order. In fact, in the case of the TFW model the systematic error of the method of
representative volumes decays even exponentially in the size of the representative
volume

|E[EFVP] — Es| < Cexp(—cL).
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FIGURE 2. An illustration of the method of special quasirandom
structures: An L-periodic “superlattice” (with L > 1) is built to
reflect the statistical properties of the random material particularly
well — like the percentage of atoms of the two species, the statistics
of nearest-neighbor configurations, the statistics of configurations
of three neighboring atoms, and so on.

At the same time, the fluctuations display only CLT scaling behavior
|E5VE o ]E[E?VEH ~ L*d/27

that is they behave like the fluctuations of the average of L? i.i. d. random variables.
Thus, a variance reduction method — a method to reduce the fluctuations of the
approximations FRVE while mostly preserving the expected value E[ERVE] — is
expected to lead to an increase in accuracy.

The selection of “particularly representative” material samples may be viewed as
such a variance reduction method: In fact, we shall prove that the joint probability
distribution of the effective energy E{WE and statistical quantities like the percent-
age of atoms of a certain species in the representative volume (and/or quantities like
the percentage of nearest-neighbor configurations of two given atomic species, etc.)
is close to a multivariate Gaussian. Conditioning on the event that the auxiliary
statistical quantity — which we shall denote by F — is close to its expected value
then reduces the variance of the computed energies EEWE, provided that EEWE and
the auxiliary quantity are nontrivially correlated (see Figure . At the same time,
the expected value E[ERVE] is not changed much by selecting only representative
volumes subject to the condition that F is close to its expected value.

The main challenge in the proof is the derivation of the quantitative multivariate
normal approximation result for the joint probability distribution of the energy
EEWE and the statistical quantities F of the representative volume. Just like in
[11], we make crucial use of the locality properties of these quantities of interest,
which allow for a quantitative (multivariate) normal approximation. In [II], in
the context of the homogenization of the linear elliptic PDE —V - (a.Vu) = f, a
localization result for the effective energies

vEH]

per

af’Pe-¢:=  inf ][ a(w, ) (€ + Vo) - (€ + Vv) da
((0,£]%) J10,1]4
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FIGURE 3. The joint probability distribution of the approxima-
tions for the effective energy FRVE and auxiliary statistical quan-
tities F like the percentage of atoms of a certain species is close to
a multivariate Gaussian (left). Conditioning on the auxiliary sta-
tistical quantity F being close to its expected value then reduces
the variance of ERVE, provided that the two random variables are
nontrivially correlated (right).

has been established: In [IT], the contribution of terms with dependency range ~ ¢
to the overall energy a¥VE¢ - € is seen to be essentially of the order £=¢, which is es-
sentially twice the order of the fluctuation scaling £~%2. By means of a “multilevel
local dependency structure” [10], this allowed for the derivation of a quantitative
multivariate normal approximation result for the joint probability distribution of
the representative volume approximation af¥VE of the effective coefficient and aux-
iliary statistical quantities like the averaged coeflicient F := f[o’ ) adx [11].

Due to the strong — exponential — localization properties of the TFW model (see
[20] for the case without point charges and Theorem below for the general case),
we in principle would not even need to appeal to the “multilevel local dependence
structure” introduced in [T}, [10], but could directly work with a multivariate central
limit theorem with a standard local dependence structure. However, it will be
convenient for us to employ the abstract variance reduction result of Lemma [7]
which is established in [I1] [10].

Notation. We use standard notation for Sobolev spaces: By W (£2) we denote

the space of functions v € LP(Q2) whose distributional derivative Vv also belongs
to LP((), along with the usual norm [[v[[{1, ) = Jo [v[P + V[P dz. As usual, we
use the abbreviation H*(2) :== W2(Q). Given L > 1, by H},.([0,L]%) we denote
the space of L-periodic Sobolev functions v € H*([0, L]¢).
By HL .(R?) we denote the space of functions v : R — R whose restrictions
|, () belong to H'(Bi(z)) for all z € R?, with a uniform bound on the local
Sobolev norm ||U||Z&10c(Rd) = SUP,cRd fBl(x) [v]? + |Vv|*dz < co. Similarly, by
L%, .(R?) we denote the space of measurable functions v : R¢ — R with finite norm
||U||%§1%(Rd) ‘= SUPgcRd fBl(m) |v|2 dr < oo.

By B.(z) we denote the ball of radius r around z € R?. We also use the
shorthand notation B, := B,.(0). By C we will denote a generic constant depending
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only on quantities like p, M, and wy (see the assumptions (A1) and (A3) below),
whose precise value may vary from occurrence to occurrence.

For a set M, we denote by $M the number of its elements.

For two vector-valued random variables X and Y, we denote the covariance
matrix as usual by Cov[X,Y]. We also use the notation Var X as a shorthand
notation for Cov[X, X].

2. MAIN RESULTS

In this article, we prove that the selection approach for representative volumes
of Le Bris, Legoll, and Minvielle [16] leads to an increase in accuracy when calculat-
ing effective energies for random lattices in the context of the Thomas—Fermi—von
Weizséacker model 7 at least for a wide class of random nuclear charge distri-
butions. For a precise statement of our assumptions and our main result, see
(A0)—(A3) and Theorem [3| below.

Under more general conditions, we establish an exponential locality result for the
TFW model, an auxiliary result that generalizes a corresponding result by Nazar
and Ortner [20] and that may also be of independent interest. For a more precise
statement of the assumptions and the result, see (A1) and Theorem [5| below.

Consider any Bravais lattice and denote by F € R3*3 a matrix whose columns
are given by the corresponding three primitive vectors. Our key assumptions on
the nuclear charge distribution m are as follows.

(A0) Let m be a random nuclear charge distribution (a — random — locally finite
nonnegative Radon measure) on R®. In other words, let a probability space
(Q, F,P) be given along with a random variable m taking values in the
space of locally finite nonnegative Radon measures on R3.

(A1) Suppose that uniform local finiteness of the nuclear charge distribution m
holds in the following sense: There exist constants p > 0, M > 0, and
wp > 0 such that m is of the form

m=m;+ g Cyly
yeP

for some m. = m.(m) € L2 (R3) with m. > 0, some ¢, = ¢,(m) > 0, and

some set P = P(m) C R? satisfying |z — y| > 4p for all z,y € P with = # y,

and in addition the estimate
1

1 1
sup (/ mzdy)ersup( Z CZ)2§M
Bl(w)

3 3
z€eR zeR yePAB (z)

holds. Furthermore, suppose that an averaged lower bound for the nuclear
charge density of the form

inf ][ mdy > wo
z€R3 Br(z)

holds for all R > wy ! for some wo > 0.

(A2) Let m be stationary, i.e. suppose that the law of the shifted charge distri-
bution m(- 4+ ) coincides with the law of m for every z € FZ3.

(A3) Let m have a finite range of dependence r > 1, i.e. suppose that for any
two Borel sets A, B C R3 with dist(A4, B) > r the restrictions m|4 and m|p
are stochastically independent.
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We shall also use the concept of a periodization of an ensemble of nuclear charge
distributions m (where an ensemble of nuclear charge distributions is defined as a
probability measure on the space of nuclear charge distributions): A periodization
of an ensemble of nuclear charge distributions is an ensemble of nuclear charge
distributions 7 which are almost surely LEFZ3-periodic for some L > 1 and for
which the probability distribution of 7|, Flo,L)s coincides with the probability
distribution of m|, Flo,Lys for all z € R3. Given such a periodization m, we
substitute (A3) by (A3,) — (A3.):

(A3,) The nuclear charge 1 is almost surely LFZ3-periodic for some L > 1.

(A3},) There exists a finite range of dependence r > 0 such that for any two Borel
LZ3-periodic sets A, B C R? with dist(A, B) > r the restrictions m|4 and
m|p are stochastically independent.

(A3.) There exists a nuclear charge distribution m satistying (A1), (A2), and (A3)
such that for any xo € R? the law of the restriction m‘IOJrF[O’%]s coincides
with the law of m/, | pp £}s-

Let us briefly comment on our main assumptions. The condition (A1) is nothing
but a uniform local upper and lower bound on the charge distribution of the nuclei.
The condition (A3) is a strong decorrelation assumption restricting all stochastic
dependencies to a scale r > 1.

The condition (A2) imposes a statistical homogeneity assumption on the random
lattice. Since we want to include the model case of a periodic lattice like Z* whose
sites are occupied by random atomic nuclei (i.e. at whose lattice sites there is a
random multiple of a Dirac charge; see Figure |1)) in our assumptions, we cannot
assume translation invariance of the law of the nuclear charge distribution m with
respect to arbitrary shifts x € R3. Instead, in the case of the lattice Z> we have
to restrict the translation invariance to discrete shifts 2 € Z3. As we are interested
in the effective elastic properties and as most (elastic) affine deformations of Z3
destroy the Z3 periodicity, we have to cover the case of an arbitrary Bravais lattice
FZ3 in our assumption (A2).

Let us now give a precise definition of the TF'W energy and its thermodynamic
limit.

Definition 1. Let m be a nuclear charge distribution satisfying the assumption
(A1). For a set Q C R? with finite volume, we introduce the Thomas—Fermi—von
Weizsacker energy

@ Folm) = | [l 0¥ 4 Jme—ajode + Y eafo - o)

zePNQ

where (u,¢) € HY (R3) x L% (R3) is the (unique) solution of the TFW equations
(see Theorem and where ¢, € L*(R3) is the (decaying) solution of —A¢, =
cz0; on R3.

We define the thermodynamic limit E, of the energy density — the effective

energy density — as
(4) Ew = lim L™*Ejg 1j3[m]
if the limit exists.

Let m be a nuclear charge distribution satisfying the assumptions (A0)-(A3).
Given L > 1, let m be a periodization of the probability distribution of the nuclear
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charge distribution m subject to (A3,)-(A3.). We define the approzvimation ERVE

of the effective energy density Fo, by the representative volume method as

1 10
ERVE ._ / S12 , -10
LT detF( oz T

zePNF[0,L)3

(1he — 4% dx

DN =

(R3) x L2

uloc

where (i, ¢) € HY. . (R3?) denotes the (unique) solution of the TFW
equations given the nuclear charge distribution m. Note that both @ and ¢~)
inherit the L-periodicity of the nuclear charge distribution m [7].

Finally, let N € N, let F be a measurable R -valued function of the (periodized)
nuclear charge distribution m, and let § > 0. We then define E5"RVE to denote
the approzimation of the effective energy density Eo using the selection method for
representative volumes with the selection performed according to the criterion

(5) |F —E[F]| < L%

RVE

In other words, the probability distribution of E5" s given as the conditional

probability distribution of EEWE giwen the event (5)).

Let us briefly discuss the TFW energy . The first two terms in correspond
to the kinetic energy of the electrons in the Thomas—Fermi—von Weizsacker approx-
imation. The third and fourth term correspond to the Coulomb energy. Here, the
contribution from the nuclear charges m has been split into two terms, represent-
ing the absolutely continuous part m. and the singular part ) _ c¢,0, of the nuclear
charge distribution. The presence of the difference ¢ — ¢, in the fourth term in
corresponds to the usual subtraction of the self-energy of point charges. Note that
the difference ¢ — ¢, satisfies the PDE

(©) ~8(6—62) = tn(me =2+ 8,

y€eP

e
which by ¢—¢, € H2(B,(x)) < C%2(B,(x)) ensures that the pointwise evaluation
of ¢ — ¢, at the point x in the above definition is indeed meaningful.

We next state additional assumptions and notation which will be needed to

formulate our main result on the analysis of the selection approach for representative
volumes.

Assumption 2. Consider a probability distribution of nuclear charges m on R>
satisfying (A0), (A1), (A2), and (A3). Let L € N, L > 2, and assume that there
exists an L-periodization m of the probability distribution of m subject to (A1),
(A2), and (A3,) — (A3.). Let F(m) = (Fi(m),...,Fn(m)) (for some N € N)
be a collection of statistical quantities of the nuclear charge density m which are
subject to the conditions of Definition |{| with K < Cy and B < Cy|log L|“° for
some Cy > 0. Suppose that the covariance matriz of F(m) is nondegenerate and
bounded in the natural scaling in the sense

(7) L731d < Var F(m) < CoL31d.
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We introduce the condition number k of the covariance matriz of (EXVE, F (1))
k= r(Var (ERVE, F(1n)))

and the ratio rva between the expected order of fluctuations and the actual fluctu-
ations of the approzimation EXVE

L—3

TVar 1= ———=—.
Var ERVE

Let us briefly mention that the following statistical quantities F satisfy the
conditions of Definition M below and are therefore admissible choices in our main
result (i.e. in Theorem [3 below):

e The density of nuclei of a specific type
Fra:=det FIL734{z ¢ PN F[0, L)% : ¢, = a}.
e The density of nearest-neighbor contacts of two specified types of nuclei
Fo,0b := det F'L 34z € PN F[0,L)?: ¢, = a, CotFe; = b
for some 1 < j < 3}

in case that the nuclei are arranged on the lattice FZ3.
e Similar statistics of configurations of three or more neighboring atoms or
corresponding quantities for more general atomic lattices.

Note that it is precisely these type of statistics of the random atomic lattice that
are considered in the original formulation of the method of special quasirandom
structures [29].

We are now in a position to formulate our main result, the gain in accuracy by
the selection approach for representative volumes in the context of the TEW model
for random alloys. Note that our main result comprises essentially three assertions:

e The increase in accuracy of E5RVE (as compared to ERVE) , which is
achieved via the reduction of fluctuations by essentially the fraction of the
variance of ERVE explained by the statistical quantities F.

e The higher-order approximation quality (@ of the expected value E|

e The lower bound for the probability that a randomly chosen nuclear
charge distribution m meets the selection criterion .

Eiel'RVE] .

Theorem 3. Let Assumption @ be satisfied. Denote by ELRVE the approzimation
for the effective energy Eo by the standard representative volume element method
and by E5RVE the approzimation for E., by the selection approach for represen-
tative volumes introduced by Le Bris, Legoll, and Minvielle [16] in the case of a
representative volume of size L. Further assume that in the selection approach,
the representative volumes are selected from the periodized probability distribution
according to the criterion

(8) | F (i) — B[F ()| < 6L7%/?
for some § € (0,1] satisfying 6V > CL=3/?|1log L|®. Then, the selection approach
for representative volumes is subject to the following error analysis:

(a) The systematic error of the approzimation Eiel‘RVE satisfies

CK3/2
6N

(9) |E[EF™RVF] — B < L~3|log L|°.
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b) The variance of the approzimation E5"RVE is bounded from above by
L

Var EiCl_RVE Clﬁ]g/

2
"Var r _3/2 c
—_— —L log L
Var FRVE SN [ log Z|

where |p|? is the fraction of the variance of ERVE explained by the F(m).
In other words, |p|* is the maximal squared correlation coefficient between
ERVE and any linear combination of the F(m). This explained fraction of
the variance is given by the expression
o Cov[ERVE F(m)|(Var F(m))~! Cov[F(m), ERVE]
(11) |p|” = v RVE .
ar By

(¢) The probability that a randomly chosen nuclear charge distribution m sat-
isfies the selection criterion s at least

(12) P[|F () — E[F(m)]| < 8L™3/2] > ¢(N)oN.

(10) <1—(1-8)]p* +

We next state our precise assumption on the statistical quantities F.

Definition 4 (similar to [I0, Definition 3]). Let L > 2, and consider a probability
distribution of LFZ3-periodic nuclear charges m on R? satisfying (A1), (A2), and
(A3,) — (A3.). Let X = X[m] be a random variable of the periodized nuclear charge.
We say that X is a sum of random variables with multilevel local dependence if there
ezist random variables X;' = X'[m], 0 <n < 1+logy L, y € 2"F73 N F[0, L)3,
and constants K > 1 and B > 1 with the following properties:

e The random variable X! [mn] only depends on m|y,, i 10g, LF[—27,27]3-

o We have

1+log, L
X= Y > X

n=0 ye2nFZ3NF|[0,L)3
e The random variables satisfy almost surely
| X,'| < BL™.

Our proof of Theorem [3| makes use of the following exponential locality result
for solutions to the TFW equations, which extends a similar locality result of [20]
to include point charges and which may be of independent interest.

Theorem 5. Let my and ma be two nonnegative nuclear charge distributions (i. e.
nonnegative locally finite Radon measures) subject to the assumption (A1). De-
note by (u1,¢1) € HL .(R?) x L% (R?) and (uz,¢2) € HL (R3) x L2 _(R3) the
corresponding solutions to the TFW equations (1). Then the perturbations of the
electronic density w := u; — ug and the potential v := ¢1 — P2 decay exponentially
away from the perturbation of the nuclear charge distribution dm := mq1—ms. More
precisely, there exist constants C = C(p, M,wp) > 0 and v = v(p, M,wo) > 0 such
that for all y € R3 the estimate

3
/ <w2 +Vwl? + ¢ + Ve + 07 Y |aijw|2)e*27|$*y| da
R3

ij=1

<C / (w2 +q/;2)e*2""17y|dz+/ (5mc)2e—2v\zfy| dx
{n<1} R3
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holds, where the cutoff n (0 < n < 1) is defined in Assumption@ below and where
Ome = M1 —ma.. Here, we have made use of the decomposition m; = m; . +
> wep, CipOz provided by assumption (A1).

The following proposition comprises the exponential locality result for the TFW
energy. Given two nuclear charge distributions m; and ms, the difference between
the values of the TFW energy evaluated for m; and mso within the domain @,
exponentially decreases with the distance between supp(m; — mg) and Q.

Corollary 6. Let Assumption [ be satisfied. Then, there exist constants C =
C(p, M,wp) >0 and ¢ = c(p, M,wp) > 0 such that for any cube Q1 C R® with unit
volume the estimate

(13) [ B, ] — B, ms]| < Ceme dempptim—m). @1
holds true.

3. ANALYSIS OF THE METHOD OF SPECIAL QUASIRANDOM STRUCTURES

The following lemma serves as the main technical tool to prove Theorem |3| In
fact, it is an abstract version of [I1, Theorem 2]: One may adapt the proof of [11]
Theorem 2] in a one-to-one fashion to establish Lemma

Lemma 7. Let d,N € N, d>2, N>1,Cy >0, L>2, and let C > 0 denote
a generic constant which only depends on d, N, and Cy as well as on K and
B from Definition . Let Z = (Zy,Z1,...,ZN) be a vector of random variables.
Suppose that each Z;, i € {0,...,N}, is a sum of random variables with multilevel
local dependence according to Definition[f} Assume that the covariance matriz of
(Z1,...,2ZnN) is nondegenerate and bounded in the natural scaling in the sense that

L~4d < Var (Z4,...,2Zy) < CoL™1d.

Let 6§ € (0,1] satisfy 6™ > CL=%?|1og L|®, and let Zysel be a random variable
whose law coincides with the probability distribution of the random variable Zy
conditioned on the event |Z; — EB[Z;]| < SL~%? for alli € {1,...,N}.

Introduce the condition number k of the covariance matriz of (Zo,...,Zn),

KR = K’,(V&I‘ (Zo, . .,ZN))7

and the ratio rva between the expected order of fluctuations and the actual fluctu-
ations of Zy
L—d
Ve Var Zo

Then, the following estimates hold true:
(a) The difference of the expected values of Zyse1 and Zy satisfies

|E[Zosel] — E[Zo]| < C:;;/Q L~ log L|.

(b) The variance of Zyse1 is bounded from above by

Var Zy gel Ny 12 C/f?’/zr\/ar
— <1 -(1-94 _—
where |p|? is the fraction of the variance of Zy explained by (Zy,...,ZN).
In other words, |p|* is the maximal squared correlation coefficient between

L™%2|log L|¢
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Zy and any linear combination of the Z;, i € {1,...,N}. This fraction of
the variance of Zy explained by Z1, ..., Zn is given by the expression
o Cov|Zy,(Zy,...,2ZN)](Var (Z,..., ZN))"LCov|(Zy,. .., ZN), Zo)
lp|” =
Var Z
(¢) The probability that (Z1,...,ZN) satisfies the imposed selection criterion is
at least

Pl(Z1,.... Zn) —E(Z1, ..., ZN)]| < SL™%?] = ¢(N)6N.

By combining the locality properties of the TEFW model established in Theorem f]
with the abstract variance reduction result of Lemma we now establish our main
result.

Proof of Theorem[3 Throughout the proof, we will assume F = Id. The case of
general F' is similar.
The proof of Theorem [3is an immediate consequence of Lemmal[7] as soon as we

have established two results:

1) The approximation ERVE for the thermodynamic limit energy E., by the

method of representative volumes

EZRIVE = L_3E[07L]3 [rh]

= L—3/ Val* +a
[0.2)2

(where (@, QNS) denotes the solution of the TFW equations as stated in The-
orem [16[; note that by the L-periodicity of 7, the solution (ﬂ,i)) is L-
periodic) is a sum of random variables with multilevel local dependence
according to Definition [

2) The estimate for the systematic error

(14) |E[ERVE] — E | < Cexp(—cL)
holds.

Step 1: Proof of 1). We denote by Qu(z) the cube z + [—g, 5)3. In order to
establish the property 1), we may write

10
3

+ (e —@)pde+ L% Y cald— ¢a)(2)

z€PN[0,L)3

N =

E{WE _ Z Eg + Eltlog: L
y€Z3N[0,L)3
with
0. 71-3 ~ |ex
(15a) Ey = L EqQ, () MG s, 1 ()
and

log, L - ~ ~ |ex
(15b) E” 82 = L 3 Z (EQ1(y) [m] — EQ1(y) [m|Q;10g2L(y)]).
ye2n73N[0,L)3

Here, we employ the notation 7|t ., to denote the extension of the restric-
Qx logo L (y‘l,)

tion M|Q 1o, 1 (v:) O R? by a constant multiple of the Lebesgue measure

MG o (A) = ﬁl(AﬁQKlogQL(yi»"i'/ ldz
g2 L (1 A\QK 10g5 L(Yi)
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for any Borel set A C R3. The constant K will be chosen below. Note that
i |8(:< o £ (30) is still subject to uniform bounds of the form (Al).

The ﬁrst of the three conditions on the X in Definition {4 I is satisfied for the
choice as the random variables EO only depend on 1m|g K togy 1(Ui)" The sec-
ond condltlon trivially holds true due to the definition of Egi and E'tlog2 L The
third condition for the E - that is, the bound |E) | < BL™* -~ follows from the
structure of the ThomasfFermifvon Weizsécker energy in and the bounds on
u, ¢ and m from Proposition Finally, to establish 1) it only remains to show
the bound |E1tle: 1| < OL~3 As a consequence of Corollary |§| and the equality

m = m|QKlog2L(yt) on Qxlog, L (yl) we derive
Klogg L—1 (K—1)logg L

EQ1(yL)[m] — EQl(yi)[m‘g}zlog2L(yi)}‘ < (Ce ¢ 2 <Ce ¢ =2 < CL*S

for the choice K := % + 1, where the positive constants C' and ¢ only depend on p,
M, and wy. Taking the sum over all y € Z3 N[0, L) and multiplying by L3, we
have shown the desired bound |E'*182L| < C'L=3.

Step 2: Proof of 2). In order to establish , we may write

ERNF=L" Y Eq,.lAl
ye£{0,1,2,3}3

73 ~ |ex
=1L E EQL/4(Z/) [m‘sz(y)]
ye%{0,1,2,3}3

—3 ~ ~ |ex
+ L Z (EQL/4(7J) [m] — EQL/4(7J) [m‘azm(y)”
y€£{0,1,2,3}3

Taking the expectation and estimating the terms in the last line using Corollary [f]
and the equality m = m|g‘£/2(y) on Qr/2(y), we obtain

(16) ‘E[ERVE] L*3 Z E[EQLM(ZI) [ﬁl|8(£/2(y)]] ‘ < Cexp(—cL).
y€£{0,1,2,3}3

Using the equality in law of m|EXt L(y) @nd m|g‘z/2 (y)» We deduce

y)

‘E[EEVE} _ L3 Z E[EQL/AL(Q [m|QL/2 ]]‘ < Cexp(—clL).
ye£{0,1,2,3}3

Deriving the same estimate as in for m, we obtain . (I

4. LocALiTYy OF THE TFW EQUATIONS INVOLVING POINT CHARGES

An important tool which we will utilize frequently to deal with the Dirac charges
and the corresponding singularities of the potential is given by the class of cut-off
functions 1, which we introduce now. Note that given a nuclear charge distribution
m, we will define 77, in such a way that 7, vanishes in a p-neighborhood of the point
charges and that 77, = 1 holds outside of a 2p-neighborhood of all point charges.

Notation 8. For p > 0, we define the cut-off function 7, : [0,00) — [0, 1] via
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fOT re (pa %p]) ﬁp(r) =1- ﬁp(Bp_ T) fO’I‘ re (%pv ZP); ﬁp =0 on [O7p] and 77/) =1
on [2p,00). For all p > 0, one thus has 77, € C*([0,00)) and there exists a constant
=~ |2
cn(p) > 0 such that l%pl
Moreover, for any discrete set P C R3 satisfying |x — y| > 4p for some p > 0
and all x,y € P, x # y, define n, : R3 — [0,1] via n, := 7,(] - — 2]) on Ba,(z) for
all z € P and n, := 1 elsewhere. Then, we have n, € C*(R?) and

< ¢,(p) holds true on (p, o0).

2
a7) Nel™ . (p)
Np

is valid on {n, > 0}.

We now collect the set of assumptions and notations which we employ within
the subsequent lemmas and Theorem

Assumption 9. Let m;, i € {1,2}, be charge distributions satisfying (A1), (A2),
and (A8), and let (u;, ¢;) € HY (R?) x L% (R3) denote the unique weak solution

uloc
to the Thomas—Fermi—von Weizsicker equations

7
At B E e —
(18) { Au; + 3u] — giu; =0,

—A¢; = 4dm(m; —u?),

(see Theorem [16)).
We define the short-hand notations w := uj —us, ¥ ‘= ¢1 — ¢, dm := mi — Mo,
and 0m. 1= me1 — Me2. The measure dm then may be decomposed as

Sm = 0me+ Y 0cy6,

P’

where P’ C Py UPy is the set of all x € Py UPy for which dc, = c15 —cap # 0
holds true. Moreover, we will use the notation n to denote the cutoff function n,
from Notationlg with P’ taking the role of P. Finally, we introduce & = e~
for some 0 <y <1 and y € R3. Note that this choice entails |[VE| < ¢ < €.

As a key step towards Theorem [5| we derive an upper bound for the weighted
L?-norm of w, Vw, and NV by adapting the strategy in [20] to the more general
case of locally finite nonnegative Radon measures representing the nuclear charges.

Lemma 10. Let Assumption [J be satisfied. Then, there exist positive constants
C=C(p,M,wp) >0 and v =~v(p, M,wp) > 0 such that

/ (w? + [Vl + 7| Vy[?)e? da
]RS

<o [wrrunmeas [ et [ fmevlea)
R3 {n<1} R3
holds, where n and & (depending on v) are defined in Assumption @
Proof. Following the argumentation in [20], we have
(19) —Aw = g(%% - u%) + ¢rur — paug,
(20) — A = 4n(ud — u?) + 47 om,
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and test with w&? (note that by w € HY  (R3) and the exponential decay of
¢ and V¢, we? is indeed an admissible test function). This yields

Vw - V(wE?) da + > /]R3 (ulg — ué)wa dr — /Rg (druy — dpoug)wé? da = 0.

R3 3
The elementary estimate

Tz N 11 loa  ay )
(uf —ud)(ug —ug) = (uf —|—u23)w +urug(uf —ud)w > i(uf +u§)w + vw

1 4
with v := L infgs (uf + u;) > 0 only depending on p, M, and wy, as well as the
identities

+ Ul +u
¢1u1—¢52u2=¢12¢2w+ 12 2

Vw - V(we?) = [V (wé)[]* — w?|VE?

(4

give rise to

/Rg \V(w§)|2dx+g/R3 (u; +u§)w2g2 dz
- E/R:}(Qﬁl + d2)w?e? dm+1// w?e® dx

2 R3

1
< / w?|VE|? da + 7/ (uy + ug)pwe? du.
R3 2 R3
4
Now, consider the operators L; := —A + %uf — ¢; for i € {1,2} and

5/ 4 4 1
@) Li=-Ata a=g(uf +ul) - 501+ 62) € Lo (®Y)

(the latter inclusion holding by u; € H2__ (R?)). Due to Lemma Ly, Ly, and
hence L are non-negative operators on H'(R?). In fact, w¢ € H'(R?), (w¢, L(wé)) >
0 and

1
we Lwe) +v [ wede< [ wvePdos g [ (4 uiue
R3 R3 2 Jrs
We continue by testing (20) with n¢? € H(R3), which results in

/ Vi - V(npe?) = 7477/ n(uy + ug)pwe? d:c+47r/ nome &2 da.
R3 R3 R3
The representation

Vip - V(p€®) = |V (&> — ni®|VE[* + €V - Vi

leads one to

1 1 1
3 |+ do =~ [ V0-Vaue)dot g [ nimeveda

1 1
-5z [Lvwera + o [ wvetar

1 1
_ L va'vwwf/ 0 dme 2 da
871' R3 2 R3
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and, thus,

we Lwe) +v [ wredr+ o [ v@oPds

1 1
s/ w2|va2dm+—/ ¢2|vg|2da:——/ BEVY -V de
R3 87T R3 87T R3

3 [ A=+ dos g [ nomeve de

By estimating n|V|2¢2 < 2n|V(¥€)]? + 2np?|VE|?, by applying an absorption
argument together with [Vn|> < ¢,(p)n to Vi on the right hand side, and by
employing the uniform L®-bound for u; and us from Proposition [I4, we obtain

22 (we,Lwe) + [ (wF + ol VORI do
2 2 2 2 2\ ¢2 5 2
SC’(/RB(w + )| V¢| dz+/{n<1}(w + )¢ da:+/Rs| mePlE dx)

As L = —A + a with a € L2 (R?) defined in and |[Vw|2¢2 < 2|V (wé)|? +
2w?|VE|?, we derive

@) [ 1VePedns [ @t nVulietdn <2 [ e ds

2 2 2 2 2 2 2
*C(/Rg(w )| d“/{n«}(w L) d“/Rg Ome e dw).

In order to handle the |a|w?£2-term, we bound the integral over R3 by the sum over
all integrals over all balls of radius 1 located at points with integer coordinates.
After applying a Gagliardo—Nirenberg-estimate and Young’s inequality, we again
arrive at (a multiple of) an integral over R? as every € R® can belong to at most
eight unit balls around integer points:

[ Jal?€de < 37 Yallza(e oo s, o

T€Z3

1 3
< D Cllallzz, @) 1wel 7 (s, oy 10 s 5, ()

T€Z3

-
<y (C(T)HCLHizloc(Rs)HU’fH?LZ(Bl(m)) + §Hw§||2Hl(Bl(z)))

x€Z3 '
< (C(T)||a||‘zaloc(R3) +T) /]R3 w2&? d:L‘—l—T/Rg IVw|2€2 du jLT/]R3 w?|VE|? da.

We now choose 7 > 0 — arising from Young’s inequality — in such a way that
Jgs |Vw[?¢% da: can be absorbed on the left hand side of (23)). As L is non-negative,
the right hand side of already serves as an upper bound for fRs w22 dx. As a
consequence, the claim of the lemma follows. O

The next lemma, establishes an L?-bound for v/, and at the same time improves
the bound on the L?-norm of w, Vw, and VIV,
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Lemma 11. Let Assumption [J be satisfied. Then, there exist positive constants
C=C(p,M,wp) >0 and v =v(p, M,wp) > 0 such that

/ (w0 + [Vef? + ¢2 + 7| Vo) da
R3

2 2 2d 5 C22d
SCU{M(“’ +it)e o+ [ (Gme)e x>

where n and & (depending on ) are defined in Assumption @

Proof. We rewrite (|19) as

5/ 1 z
_Aw+§(uf _ug)_%;(ﬁzw:ul;—uzw

and test with ny¢2 € H'(R?). This gives

e [ B
5 T +
:/RS Vw~V(n¢52)d:c+§/R3 (uf —ug)mngdx—/Rs o1 2¢2nw1/}§2d;v.

Considering the first term on the right hand side of , we obtain

| /R V- Vue?) da|

g\/Rsv@u-vnw@dm)+‘/Rgvm~wng2dx‘+2)/R$vm-vgn¢gdx
< ([ 1vure ) ([ 1vapve as)’

+ (/Rg RS dx)é(/w Ve da)

+ 2(/R V|22 dx)é(/Rs Ve 2y dx)%.

Taking |V¢| < € and |[Vn|? < ¢,(p)n into account, we obtain for any 7 > 0 that
there exists a constant C(7) > 0 such that

@) | [ Vo Vowe)ds| <o) [ (VP +nivueder [ o€
R3 R3 R3

The next term in can be controlled for any 7 > 0 using the L*°-bounds on u;
and us from Proposition [14] via

5 7 7
) 3 [ (uf oot as
g/ n|w\|¢|§2dx§0(r)/ wide +7 [ 2 dx
R3 R3 R3
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with some C' = C(7, M) > 0. We proceed by estimating the last expression in
using also Proposition [14] as

(27)
’/]ng ¢1 ;¢277w¢§2 dx

b1+ P2
<> [*5™
T€Z3

<> (Iwtlasiey + 1€9wlas, ) + 10VEN 23,01 )

TEZL3

5>

T€ZL3

/ ¢1+¢2nw1/)§2da:
Bi(z) 2

L2 (RS)||w€||L4(Bl(z))||771/}§||L4(Bl(x))
uloc

(\\771/)§||L2(131(x)) +1VEVNI 2By (@) + MEVYl L2(B, (o)) + HW)VﬁHLZ(Bl(x)))

< Z |:C<w£||%2(31(:r)) +1EVulZz s, @) + va5||%2(B1(m)))

reZ3
T
+ g(”flibﬁ”%%fsl(x)) + 19V 28,y + 10EVEN 208, )) + ||77"/)V§|%2(B1(z))>:|
gsc(/ w2§2dx+/ |Vw|2§2dx+/ w2|V£|2dx)
R.’B
ol [Lwweans [ wntee i [ pvereans [ pove i)

<160/ 2 | ) o+ (2 + ) /¢§ dx+T/ NIV du

where 7 > 0 will be chosen sufficiently small. Returning to [, 2€2 dz, we make
use of the lower bounds infgs u; > 0, i € {1,2}, from Theorem 116[ and rewrite

¢£2d$<0/ u1+u2{¢)2€2

<cC M2 262 gy +c/ M2 e da
{n<1}
with constants C(p, M, wy) > 0. We now combine 77 and find

»2E2 da
R3

C 22d 2 2 2 2d C 22d
<o wedrs [ @ e vul averieds) o7 | e

where 7 > 0 can be chosen arbitrarily small. Thanks to Lemma [I0] we arrive at

/ (W + [Vl? + 62 + | VoP)E da
R3

<o( [ wsywepdns [

{n<1}

2 2 2d 5 CQQd
(w0 +02) o+ [ (5?6 da)
+Cr | Y?&dx

R3

with 7 > 0 arbitrary. If we set both constants 7 (from above) and v (from the
definition of ¢ := e~ 7"~ ¥!) to sufficiently small values, we may absorb fw P2E2 da
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and o, (w? +1?)|VE|? dz on the left hand side due to [VE| < €, which entails the
desired estimate. (]

We are now in position to prove our locality result Theorem

Proof of Theorem[5 In view of Lemma for proving Theorem [f] it suffices to
show that the bound on the L?-norm of w, Vw, 1, and V¢ from Lemma [11] also
serves as an upper bound for the L2-norm of the second order partial derivatives

811’1/)
We first establish a bound for fRS n|Av|?€? dx. From , we derive

/ 77|A¢|2£2 dr = 47r/ n(ur + uz)wAyY Edx — 477/ nome A & dx.
R3 R3 R3

Using Young’s inequality and absorption as well as the bounds from Proposition
and Lemma [T1] we arrive at

(28) / N AY2e? do < C(/ (w? + 9?)€2 dx+/ (6me)2€2 dm).
R3 {n<1} R3
We will now employ integration by parts to arrive at
S [ wPlogure is
ij 'R
= (=2 momoonueae = | wPowoetdn =2 [ oo uededr)
4,7
= (-2 [ omooutdn 2 | apmdivo et ds
i R3 R3
+ [ Pouvouede s [ powoucacds—2 [ oo uotds).
R3 R3 R3

We utilize the bounds |V¢| < € and |V|? < ¢,(p)n and continue as
> [ wPlogure ds
— JR3
ij
1
< Cllyt eV laga (X 1060 bllaen + A0 o) + [ alAvPe do
j
1
< C(/ n|Vw|2§2dx+/ nAG2E dw) + 72/ 0?0i0[2¢ da.
R3 R3 2 T RS
The assertion of the lemma now follows from and Lemma d

We finally establish the locality result for the TF'W energy.
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Proof of Corollary[@. The difference of the TEFW energy for m; and mo is given by
Eq,[mi1] — Eq,[m:] :/ [Vur|? — [Vuo|? dz
Q1

10 10
3 3
+ u® —us dx
1

(29) by [ e =)o~ ez~ F)ondo
+ Y aaldr—dra)@) = D caalde — d20)(@).
z€P1NQ1 z€P2NQ1

We recall € := eI~ ¥ where y := le x dx is the center of @J1. We further recall
the definition of 7 from Notation[§|and find using also Proposition[14and Lemma

‘/ (|Vui)? = |[Vuz|?) dz‘ < C/ ||Vu1|2 — |Vu2\2|§2 dx
1 R3

< C|[(Vuy + Vug)€|| 2 (ms) | (Vur — Vug )€ L2 rs)

< C(/ (w? + ¥2)e2 da +/ (5m.)2€2 dx) :
{n<1} supp(dme)

< C(eﬂ dist({n<1},Q1) / (w? +?)¢ d
{n<1}

+ e dist(supp(dm.),Q1) /

supp(dm.)

< (e e ey / (w? + Y2)€ da
{n<1}

+e dist(supp(5mc);Q1)/

supp(dme.)

(6me)%¢ dm)é

1
(6me)%¢ dw) °.
Consequently, we have

[ (5l 9l e

< Ceme distCupp(m=ma). Q) ( / (w* + ¢*)Eda + / (ome)*¢dr)”,
R3 R3

which (using also the bounds from Proposition implies the desired estimate for
the first term in . Concerning the second expression, we derive (using again

Proposition

’/1 (ul%o—u;%)dx‘ = ‘/Ql ?v(m)%(ul(x)—ug(x)) dx‘ < C(/ (u1 —ug)? alx)é

where v(z) € [ui(x),uz(x)] for all x € Q1. As for the previous term, we obtain
from Lemma [T]]

1

1

‘/Q (ul%o—uz%o)dx’§C’</Ra(u1—112)2§2dac>§

1
< C(/ (w2+1112)£2 dl’+/ (5mc)2£2 dSC) 2 < Ce=¢ dist(supp(mlfmgﬁQl).
{n<1} supp(dm.)
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The first part of the Coulomb energy in can be estimated via
‘/ ((meq —ud)p1 — (me2 — u3)da) dx’

< / (mealdr — go| + 2] lme,1 — mea| + ufldr — do| + [do||uf — u3|) dz.
Q1

Due to me, ¢; € L2 (R®) and u; € L>(R?) (see Proposition [14), one concludes
that

‘ /1 ((Meq —ui)pr — (e — u3)go) dm'

< C(H(% — )&l 23y + [(me,n — me2)E L2 wsy + [[(ur — u2)§||L2(R3))

and, hence, arrives at the desired bound by applying Lemma and the same
arguments as above. We are left to control the change of the Coulomb energy
related to the atomic nuclei in , which we may bound by

Z Cle(P1 — d10)(x) — Z c2,0(P2 — ¢2x)($)’

zeP1NQ1 zeP2NQ1
< > (lerell(@1 = d1,0 — b2 + G2.0) (@) + (P2 — P2.2) (2)[c1,2 — €2,0])-
:EE(]PlLJPz)ﬂQl

In the case that dist(supp(m; — ms), Q1) < 2p, we observe that holds true
for the right hand side of the previous equation as it is bounded by a constant
(due to the uniform bound on ¢; — ¢; ;) and as e~ ¢ dist(supp(m1-m2), Q1) g hounded
from below by a positive constant. And if dist(supp(my —ma2), Q1) > 2p, we know
that ¢1 — ¢ € H?*(Q1) — CO’%(Ql) and ¢, = @2, as well as ¢, = co 5 for all
x € (P1 UP2) N Q1. As a consequence, in this case we have

S awbi—d)@ - Y ealde - b2)@)

IG(PlLJIPQ)ﬁQl ZEG(]P’lLJPQ)ﬂQl
<C Y lewall(@r = ¢2)(@)] < Cllér — dnllmaan
:EE(IPHUPQ)QQl

< C(/Q (\¢1 — ¢2* +0|V(d1 — ¢2) > +1° Z 105 (61 — ¢2)|2) dx) 3
1 l]

< C(/R3 <|¢1 — ¢2* + |V (d1 — ¢2)> + 7722 105 (1 — ¢2>|2)52 dac) 3
ij

and we may now employ Theorem 5[ and the bound from Proposition [14{ to finish
the proof. O

5. UNIFORM BOUNDS ON SOLUTIONS TO THE TFW EQUATIONS

For our arguments we need uniform estimates on the solutions to the TFW
equations which depend only on the parameters p, M, and wy. For this reason, we
repeat some of the calculations of [7, 20] to show that they do in fact yield uniform
estimates. The following lemma and its proof are based on similar considerations
in [7, 20].
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Lemma 12. Let a € L?), (R®) and suppose there exists some u € HZ . (R?) with

infp,yu >0 for all R >0 and (—A+a)u = 0. Then,

(w, (A 4+ a)w) = / (|Vw|* + aw?)dz > 0

R3
for all w € HY(R3).

Proof. We first note that u € L*>(R3®) N C(R?) due to the uniform boundedness
of ||ullg2(B, (x)) for every x € R3. Regularizing a € L2 (R?) (e.g. by convolution

uloc
with some mollifier), we obtain a family of functions a. € C°°(R?) which converge
for e — 0 to a in L?(Bg) for any R > 0. A standard result on differential operators
[13] ensures that the minimal eigenvalue A. of —A + a. as an operator on Bp
with Dirichlet boundary conditions is simple and is associated with a non-negative

eigenfunction v. € Hg(Bg), ||ve||z2(8,) = 1. From the equation
(A4 ae)ve = Acve

and elliptic regularity theory, we deduce v, € H3(Bg) < C2(Bg), hence Vu, is
well-defined and % < 0 on OBR. Moreover, it holds that

Ae = / (|Vve|? + acv?) de = inf / (IVv|* + acv?) da.
Br Br

veH$(BR)
H'vHLz(BR)=1

We shall now prove that the eigenvalues A. are bounded for ¢ — 0. For any
fixed v, € Hg(Bg) with [[v.|[r2(p,) = 1, we have A < [ (|Vo.l? + acvf) dz <
||v*||§11(BR) + C||ae||L2(BR)HU*H%H(BR) where the last expression is bounded due to
a. — ain L?(Bg). This yields an upper bound of the form \. < C. In addition, the
equation || Br [VvelPde = Ao — | Br a-v? dz and the Gagliardo-Nirenberg—Sobolev
type estimate
1 3 3
[vellLa(Br) < C”UEH;(BR)||Us||}111(BR) = C”UEH}Z{l(BR)

further implies
2 3 4 1 2
| e da] < Cllacliamn el 5, < Cllaclbaqag + 5llve i o
R

1
<C+ §vas”%2(33)

where we utilized the normalization of v. and the boundedness of |a.||z2(p,). This
results in ||VU€||2L2(BR) < A+C+ %HVWEH%?(BRV which provides both a lower
bound for A, of the form A. > —C and an upper bound for ||ve||z1(p,). Up to a
subsequence, we thus know that A. converges for € — 0.

In fact, one can show that lim._,o A > 0 holds true. To see this, we calculate

)\E/ uve dr = / u(—A + a.)ve dx
Br Br

= —/ u@vg ds + Vu - Vo, dm—l—/ AUV dx
8BR on Br Br

_/ u(%s ds —|—/ (A + a)uv. dx +/ (ac — a)uv. dz
8BR an Br Br

—lae — a||L2(BR)”u||L°°(BR)

IV
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where we have employed v > 0 and 8”5 < 0on dBg aswell as (— A+a)u = 0. By ar-

3
guing that 1 = [, vZdx < ([, ve dm fB v3da)z < C||v€||L1(BR)||v5||131(BR) <

1
C’||1)€|\21(B,R)7 we conclude that

/ uvgdeinfu/ vedxr > ¢ > 0.
Br Br Br

Consequently, Ae > ([, wve o)~ laz — all 2l () — 0 for € = 0.

Now choose some arbitrary w € H!(R3) and a sequence wy, € C2°(R3), wy — w
in H'(R?). As

(w,(—A—I—a)w):/ (|Vw]? + aw?) dz = lim / (|Vw|? + aw}) de,
R3 k—oo JRr3

it suffices to verify that [o,(|Vwg|? + aw?)dz > 0 for all k € N. For fixed k €
N, there exists some R > 0 such that supp wy C Bg(0), hence, [ps(|Vwi|® +
a.wi)dr > Aa”“”ﬁ”%?(BR(o)) for all € > 0 and

2 2 . 2 2 2 .
[ (90 + o) de = ling [ (90 + aco) do 2 a0 i Ao > 0
Finally, (w, (—A 4 a)w) > 0 is proven. O

Appropriate bounds on the solutions to the Thomas—Fermi—von Weizsécker equa-
tions can be constructed with the help of Proposition The proof mainly
relies on arguments from [7] and [20] where corresponding estimates have been
deduced in similar situations.

Proposition 13. Let M > 0 and m = m. + ) p 0, where m. € L3, (R3),
me >0, ¢, >0 and P C R? such that |x —y| > 4p > 0 for all z,y € P with x # v,
and

1

3

(30) Imellze, (rs) + suﬂg ( Z ci) <M.
ze y€PN B (z)

Then, there exists some Ro > 1 such that for each R, > Ry and mp, = M XBpg, (0)

there exists a solution (ur,,¢r,) € H'(R3) x L% (R3), u > 0, which satisfies

uloc
5,3 _
(31) —Aupg, + guf;tn - ¢anRn =0,
—A¢Rn = 47r(mRn — uRn),
in the sense of distributions. Using the notation n, introduced in Notation @ this
solution satisfies the bounds
lur, |2, sy < C(1+M4)

lur, Iz, . Cp(1+M?1) for all 1 < p < 4,

1¢r, HLﬁloc R3) < C’ (14 M) for all1 <p <3,
32 5
(32 PR, llwre gs) <C(1+M%)forau1gp<§,

7, z'(bRnHL? 1+M%)f0rallo<p<ﬁ,1§i§3,

17030, ‘LEIOC (R?) S(fp(lﬂLM%) forall0<p<p, 1<i,j7<3

where C, Cp, C, > 0 are independent of M and R,,.
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Proof. We assume from now on that m is not identically zero on R3. Consequently,
there exists some Ry > 1 such that fR3 mp, dx > 0 holds true for all R, > Rp.
According to [I7, Thm. 7.19, Thm. 7.7, Thm. 7.8], there exists a non-negative
ug, € H'(R?) satisfying [ps u%, dr = [, mpg, do which is a solution to

5 1 9 1
—Aug, + guf%n — ((mRn — “Rn) * |—|)uRn = —0p, uR,

where 0r, > 0 is the Lagrange multiplier associated to the charge constraint
Jgs u%, dz = [ps mp, dz. By introducing

(33) Or, == (mp, —uf ) * |1| —OR,,
we arrive at the Thomas—Fermi type equations

(34) —Aug, + gul‘é" — ¢r,ur, =0,
(35) —A¢p, =4r(mg, — u%)

Due to [I7, Thm. 7.10, Thm. 7.13], there even exists a solution ug, € H?(R3) <
C%3 (R3), which satisfies u(x) — 0 for |z| — oo and ug, > 0 on R?. Moreover, we
define me,r, := Mmc X By, (0) and derive for any z € R3

1
2
H(mR" ~UR,)* W’ L2(By(x))
cy 2 1
g SCR
yEPNBRg,, (0) -yl T
1 4 1
S S | LT i
e A IO 3 |z ee)
XB](O)
< C(Rn)<M + Hmc,Rn - u%’/n”L%(RS) | . | HL%(RS)
9 XR3\B1(0)
+ ||mc,Rn, - uRn||L%(]R3) |7‘1’ L%(RS))
< C(Rn) (M + [lme,r, | 22(Br, (0) + |ur, i%(Rs) +lur, i%(R3)>

< O(Ra)(M + ||ur, 17 z))
where we also employed the Sobolev embedding. As a consequence, we get ¢r, €
L2, .(R3). Analogously,

uloc

"
2
Mg, —UR,)* 75
H( R, — UR,) |- 21125 (B1(x)

@
= Y s -k

. —l2
yEPNBR,, (0) | y‘
1
< > CyH BE ’
y€PNBr, (0)

< C(Ra) (M +|ime.s, -

o
|- 121123 By ()
9 1
CH(mcan - uRn) * | R |2‘

L3 (B1(0) L3(R3)

XBl(o)H

2 M2 @

XR3\B1(O)H )
BRI D!

2
UR,, HL% (R3)

+ ||ngRn - u?{n”L%(RS)



26 JULIAN FISCHER AND MICHAEL KNIELY

< C(Ra)(M + l|ur, 17 zs))

4
which implies Vor, € L?__(R?). Moreover, we will use the fact that for any

uloc

f € LP(R3), g € LY(R?) and dual indices p, ¢ € (1,00), the convolution f * g
is a continuous function tending to zero at infinity (see e.g. [18, Lemma II1.25]).
From the previous calculations, we thus know that (me g, —u% )* ﬁ € C(R3) and
((me,r, —uf ) * ﬁ)(m) — 0 for |z| — oo. As aresult, ¢pr, € C(R?*\(PN Bg,(0)))
and ¢g, (r) — —0g, for |z| — 0.

A pointwise lower bound (uniform in R,) for ¢p, can be obtained from the
inequalities [24, Prop. 8, Cor. 9]

(36)

where A > 0 is a constant independent of M and R,,. Thus,
(37) bR, > —2A.

A pointwise upper bound for ¢r, cannot hold due to the point charges, but we
may follow the arguments of [7,20] to establish upper bounds for ¢, in L?, (R3?),
p < 3, which are uniform in R,,.

Step 1: LP-bound on ¢g, . Let w € C°(B1(0)) satisfying 0 < w <1, w =1 on
B1(0) and Jgs w? dz = 1. We further define ¢, 1= [gs [Vw|? d2 and w, = w(- — ).

4
Applying Lemma we know that the operator Lp, = —A + %u}}cn — ¢r, is

non-negative. Therefore,

5 4
<wz7LRnwz>:/w |wa|2dy+/R3 (gugn —¢Rn)w§dyzo,

and hence,
5 4 9
—UupH xw" > ( xw? — ¢ )
3 R, = ¢Rn w n

We now construct a (uniform in R,) pointwise upper bound for the convolution
bR, *w?. First,

~A(Gn, *¥) = dn(mn, +o? — i, <)
and the first term on the right hand side can be estimated by
(mg, *w?®)(z) =/ mp, (W’ (@—y)dy < Y cy+/ me(y) dy < CM
Bi(@) yePN B, (z) Bi(e)

for all 2 € R? with a constant C' > 0 independent of M and R,,. By employing
Jensen’s inequality, we control the second term via

tn(u, <)o) > (3 [ o=ty

> (2) % (/RS uj, (z — y)(y) dy>g

5 1 2\ 2 2 :
:(guRn*w) z(cépm*w —cw) .

+ il



VARIANCE REDUCTION IN THE THOMAS-FERMI-VON WEIZSACKER ENERGY 27

We thus have
3
—A(¢g, *w?) + (dg, *w® — cw)i < OuM,
with a constant C, > 0. Apart from that, one can easily show that ¢r, * w? is a
continuous function (see e.g. [18, Lemma I1.25]), which satisfies — due to (33)) —
(pr, *w?)(x) = —0r, <0 for |z| = co.
We introduce the set

S = {x€R3 ‘ ¢R7l*w2—cw>0},

which is open and bounded due to the previous calculations. Furthermore, the

3
constant and positive function h := (C,M)? satisfies —Ah + h; = Ci,M on S,
which entails

“A(dn, *w? — ) + (o, *&® — )P < —Ah+hE on S,
¢Rr, *w” —cy,=0<h on 9S

2
Thanks to the maximum principle, we arrive at ¢, *w? < ¢, +C3M 3onS , but
trivially also on R3\S. Therefore,

bR, ¥w? < C(14 M3)

with a constant C' > 0 independent of M and R,.

In the case that ¢r, < 0 on R? we have due to the pointwise bounds
—2A < ¢R, < 0. Otherwise, the positive part ¢J1§zn is not identically zero, and we
shall derive appropriate LP-bounds for qﬁgn. We first recall that ¢r, € C(R*\(PnN
Bg,, (0))). In particular, d)}n is continuous away from the set PN Bg, (0) and

¢En*w2:¢§n*w2+¢3n*w2§2A+C(1+M%) §C(1+M%)

with constants C' > 0 independent of M and R,,. Now, choose some arbitrary
zo € R3\(P N Bg, (0)) satisfying ¢r, (r¢) > 0. On the one hand, we obtain the
bound

(38) /B
— ((pgn * MZ)(xo) < C(l + M%)

On the other hand, we may write

+ dx = : + d d
/B G / /a o O ) s

1
2

qﬁ}n (z)dx < / QSEH (x)wz(xo —x)dz
(z0) R3

1
2

and we immediately see that there exists some t € (%, %) such that
(39) [ ehwdsw<s|  of @
OB (x0) B (wo)

Consider the boundary related problem
—A¢i° =0 on B(zog),

0= (;5;" on 0By(x),
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as well as the two domain related problems
—A@5° =4mm,. on Bi(zg),
50 =0 on 0B(xo).

and
—A¢3° =4m Z cy0y, on Bi(zg),
yEPNBR,, (0)
3° =0 on 0B(zo).
Because of

_A¢—1§n < (_A¢Rn)X{¢Rn>O} = 47r(mRn - U%,,L)X{¢Rn>o} <4mmpg,
we may employ the maximum principle to deduce qu%n < ¢7° +05° +¢35° on By(x).
In particular, ¢J15,n (o) < @7°(z0) + 5°(x0) + ¢35°(z0) and we shall derive bounds
for the three terms on the right hand side which are independent of R,,.
The first bound follows from the mean value property of harmonic functions and

the estimates in and via
8

+ + 2
20 (1) = ]éBt@o)‘f’R"‘y)ds” OBy, o O ()02 < O M

where the constant C' > 0 is independent of M and R,,. For the second problem,
we proceed as in [20] and find a solution ¢2° € H2(By(xg)) < C%2 (By(xq)). This
yields

9260(370) < H(ZS;OHCO,%(M) < C||¢§O||H2(Bt(mo))
< ClimellL2(B,(zo)) < Climellzz, @) < CM

with C > 0 independent of M and R,. The bound on ¢3°(zg) arises from a
comparison of ¢3° with
o= Y

yEPNBR,, (0)NB¢(xo) vl

As —Ag¢3° 4772;,@?0}33”(0)03,5(%)Cydy = 4”27;6%33”(0) cyby = —Ad" in
Bi(zp) and ¢3° > 0= ¢5° on 0B(z), we have ¢3° < gb in Bi(zo) and, hence,

20 (a) < 3> B Z ) (@)

yEPNBR, (0)NB (z0) |20 — yEPNBr,, |$0 -yl

Together, we arrive at
¢
¢h (w) <COA+M)+ > |71|XB1:(U ) (o),
yEPNBR,, (0) y
and as 29 € R?*\(P N Bg, (0)) has been chosen arbitrarily, we further obtain
c
¢h (1) <O+ M)+ Z r_y|XBt(y)
yEPNBR,, (0) y
a.e. in R® where C' > 0 is a constant independent of M and R,,. For p € [1,3), we

then conclude that

6%, lzr,, . (s) < Cp(1+ M)

uloc
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where C), > 0 denotes a constant depending only on p. Combining this estimate
with the lower bound for ¢p, in , entails — as a first step — the desired

LP-bound on ¢p, in .

Step 2: Further bounds. In order to establish the bounds on ug, in (32), we
first utilize to find
(40)

4 3
lur, 2o By woyy = Uk, | 5

C,(1+ M)
4P(Bi(zo0)) —

<Co (14190, 140 0y)) <
for any p € [1,4) and xy € R®. We recall the definition of the cut-off function 7, :
[0,00) — [0, 1] from Notatlonland observe that n, : R® — [0, 1], n, = 1—71(|]-—2|)
is another cut-off function satisfying 1, = 1 on By(z) and 7, = 0 on R?*\ By(x). As
an immediate consequence, there exists some C' > 0 such that |Vn,|?> < C holds
true on R3. Testing with 77;%(,“ R,, gives rise to

/ U§O|VURTL|2 dzx + 2/ NaoUR, VUR,, = Vg, dT
Ba (o) Ba(z0)

5 10
= 7§ / U%OURBW dz + / 173200 ¢R"u%n dz.
Ba(zo) Ba (o)

Applying Young’s inequality and |Vn,,| < C' to the second integral on the left hand
side, an absorption argument leads one to

(41) / \Vug, |>de < 2/ or, Uk, do+C uy dz
Bi(z0) Ba(x0) Ba(z0)

<2|¢r.Il 3
(1)
<

||UR”||ig + Cllur, 172 (B, (x0))

L3 (Bz2(z0) (B2(z0))

CA4+M)(1+M3)+C(1+M?)<C(1+M?).

Now, consider the equation

5 z
_A’LLR71 = —guf‘%n + ¢RnuRn'

As the right hand side belongs to L (B (z)) (which will be detailed immediately),
a standard result (see e.g. [I3l Theorem 8.17]) ensures the following norm estimates
on By(xp):

ur,, | Lo By (20)

< c(nuRn

5.3
L2(Ba(x0)) T H = 3k, T ORAUR, LZ<Bz(zo>>>

3
O (lum oo + [ F gy 1m0, 2 g TR )

wol~

(||UR IL2(Ba (o)) + ur, ||H1(32(m0))+||¢R [ (32(10))||URn||H1(Bz(xo)))
C(A+MD) + (1+ M5+ (1+M)(1+ M7))
< C(1+Mﬁ)

where C' > 0 denotes various constants independent of M and R,,. As a conse-
7
Lo(®3) < C’(1+M%) and guf’% —¢r,ur, € L3, .(R?). By applying

quence, ||ug,



30 JULIAN FISCHER AND MICHAEL KNIELY

standard elliptic regularity theory to we thus conclude that

5 z
<. - i)
lurallaz i@y < O[30, = drtrn ||, 00 F TRl Bt

< C(||URW,||1%-11(BQ(%)) + ||¢Rn||L2(Bz(xo))”uRn||L°°(]R3) + ||URW,||H1(BQ(1-0)))
<O((L4+ M+ 1+ M)A +MB)+(1+M7))
<C(1+ M),

For establishing the remaining bounds on ¢r, , we split

bro= Y el -y + o,

yEPNBR,, (0)

where all singularities of ¢, are collected within the first term. The cut-off function
w € C=(R?) satisfying w = 1 on B1(0) and w = 0 on R*\By(0) enforces each
contribution from the Coulomb potential to have finite range. The non-singular
function ¢% is then subject to

(42)

c c =Y
—AGG, = An(mG tuh )+ Y cy(—2| - |3.Vo.)(-—y)+
yePNBng,, (0) Yy

Au(-—y)).

|-~y

Testing this equation with w(-—y)¢% on By (o) for some arbitrary o € R?® entails

/ |V¢§gn|2dx§/ Wl — 20)| V5 |2 do
B (xo)

BQ(I())
__ / Ay (- — w0)dy d— / Vool — o) - ¢, Vb, da
Ba(zo) B (xo)
<cf )(<|mizn+u%n>|¢%n|+|w<~—wo>||¢%n VeS|
2(Zo

D D (et 2

2
yEPNBg,, (0) | yl

A =)o, | o

As the expression inside the brackets in the last line is bounded by a constant which
only depends on the choice of w, we deduce

/ V5, [ da
Bi(z0)

< C((ImS, Nz, o) + lura s, @) I6%, Iz, o)

uloc uloc

2wt > clloh o, e
yEPN By (10)

1 c 2 c
+ e 9%, ”Lﬁloc(Rs) +9IIVok,

where v > 0 will be chosen subsequently. Besides, we observe that

)
6%, Iz, @) < 19rallz2, o) + 50D Y CyH ’
. : e ¢ Iy
yEPNBa(z)

L2(Bi(x))

<SCA+M)+sup > ¢, C<C(1+M).

3
veR yEPNB3(x)
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For ~ > 0 sufficiently small and together with (41]), we arrive at

[ venP
Bl (:E())

1
<O((1+ ME)(1+ M)+ L+ M) + M1+ M) + 5[V, B2 g

and, hence,

(43) L2, (R3) < C(l —|—M%).

A similar estimate can be derived for the second order derivatives 09;;¢% , 1 <1,j <
3. To this end, we first note that

— / Agbf;anqubf%n dr = / V(b%n -Vw A(b%:n dzx
Ba(zo)

Ba(z0)

_Z/ ( 0i¢R, Ojw 0ijdR dx—Z/ w|8¢j¢§zn|2da¢.
i,j B2 ZO

Bz (z0)

This enables one to estimate

> / 10,505 |? de
i,j Bl(aio)

<O [ o (VoI PYirt 3 [ 0] 010,

Bz (o) Ba(z0)
From and by arguing as above, we know that

AodS Qd <C / c 2+ 4 dx + 2
[, s Pase(f (g v )ds S )

yePNB3 (ZL’(])

where the constant C' > 0 only depends on the choice of w. Consequently,

>/ |aij¢;n|2dxsc(nwm; oy I 122 g
i,j Bl(ZEO) uloc uloc

1 )
+lum, i @+ 2 65) +5 210565, 1172, @)
1,

y€PNB3(z0)
Using and , we now get for all 1 <4, j < 3 the bound

(44) 1850%, L2, ey < C(1+M3).
By an elementary calculation with p € [1, %), one easily obtains
c P
/ \Y Y—w(-—y)| dx
Bi@o) | cpABp, (0) |- =yl
p
=G %y oo TG S
yGIP’ﬁBs(x Bi(zo) yePN B3 (o)

with a constant C}, > 0. This gives rise to

vy |.cf w(-—y)

y€PNBR,, (0)
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for 1 < p < 2 and — by taking into account —
Vér, Il r

uloc

(®3) < Cp(l +M%)'

Similarly, we deduce

/ n|0idr,
Bi(zo0)

1 1
<C Z cz/ 77,2,( yous 2)dm+C n§|8i¢§%n|2dx
yEPM B3 (0) Bi () |-~y |- =yl Bi(z0)

2 dx

< C,M? 4+ O(1+M3) < Cp(1+ M3)
by employing . This yields
Inp@idr, Nz, g < Cp(1+ MF).
An analogous argumentation using finally leads to
17p0i50R, lL2, (®s) < Cp(1+ Mg)-

uloc

This finishes the proof. (I

Proposition 14. Let m = m. + > pc.0, be a charge distribution subject to
assumption (A1). Then, there exists a solution (u,¢) € HL .(R3) x L% _(R?),
u >0, to

—Au+ 2ud — ¢u = 0,
(45) fauwl e

—A¢ = 4n(m — u?),
in the distributional sense. Furthermore, using the cutoff 1, introduced in Nota-
tion [8 this solution satisfies the bounds

lullgz, ) < C(L+ MY,
lullze, (rs) < Cp(1+ M3 forall1 < p <4,

ol @s)y < Cp(l+ M) foralll <p <3,

||¢HW31~50(R3) < Cp(1+ M%) foralll <p< g,
11,0i8l L2, _(®s) < Cp(1+ M%) forall0<p<p, 1<i<3,
70056|l 2 =ay < Cp(1+M3) for all0< p<p, 1<i,j<3

where C, Cp, C, > 0 are independent of M.

Proof. This proposition can be proven along the same lines of arguments as a
similar statement in [20]. We first set R, := Ry + n for n € N in Proposition
and obtain bounded sequences up, € H2,.(R?) and ¢, € WP (R®), p € (1, 3).

uloc

By a diagonal sequence argument, we get subsequences upr, > 0 weakly converging
in H%(Bg(0)) to some u € HZ (R?) and ¢r, weakly converging in W?(Bg(0)) to

loc
some ¢ € WbP(R?) for all R > 0 and p € (1, 3).

Let 79 € R®. We then have ug, — win H?(B1(x¢)) and ¢r, — ¢ in WHP(B1(z0))
for all p € [1, %), in particular, one derives ug, — w in L1(Bj(xg)) for all ¢ € [1,4)
and ¢, — ¢ in L"(Bi(xg)) for all r € [1,3). The corresponding bounds on u and
¢ are now an immediate consequence of the bounds on ug, and ¢r, in .
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The H2-type bound on ¢ on the set R*\[P can be deduced by a similar reasoning.
We start by observing that

3 7
10i0R, | L2(BrO)nint{n,=1}) < 11,0:0R, | L2(BR(0)) < CoRZ (1 4+ MT),

forall 1 < 4,7 <3, R> 0, and 0 < p < p due to the bounds in . By
selecting a diagonal sequence ¢p , we find that ¢p, weakly converges to ¢ in
H'(Bg(0) Nint{n,/s = 1}) for all R > 0 and 0 < p < p. This fact gives rise to

7
176001l 2 (81 (z0)) < 0il 22 (81 (woynint ny =13) < T (1+ M%)

(and an analogous bound on 7,0;;¢) for all zyp € R?, 0 < p < p, and 1 < 4,5 < 3.
We subsequently rewrite in the distributional formulation. For all v €
C>(R3), we have

/ (7 uR, Av + §u}% v — gbRnuan) dr =0
R3 ) 3 "

and

_/ R, Avdr = 47T< Z czv(T) —|—/ (me,r, — uil)vda:).
R3 R3

2€PNBp,, (0)

Due to the convergence properties of ur, and ¢r, derived above, these equations
converge to the corresponding distributional formulation of (45)) for n — co. O

Note that in the literature sometimes a condition equivalent to (A1) is used.

Remark 15. We now give an equivalent characterization of the inf-condition for
charge distributions m in (A1), which also appears in [1]. An analogous statement
without Dirac measures has been proven in [20]. But as the result only appeals to
the mass, the proof is the same.

Let m = m. + ZyEIP ¢,y where m, € L2 (R®), m, >0, ¢, >0 and P C R®
such that |z —y| > 4p for all x,y € P, x # y, for some p > 0. Then, the following

statements are equivalent.

(i) xiélnge, (/ medy + Z cy) > woR3 for all R > wo_l
Br(z) yEPNBR(z)

. . 1
(ii) hmOO mlnf — (/ medy + Z Cg) -
R—oozeR3 R Br(zx) y€PNBRr(x)

Theorem 16. Let the charge distribution m satisfy (A1). Then, there exists a
unique solution (u,¢) € HY (R®) x L2 (R3), u >0, to

loc uloc

—Au + %u% —ou =0,
—A¢ = 4 (m — u?),

in the distributional sense. This solution (u, @) satisfies the bounds established in

Proposition [T]] as well as

inf >
Jnf, u(z) > ¢

where ¢ > 0 only depends on p, M, and wy.
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Proof. The existence of a corresponding solution has already been proven in Propo-
sition whereas the uniqueness follows from the general existence and uniqueness
result in [7, Theorem 6.10]. The assumptions in this theorem are satisfied due to
(A1) and Remark
As in [20], we assume that
inf inf u(z) =0
m subject to (A1) z€R3

and show that this assumption leads to a contradiction. We choose a sequence of
charges m,, satisfying (A1) and x,, € R3 such that the solution (u,,, ¢,) fulfills

1
n\+tn < -—.
tn(@n) < -
Using the bounds on u,, and ¢,, from Proposition we estimate
5 4 5 a
Sui — by < —Jlun||® nll <C(1+ M).
H3“ ¢ Lammﬁ“3”u|u§mm%_+H¢‘h$“m%'_ ()

From Harnack’s inequality |26l Corollary 5.2] and the uniform bound on the coeffi-

cient of the operator —A + %u% — ¢n, we obtain a constant C' > 0 depending only
on M and R such that

=lQ

(46) sup  up(z) <C  inf  wu,(z) <
zE€BR(zn) zEBR(zn)

for all R > 0. The shifted functions u, (- + ), thus, converge uniformly to zero on
Bgr(0), while the potential ¢,, solves

(47) — A, = dm(m, —u)

in the sense of distributions.
We now choose a cut-off function w € C°(R3) subject to 0 < w < 1, w =1 on
B1(0), and w =0 on R3\B1(0). By testing with w(=%=), we derive

R
4 /BR(IH) mn(x)w(x ;:n) dx

=dr /BR(IH) uiw<x _Rxn) dx — % /BR(IH) qﬁnAw(%) dx.

As a consequence of (A1) and the bound on ¢,, from Proposition we may now
estimate

cR3 < / my(x) dr < / u?(z)dz + CR(1+ M)
B%(ajn) BR(wn)

with positive constants ¢ and C' independent of M and R > 2wy 1 However, if we
first choose R > 2w61 solving ¢cR?® > 1+ CR(1 + M), and then n € N such that
fBR(%) u2(x)dxr < 1 holds true (according to ), we arrive at a contradiction.

O
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